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Optimal control (LQR)

Linear Quadratic Regulator

An alternative method to pole placement is to place the poles so that the closed loop
system optimizes a cost function:
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Linear Quadratic Regulator

An alternative method to pole placement is to place the poles so that the closed loop
system optimizes a cost function:

J =J‘ (xTQex + uTQuu)dt
0
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Optimal control (LQR)

Linear Quadratic Regulator

An alternative method to pole placement is to place the poles so that the closed loop
system optimizes a cost function:

J :J‘ (xTQex + uTQuu)dt
0

where x7Q,x is the state cost and u” Q, u is the control cost. The matrices Q,, and
Q,, are symmetric, positive (semi-) definite matrices. This is called the linear
quadratic regulator (LQR) problem.
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Optimal control (LQR)

Linear Quadratic Regulator

An alternative method to pole placement is to place the poles so that the closed loop
system optimizes a cost function:
o
J =f (xTQex + uTQuu)dt
0

where x7Q,x is the state cost and u” Q, u is the control cost. The matrices Q,, and
Q,, are symmetric, positive (semi-) definite matrices. This is called the linear

quadratic regulator (LQR) problem.

The solution to the LQR problem is given by
u = —Kx, K =Q;'BTs
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Optimal control (LQR)

Linear Quadratic Regulator

An alternative method to pole placement is to place the poles so that the closed loop
system optimizes a cost function:

J =J‘ (xTQex + uTQuu)dt
0

where xT Q,.x is the state cost and u” Q,u is the control cost. The matrices Q.. and
@, are symmetric, positive (semi-) definite matrices. This is called the linear
quadratic regulator (LQR) problem.

The solution to the LAR problem is given by
u = —Kx, K =Q;'BTs
where § is a positive definite, symmetric matrix given by
ATS + SA—SBQ;'BTS +Q, =0
This equation is called the algebraic Riccati equation.
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Optimal control (LQR)

Linear Quadratic Regulator

The tuning of the LQR is to choose the weighting matrices Q. and Q,,. To guarantee
that a solution exists, the system must be reachable and that @, > 0and @, > 0.
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Optimal control (LQR)

Optimal control, method 1

Linear Quadratic Regulator

The tuning of the LQR is to choose the weighting matrices Q. and @,,. To guarantee
that a solution exists, the system must be reachable and that @, = 0and @, > 0.

1. Simplest choice: @, = I and Q,, = pI
=]
J= f (x"x + puTu)dt
0
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Optimal control (LQR)

Optimal control, method 1

Linear Quadratic Regulator

The tuning of the LQR is to choose the weighting matrices Q. and @,,. To guarantee
that a solution exists, the system must be reachable and that @, = 0and Q,, > 0.

1. Simplest choice: @, = I and Q,, = pI
o0
j’=J‘ (x"x + puTu)dt =  trade-off = ||Ix|I* vs pllull?
0

This reduce the tuning to select p, which then becomes a trade-off between
state cost and control cost.
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Optimal control (LQR)

Optimal control, method 2

Linear Quadratic Regulator

The tuning of the LQR is to choose the weighting matrices Q. and @,,. To guarantee
that a solution exists, the system must be reachable and that @, = 0and @, > 0.

1. Simplest choice: @, = I and Q,, = pI
oo
j’=J‘ (x"x + puTu)dt =  trade-off = |[|Ix|I* vs plull?
0

This reduce the tuning to select p, which then becomes a trade-off between
state cost and control cost.

2. Output weighting. Let z = C,x be the output you want to keep small.

Choose Q. = CIC,,and Q, = pi. = trade-off = ||z||2 vs p|lul?
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Optimal control (LQR)

Optimal control, method 3

Linear Quadratic Regulator

3. Diagnonal weighting.
91 0 P1 0
Qx = ., Qu = .
0 n 0 Py

Choose the individual diagonal elements based on how much each state or input
signal should contribute to the overall cost.
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Optimal control (LQR)

Optimal control, method 3

Linear Quadratic Regulator

3. Diagnonal weighting.
91 0 P1 0
Qe = Qu=
0 in 0 Pp

Choose the individual diagonal elements based on how much each state or input
signal should contribute to the overall cost.

Alternative, (Bryson’s rule) choose the diagonal weights as g; = a:,-z/xfmax and
pi = ,GE/uEmax, where x; .4, and u; .., represents the largest response. « and
B are used for additional individual weighting of the state and control cost,

n p
> =1 > =1
i=1 f=1
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Optimal control (LQR)

Optimal control, method 4

Linear Quadratic Regulator

3. Diagnonal weighting.
91 0 P1 0
Qe = Qu=
0 in 0 Pp

Choose the individual diagonal elements based on how much each state or input
signal should contribute to the overall cost.

Alternative, (Bryson’s rule) choose the diagonal weights as g; = a:,-z/xfmax and
pi = ,Gf/uﬁmax, where x; .4, and u; .., represents the largest response. « and
B are used for additional individual weighting of the state and control cost,

n p
D a=1 > =1
i=1 f=1

4. Trial and error

Rodrigo Gonzalez (CyS, UNCuyo-FING) LQR control June 2020



Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system:
%] _ [0 F‘o] [x1] avy/b
[:‘cz]‘ 0 ollxl | vsn |*

y=1 o]+

Vehicle data: vy = 12m/s
a=2m
b=4m
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system:
= Lo ollel+ [
[:'62] 0 0]lx]* 3]

_ X1
y=11 0[]+

Place the poles so that the closed loop system optimizes i

the cost function: X
@ Vehicle data: vy = 12m/s

= f (xTQyx + uTQ,u)dt a=2m

0 b=4m

where
_[a © —
Qx - 0 qz] Qu =p
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

For the case when

o= I =10
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

For the case when

_10]

%=y 1 Qu=10

The solution to the algebraic Ricatti equation is

ATS + SA—SBQ;'BTS + Q, =0 ,

In MATLAB: The LQR
problem can be solved
using the 1qr command
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

For the case when

_10]

%=y 1 Qu=10

The solution to the algebraic Ricatti equation is

S=[0‘292 0.470
0.470 2.754 I X

In MATLAB: The LQR
problem can be solved
using the 1qr command
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

For the case when

_10]

%=y 1 Qu=10

The solution to the algebraic Ricatti equation is
S = [[].292 0.470
0.470 2.754 ' X
and the corresponding control law becomes
u = —Kx, K =Qy'B™S = [0.316 1.108]

In MATLAB: The LQR
problem can be solved
using the 1qr command
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

Lateral pasitien, y (m)
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

12y
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f 10
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4 L] a8
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

For the case when

_10]

%=y 1 Qu=10

The solution to the algebraic Ricatti equation is
s = [[].292 0.470
0.470 2.754 ' X
and the corresponding control law becomes
== — 0-18T¢ — In MATLAB: The LOR
u = —Kx, K =Q,'B"S =[0.316 1.108] problem can be solved

using the 1qr command

The closed loop system poles are

g [~2:6110 + 2.1371:']
T |-2.6110 — 2.1371i
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Optimal control (LQR)

Optimal control, example

Revisit Example - Vehicle steering (Ex 7.4)

For the case when

_10]

%=y 1 Qu=10

The solution to the algebraic Ricatti equation is

s = [3.292 0.470

470 2754 ' X
and the corresponding control law becomes
- _ — 0-1pT¢ — In MATLAB: The LOR
u=—Kx, K =0,'B"S = [0.316 1.108] problem can be solved
The closed loop system poles are using the 1qr command

E= -2.6110 + 2.13711’]

[-2.6110 — 2.1371i
Compared to the pole placement design, this corresponds to { = 0.77 and w,, = 3.44.
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