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State feedback control

State feedback control
Consider a linear time-invariant state-space model given by:
%(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
where x(t) € R" is the state (vector), u(t) € RP isthe input or control signal and

y(t) € R? is the output signal. (For SISO case, p = 1, = 1)

The system poles are given by the eigenvalues of the system matrix A € R,

Rodrigo Gonzalez (CyS, UNCuyo-FING) Space feedback control June 2020



State feedback control

Feedback gain

State feedback control

Idea with control design: Modify the eigenvalues of A by using the input u(t)

State feedback controller: u(t) = —Kx(t) + k,r(t)

where K € RP*™ js the feedback gain, k, € RP*"is the steady-state reference gain
and r(t) € R” is the reference input.
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State feedback control

Feedback gain

State feedback control

Idea with control design: Modify the eigenvalues of A by using the input u(t)

State feedback controller: u(t) = —Kx(t) + k,r(t)

where K € RP*™ js the feedback gain, k, € RP*"is the steady-state reference gain
and r(t) € R” is the reference input.
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State feedback control

Feedback gain

State feedback control

Idea with control design: Modify the eigenvalues of A by using the input u(t)

State feedback controller: u(t) = —Kx(t) + k,r(t)

where K € RP*™ js the feedback gain, k, € RP*"is the steady-state reference gain
and r(t) € R” is the reference input.

Using the state feedback controller the closed loop dynamics becomes:
x(t) = Ax(t) + B(—Kx(t) + k,r(1))
= (A= BK)x(t) + Bk, r(t)

Control objective: Choose K such that the closed loop dynamics A — BK get desired
properties, i.e fulfill the specifications or stabilize the system.

SISO case: n parametersin K and n eigenvalues in A, so it might be possible!
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State feedback control

Reference tracking

Reference tracking

The steady-state reference gain, k,., does not affect the stability, but it does affect
the steady-state solution.

The steady-state gain is usually chosen such that:
y(t)=r(t) ast -
At steady-state the time derivative of the state variable is % (t) =0, so

0 = (A — BK)x(t) + Bk,r(t)
y(t) = Cx(t) +Du(t)
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State feedback control

Reference tracking

Reference tracking

The steady-state reference gain, k,., does not affect the stability, but it does affect
the steady-state solution.
The steady-state gain is usually chosen such that:
y(£) ~ r(t) ast - o
At steady-state the time derivative of the state variableis % (t) =0, so

0=(A—-BK)x(t)+ Bk,r(t) l y = _C(A_BK)'lBk?-?"
y(t) = Cx(t) '[
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State feedback control

Reference tracking

Reference tracking

The steady-state reference gain, k,., does not affect the stability, but it does affect
the steady-state solution.

The steady-state gain is usually chosen such that:
y(t) = r(t) ast —» o
At steady-state the time derivative of the state variableis % (t) =0, so

0 = (A — BK)x(t) + Bk, r(t) |
( ) © l y =—C(A— BK) 'Bk,r
y(t) = Cx(t) _[
If y(t)=r(t) ast — oo, then k, should be chosen as

k. =—(C(A—BK)'B)™ or k.=-1/C(A—BK)"'B
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State feedback control

Integral action

Integral action

Using the steady-state feedback gain, k., can achieve zero steady-state error, but it
does depend on the model parameters, as

k., =—(C(A—BK)™'B)™' or k,=-1/C(A—BK)™'B
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State feedback control

Integral action

Integral action

Using the steady-state feedback gain, k., can achieve zero steady-state error, but it
does depend on the model parameters, as

= —(C(A- BK)™'B)™' or k,=-1/C(A—BK)™'B

Introduce integral action to remove the steady-state error. Approach: introduce an
additional state variable in our system which computes the integral of the error

Z(@®) =y -7

The new state-space model becomes:

P o ey o P W e R el
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State feedback control

Integral action

Integral action
Using the steady-state feedback gain, k., can achieve zero steady-state error, but it
does depend on the model parameters, as

=—(C(A—BK)™'B)™' or k,=-1/C(A—BK)™'B

Introduce integral action to remove the steady-state error. Approach: introduce an
additional state variable in our system which computes the integral of the error

Z(@) =y -7

The new state-space model becomes:

Ax—Bu Ax—Bu]_[A 0]x B 0
H ] Cx—r]_[C 0][Z]+[0]u+[—1]r
Given the new state-space model, we design a controller in the usual fashion and the
resulting controller becomes:

u(t) = —Kx(t) — K;z(t) + k,r(t)
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State feedback control

Example

Example 1 - Vehicle steering (Ex 7.4)

Consider the following system: Y
[ ] [] 170 ] avn/b
VO/b

y = [1 o][ ]+ 01

where x, is the lateral position Y, x5 is the heading
orientation & and u is the steering angle &.

The idea is to design a controller that stabilizes the

dynamics and tracks a given lateral position of the vehicle. Vehicle data: v, = 12m/s

a=2m
P . L . b=4
Specification: Desired characteristic polynomial: m

Paes(A) = 2 + 2{w, A + W},
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State feedback control
Example

Example 1 - Vehicle steering (Ex 7.4)

State feedback control:
u=—-Kx+kr=—kix;—kyx, +k.r
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State feedback control

Example

Example 1 - Vehicle steering (Ex 7.4)

State feedback control:
u=—-Kx+kr=—kix;—kyx, +k.r
The closed loop system dynamics becomes

x =(A— BK)x + Bk,r
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State feedback control

Example

Example 1 - Vehicle steering (Ex 7.4)

State feedback control:
u=—-Kx+kr=—kix;—kyx, +k.r
The closed loop system dynamics becomes

%= (A—BK)x + Blyr = [° ”0]— kyavo/b  kzave/b [x1]+ feiitllb r
0 0] | kywo/b  kovo/b | ) 1x2) 7| kpvo/b
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State feedback control
Example

Example 1 - Vehicle steering (Ex 7.4)
State feedback control:

u=—Kx+kr=—kix;—kyx, +k.r
The closed loop system dynamics becomes

- —kiavy/b vy — kyavy/b k,.avy/b
= (A — BK)x + Bk,r = |~ “19%0 0~ K2aVo rVo
= = 80x Bl = [ Tamis ot [l
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State feedback control
Example

Example 1 - Vehicle steering (Ex 7.4)

State feedback control:
u=—Kx+kr=—kix;—kyx, +k.r
The closed loop system dynamics becomes

- —kiavy/b vy — kyavy/b k,.avy/b
= (A — BK)x + Bk,r = |~ “19%0 0~ K2aVo rVo
== 80x Bl = [Taos ot [l

X
y=Cx+Du=1[1 U][x;]
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State feedback control

Example

Example 1 - Vehicle steering (Ex 7.4)
State feedback control:
u=—-Kx+kr=—kix;—kyx, +k.r

The closed loop system dynamics becomes
. —kiavy/b vy — kyavy/b k,.avy/b
x=(A-BK)x+Bk,r =| 1770 0 Ba=e =g
e [—klvo/b — kyvo/b ]" [krvo/b

X
y=Cx+Du=1[1 U][x;]

The closed loop system has the characteristic polynomial
kivg

det(Al — A + BK) = - = 2 + %(akl +h)A+

Rodrigo Gonzalez (CyS, UNCuyo-FING) Space feedback control June 2020



State feedback control

Example

Example 1 - Vehicle steering (Ex 7.4)
State feedback control:
u=—Kx+kr=—kix;—kyx, +k.r

The closed loop system dynamics becomes

—kiavy/b vy — kyavy/b k,.avy/b
—kyvy/b —kavo/b ] [ kyvo/b ]

Xy

y=Cx+Du=[1 0] [le

The closed loop system has the characteristic polynomial

% = (A — BK)x + Bk,r :[

klvg

det(Al — A+ BK) = - = A2 + %(akl )R+

Matching with desired characteristic polynomial gives: .
7 kv
22 4+ 20w A + w?E = 22 +?ﬂ(ak1 + kA + ‘b g
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State feedback control
Example

Example 1 - Vehicle steering (Ex 7.4)

The steady-state gain can be determined: b2

W
ky=-1/C(A—BK) 'B= =k = —
Vo
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State feedback control

Example

Example 1 - Vehicle steering (Ex 7.4)

The steady-state gain can be determined:
ky=—-1/C(A—BK) 1B=--=1Ik =

2
0
Inserting these control design parameters into the feedback controller gives:

bw? 2{wpb  abw? bw}
u=—k1x1—k2x2+k,.r=— zﬂxl—( é L 2“ x2+ zn']"
Vg Uy vy Vo
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State feedback control

Example

Example 1 - Vehicle steering (Ex 7.4)

Simulations with different values of { and wy:
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Reachability

Definition

Reachability

Analysis Reachability
——— Simulation
Model
Prediction
%= f(xud) - |
Control design
y=h(x,u,d)
Linearization State feedback control
X =Ax+ Bu u=—Kx+k,r
y=Cx+Du
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Reachability

Definition

Reachability

Definition (Reachability): A linear system is reachable if for any Xo, xf € R™ there
existsa T > 0and w: [0,T] — R such thatif x(0) = x, then the corresponding

solution satisfies x(T) = xy.

X
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Reachability

Definition

Reachability

Definition (Reachability): A linear system is reachable if for any xo, xf € R™ there
existsa T > 0and w: [0,T] — R such thatif x(0) = x, then the corresponding

solution satisfies x(T) = xy.

Sometimes the definition of controllable and controllability is used, and that is
similar.

June 2020
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Reachability

Definition

Reachability

To see that an arbitrary point can be reached, we

can use the convolution equation. Xo

Assume that the system starts from zero, the
state of a linear system is given by:

t t
x(©) = [ eMIBuG@dr = [ e*Bute - ir
0 0

From linear theory it can be shown that
el = Jao (1) + Aay (1) + -+ A" la, 4 (1)
where a;(t) are scalar functions, so that

t t
x(t) = Bf (D u(t —t)dr + ABJ‘ ay (t) u(t — r)dr + - .
° ° +A"-1B f A1 (M ult — )dr
0
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Reachability

Definition

Reachability

By writing it in "vector form”, we get:

t
J- ag(T) u(t — r)dr
0

t
x(t)=[B AB ., A™1p] L%(T)u(t—r)dr

\ J

Y t ’
W f -1 (D) ult — T)dT
0

To reach an arbitrary point is state-spac_e, we require that W, is nonsingular. The
matrix W, is called the reachability matrix.
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Reachability

Definition

Reachability

By writing it in "vector form”, we get:

t
J- ag(T) u(t — 1)dr
0

t
x(t)=[B AB ., A™1p] L%(T)u(t—r)dr

\ J

Y t ’
W f 1 (D ult — 1)dT
0

To reach an arbitrary point is state-spac_e, we require that W, is nonsingular. The
matrix W, is called the reachability matrix.

Theorem (Reachability rank condition): A linear system is reachable if and only if the
reachability matrix is invertable (has full rank).
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Reachability
Revisit Example

Revisit Example - Vehicle steering (Ex 7.4)

Consider the foIIowing system:

y = [1 o][ +[D]u

Y

Reachability matrix:

ave/b [0 avy/b
~t5 asn= [ [0 vo][%o/b”
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Reachability
Revisit Example

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system: ¥

LI |

y = [1 o][ +[0]u

Reachability matrix:

|
W.=[B AB]= [avO/b vgfb]

vo/b 0
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Reachability
Revisit Example

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system: ¥

-6 YR | 2

y = [1 o][ +[0]u

Reachability matrix: T
ave/b v3/b
W. = =770 0
r =B AB] [vO/b 0
Compute the determinant:
_|aves/b v/b
detMid=lop @
The system is reachable, as long as vy # 0.

| =avy/b-0—vy/b-v3/b=—v3/b*>#0
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Reachability

Revisit Example

Revisit - Example
Return to our example, with the following system:
%1 _ 1
=10 olfs]+ o]
y=11 o]+ 0w
Reachability matrix:

=[B AB]=[(1J
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Reachability

Revisit Example

Revisit - Example

Return to our example, with the following system:

1= o[l +[o]
+ u
X2 0 Note: A square matrix
- 0 M (nx=n) has full rank n
y [1 0] [le +[0lu iff the det(M)=0

Reachability matrix: e

_ _ |1

=[B AB]= [0

Compute the determinant:
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Reachability

Revisit Example

Revisit - Example

Return to our example, with the following system:

[2l= 15 olf]+[o]
+ u
X2 0 Note: A square matrix
- 0 M (nx=n) has full rank n
y=1[1 o0 [le g | iffthe det{M)=0
Reachability matrix: —
_ _[1
=[B ABl= [0

Compute the determinant:
1 0 ) .
det(W;) =|O 0 =1-0-0-0=0

The system is not reachable!
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