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Observers

State feedback control

Idea with state feedback control design: Modify the eigenvalues of the system by
using the input, u = —Kx + k,r.

r .r)u B o J’ x C ¥

— k,

Problem: Requires full access to the state vector, u = —Kx
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Observers

State estimation

Idea of state estimation: Develop an observer of the dynamic system that provides
an estimate, X, of the system’s states.

urg .ifxC]y

Real system

=

Observer
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Observers

State estimation

Idea of state estimation: Develop an observer of the dynamic system that provides
an estimate, X, of the system’s states.

urB =ifxC]y

A
Real system
x
Observer
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Observers

State estimation — Open loop estimator

Goal of state estimation: ¥ =x—% =10

Idea: Use a copy of the model description
in the observer: ¥ = AX + Bu

urB__{;'vfxcwy
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Observers

State estimation — Open loop estimator

Goal of state estimation: ¥ =x—% =10

Idea: Use a copy of the model description

in the observer: ¥ = AX + Bu

urg_{xfxcwy
A.—
B [—® x f i c b
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State estimation

Realistic?

Analyze the error dynamics:
¥=x—%=Ax+Bu— A% - Bu
=A(x — %) = A%
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Observers

State estimation — Open loop estimator

Goal of state estimation: ¥ =x—% =10

Idea: Use a copy of the model description

in the observer: ¥ = AX + Bu

u [

Rodrigo Gonzalez (CyS, UNCuyo-FING)

B l—a X [ x c 1 y
A fe—ud
B o2 {2

State estimation

Realistic?

Analyze the error dynamics:
¥=x%-%=Ax+Bu—-A% - Bu
=A(x — %) = A%
which has the solution:
%(t) = e™%(0) = et (x(0) — 2(0)
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Observers

State estimation — Open loop estimator

Goal of state estimation: ¥ =x—% =10 Reall ——
Idea: Use a copy of the model description I[ i §
in the observer: ¥ = A% + Bu An.al lI FI=13 BT+ [

" X4 R ool

urB-—(xij]J’ ’ [ 77 okl
whid
A= Z(t) = et %(0) = eA*(x(0) — 2(0))
B o+ [ 1 ¢ 2
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Observers

State estimation — Open loop estimator

Goal of state estimation: X = x— % =0 Real ] —
Idea: Use a copy of the model description '[ T '
in the observer: ¥ = AX + Bu An.al i FI-13 26T+ [
v X [ y=lal
u r B o * [ x c 1 y 1 ’ [ % [2]
q{
whia
A1 x{q o )
Py - 4 [ ] [ alll+ il
B o= f = c b ; = o af]
A 'l -
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Observers

State estimation — Open loop estimator

Goal of state estimation: ¥ =x—% =10 Realistic?

Idea: Use a copy of the model description
in the observer: ¥ = AX + Bu

urB__{;'vfxcwy

Analyze the error dynamics:
¥=x—%=Ax+Bu— A% - Bu

4 =A(x — %) = A%
which has the solution:
A= Z(t) = e*'%(0) = e**(x(0) — £(0))
N X 9 Problem, A needs to be stable, then
B S f ¢ X—>0ast — oo,
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Observers

State estimation — Open loop estimator

Goal of state estimation: ¥ =x—% =10

Idea: Use a copy of the model description
in the observer: ¥ = AX + Bu

u [

A-—
B o2 |2

Realistic?

Analyze the error dynamics:
¥=x%-%=Ax+Bu—-A% - Bu
=A(x — %) = A%
which has the solution:
%(t) = eM%(0) = et (x(0) — 2(0)

Problem, A needs to be stable, then
X—>0ast — oo,

Open loop estimation does not seem
to be a good idea!
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Observers

State estimation — Closed loop estimator

Goal of state estimation: ¥ =x—% =10

Idea: Use feedback from y in the observer
to improve the estimates.

L Y 5 T N g b4
=

B 24 e 7
=

June 2020
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Observers

State estimation — Closed loop estimator

Goal of state estimation: ¥ =x—% =0 Compare the estimated output with
measured:

Idea: Use feedback from y in the observer
y=y—-y=Cx—CX=CX

to improve the estimates.

u X [ X v

A
Bxfjc
A
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Observers

State estimation — Closed loop estimator

Goal of state estimation: ¥ =x—% =10

Idea: Use feedback from y in the observer
to improve the estimates.

N .
B’xjjc y
A
—o
B ffjc 4

Compare the estimated output with
measured:
y=y—§9y=Cx—CR=Cx
Feed back the error to the open loop
estimator via a feedback gain L:

£=AR + Bu+Ly
§=Cz
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Observers

State estimation — Closed loop estimator

Goal of state estimation: ¥ =x—% =0 Analyze the error dynamics:
Idea: Use feedback from y in the observer ¥=x—%
to improve the estimates. = Ax + Bu— A% — Bu—Lj
u ¢ X
B (—2- [ _‘ c Y
A
L —0Q
% y

Bxfjc
A
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Observers

State estimation — Closed loop estimator

Goal of state estimation: ¥ =x—% =0 Analyze the error dynamics:
Idea: Use feedback from y in the observer ¥=x—%
to improve the estimates. = Ax + Bu— A% — Bu—Lj
B o2 [ i ¢ Y =Ax-D-Ly-9)
_‘ =A(x— %) - L(Cx —CX)
A =AX - LCX
1 5 =(A-LO)X
. which has the solution:
X I, () = e@LOz(0)

Bxfjc
A
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Observers

State estimation — Closed loop estimator

Goal of state estimation: ¥ =x—% =10

Idea: Use feedback from y in the observer
to improve the estimates.

N .
T J._I C y
A
—o
B £ J‘hJ ¢ ?

Analyze the error dynamics:
¥=x—2

=Ax+ Bu— A —Bu—Ly
=Ax—-%2)-Lly—9)
=A(x —%) — L(Cx —CX)
= AX¥ — LCX
=(A-LO)%

which has the solution:
#(t) = e-LOZ(0)

L can be chosen such that the error

dynamics converges, ¥ — Qast — oo,
(if observable).
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Observers

State estimation — Closed loop estimator

Goal of state estimation: ¥ =x—% =10
Idea: Use feedback from y in the observer

to improve the estimates.

" .
B’xfjcy
A
L b—o
¢ 2
B "ff_‘f:37
A

which has the solution:

L can be chosen such that the error
dynamics converges, ¥ — Qast — oo,
(if observable).
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State estimation
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Observers

State estimation — Closed loop estimator

Goal of state estimation: X = x — % =0 Al I
Idea: Use feedback from y in the observer A L/ / y
to improve the estimates. [ [ o f; ] ||]"
u - | -t af
B l—o2+ [ I ¢ Y T,
A _‘ El;-ﬂ‘r — |
L —O . I [ e
~ o b . =h DII*:I
B o X [ c |
L{ /" P r
df =2 . €,
A (iflomservrammer
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Observers

State estimation gain

The way to choose estimator gain is similar to that used for control design. Using
the closed loop estimator, the error dynamics becomes:

¥=(A-L0)%
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Observers

State estimation gain

The way to choose estimator gain is similar to that used for control design. Using
the closed loop estimator, the error dynamics becomes:

¥=(A-L0O)%

Objective: Choose L such that the closed loop error dynamics A — LC get desired
properties, i.e a suitable convergence rate.
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Observers

State estimation gain

The way to choose estimator gain is similar to that used for control design. Using
the closed loop estimator, the error dynamics becomes:

¥=(A-L0)%
Objective: Choose L such that the closed loop error dynamics A — LC get desired
properties, i.e a suitable convergence rate.

The closed loop poles of the estimator are the roots to the characteristic
polynomial:

det(sl —A+LC)=0
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Observers

State estimation gain

The way to choose estimator gain is similar to that used for control design. Using
the closed loop estimator, the error dynamics becomes:

¥=(A-L0O)%

Objective: Choose L such that the closed loop error dynamics A — LC get desired
properties, i.e a suitable convergence rate.

The closed loop poles of the estimator are the roots to the characteristic
polynomial:

det(sl —A+LC)=0

Use pole placement with a desired characteristic polynomial to choose the
estimator gain, L.
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system:

2116 GlLel+ 5]

y=0 olfy]+ 0w

where x; is the lateral position Y, x5 is the heading
orientation 8 and u is the steering angle &.

X
Vehicle data: vy = 12 m/s
a=2m
b=4m

June 2020 24
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system: Y

[2]=16 GlLel+ 5]

y=0 olfy]+ 0w

where x; is the lateral position Y, x5 is the heading
orientation 8 and u is the steering angle &.

Design a state estimator to estimate the vehicle’s states,

from measurement of the lateral position. Vehicle data: vo = 12m/s

a=2m
b=4m
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system: Y

216 GlLel+ 5]

y=0 olfy]+ 0w

where x; is the lateral position Y, x5 is the heading
orientation 8 and u is the steering angle &.

: ; : _ X
Design a state estimator to estimate the vehicle’s states,

from measurement of the lateral position. Vehicle data: vo = 12m/s

a=2m
: . : _— . b=4
Specification: Desired characteristic polynomial: "

Paes(A) =(A+6)(A+4) =12 + 101+ 24
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
X =A%+ Bu+L(y—C%)
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
X =A%+ Bu+L(y—C%)
The closed loop estimator dynamics becomes

¥=(A-LO)%
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
X =A%+ Bu+L(y—C%)
The closed loop estimator dynamics becomes

oo =(3 H-[o o)
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
X =A%+ Bu+L(y— C%)
The closed loop estimator dynamics becomes

A o T ¥ 921]
¥=(A LC):C—_I2 0][£2
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
X =A%+ Bu+L(y — C%)

The closed loop estimator dynamics becomes
L S [l 12 fl]
¥=[A-L0O)% = -, 0][£2

The closed loop system has the characteristic polynomial

’1;”1 _;2 = R+ LA+ 120,
2

det(Al —A+LC) =

June 2020
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Observers

Revisit Example - Vehicle steering (Ex 7.4)
State estimator:

=A%+ Bu+L(y—Cg)
The closed loop estimator dynamics becomes

A o Y 21]
¥=(A LC):C—_I2 0][£2

The closed loop system has the characteristic polynomial

Avh =12 e 120,
L A

Matching with desired characteristic polynomial gives:

2 4+10A+24= 2+ LA+ 121,

det(Al —A+LC) =

June 2020
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Observers

Revisit Example - Vehicle steering (Ex 7.4)
State estimator:

=A%+ Bu+L(y—C%)
The closed loop estimator dynamics becomes

A o Y 21]
¥=(A LC):C—_I2 0][£2

The closed loop system has the characteristic polynomial

Avh =12 e 120,
L A

Matching with desired characteristic polynomial gives:

A +10A+24= P+ LA+12, = =10 [,=2

det(Al —A+LC) =

June 2020

State estimation
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Observers

Revisit Example - Vehicle steering (Ex 7.4)
State estimator:

£=A%+Bu+L(y—Cg)
The closed loop estimator dynamics becomes

A o R ¥ fl]
¥=(A LC):C—_I2 0][£2

The closed loop system has the characteristic polynomial

Avh =120 e 120,
L A

Matching with desired characteristic polynomial gives:

A +10A+24= P+ LA+12, = =10 [,=2

State estimator: [zj = [g 102] [2] + [g] u+ [120] y—%)

det(Al —A+LC) =

June 2020
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Simulations using a sinusiodal input, with x(0) = (5, 0.1) and £(0) = (0, 0):
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Simulations using a sinusiodal input, with x(0) = (5, 0.1) and £(0) = (0, 0):

St & & @ B
]
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system: Y

[a]=16 GlLel+ 5]

y=1[0 1] [le +[0]u

where x; is the lateral position Y, x5 is the heading
orientation 8 and u is the steering angle &.

Design a state estimator to estimate the vehicle’s states,

from measurement of the heading angle. Vehicle data: v, = 12m/s

a=2m
: : : _— . b=4
Specification: Desired characteristic polynomial: "

Paes(A) =(A+6)(A+4) =12 + 101+ 24
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
X =A%+ Bu+L(y—C%)
The closed loop estimator dynamics becomes

¥=A-1L0)% = 0 12~ l‘][ ]

_12
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
X =A%+ Bu+L(y— C%)

The closed loop estimator dynamics becomes
¥=(A-1L0)zx= 0 2= l‘][ ]

-1,
The closed loop system has the characteristic polynomial

det(Al — A + LC) = 3 _ilit bl 2+ 1)
2

June 2020
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
X =A%+ Bu+L(y—C%)
The closed loop estimator dynamics becomes
L - _ [0 12-L][%
i=w-ox=[, T[]

The closed loop system has the characteristic polynomial

Ao=124 0| _
0 A+l |SAAHE)

Matching with desired characteristic polynomial gives:
A2+101+24=22+1,7
It is not possible shape the error dynamics. We say that the system is not observable.

det(Al —A+LC) =
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

State estimator: )
£=A%4+Bu+L(y—C%)
The closed loop estimator dynamics becomes
L - _ [0 12-L][%
i=w-ox=[, "L R[E]
The closed loop system has the characteristic polynomial - unobservable

A =12+
0 A+l |TAAFER)
Matching with desired characteristic polynomial gives:
A2+101+24=22+1,7
It is not possible shape the error dynamics. We say that the system is not observable.

det(Al —A+LC) =
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Observers

Control using estimated states

Use the estimated states for feedback, u = — K& + k,r.

AN [ N .20 R 2 ) W

il

Y
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Observers

Control using estimated states

Use the estimated states for feedback, u = —K& + k,r.

. .
LI S S WL 3 S W2 g W Y
il
L b—o0
B o2 f 2 l¢ y
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Observers

Control using estimated states

Use the estimated states for feedback, u = —K2% + k7.

5 .
K, - Bl—o2 ¢ Y
il
L —o
[ SN R W 8y
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Observers

Control using estimated states

Given the system, x = Ax + Bu,y = Cx, the controller, u = =K% + k,7, and the
state estimator, ¥ = A% + Bu + L(y — CX), the closed loop system can be written

B AR R

June 2020
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Observers

Control using estimated states

Given the system, * = Ax + Bu,y = Cx, the controller, u = =K% + k,7, and the
state estimator, ¥ = A% + Bu + L(y — CX), the closed loop system can be written

N A

The closed loop system has the characteristic polynomial

A(s) = det(sl — A + Bk)det(sl — A+ LC)

June 2020
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Observers

Control using estimated states

Given the system, * = Ax + Bu,y = Cx, the controller, u = —K% + k,7, and the
state estimator, ¥ = AX + Bu + L(y — CJ’E), the closed loop system can be written

. [:'c]=[A—BK ][] [Bk]
¥ 0 A-CL
The closed loop system has the characteristic polynomial
A(s) = det(sl — A + Bk)det(sl — A+ LC)

This polynomial can be assigned arbitrary roots if the system is reachable and
observable.

June 2020
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Observers

Control using estimated states

Given the system, x = Ax + Bu,y = Cx, the controller, u = =K% + k,7, and the
state estimator, ¥ = AX + Bu + L(y — CJ’E), the closed loop system can be written

el e [ R g
X 0 A-=CL
The closed loop system has the characteristic polynomial
A(s) = det(sl — A + Bk)det(sl — A+ LC)
This polynomial can be assigned arbitrary roots if the system is reachable and
observable.

Rule of thumb: Make the estimator poles 4-5 times faster then the “feedback” poles.
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system:

[2]=16 GlLel+ 5]

y=0 olfy]+ 0w

where x; is the lateral position Y, x5 is the heading
orientation 8 and u is the steering angle &.

X
Vehicle data: vy = 12 m/s
a=2m
b=4m

June 2020 49
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system: Y

[2]=16 GlLel+[5]

y=0 olfy]+ 0w

where x; is the lateral position Y, x5 is the heading
orientation 8 and u is the steering angle &.

State feedback control (poles in -1 (double pole)):

u=—0.0278x, — 0.6111x, + 0.0278r Vehicle data: vo = 12m/s

a=2m
b=4m
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

Consider the following system: Y

216 GlLel+[5]

y=0 o]+ 0w

where x; is the lateral position Y, x5 is the heading
orientation 8 and u is the steering angle &.

State feedback control (poles in -1 (double pole)):
u = —0.0278x, — 0.6111x, + 0.0278r

State estimator (poles in -4 and -6): b=4m

Bl- 10 R [ [o -2

Vehicle data: vy = 12 m/s
a=2m
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Observers

Revisit Example - Vehicle steering (Ex 7.4)

T ] ofs
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Observers

Implementation

Rodrigo Gonzalez (CyS.

external disturbances noise

operator input
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Observers

Implementation - i
v \_H Auu..rur-.}——‘ System H Sensors }—- £} ;
Our controller consists of the state ‘
feedback controller, ::::::::::::::::::::::::::::::::::::'_:’_::::::::’:
u=—-Ki+kr,
and the state estimator,
£ =A%+ Bu+ L(y — C%).

operator input
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Observers

Implementation

Our controller consists of the state

feedback controller,
u=-Kx+k.r,

and the state estimator,
¥=AZ+Bu+ L(y — C®).

We need to discretize the controller to be o
able to implement it in a computer, by approximating the derivative by a difference:

£~ M) X _ o) + Buty) + LOy(t) — C2(6)),

L1t
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Observers

Implementation

Our controller consists of the state

feedback controller,
u=-Kx+k.r,

and the state estimator,
¥=AZ+Bu+ L(y — C®).

We need to discretize the controller to be o
able to implement it in a computer, by approximating the derivative by a difference:

£~ M) X _ go(p) + Bulty) + LOy(t) — C2(6)),

L1t
Rewriting it as a difference equation:

R(tyy1) = 2(G) + (Eegr — G ) (AZ(G) + Bulty) + Ly (L) — CE(8)),

h - sampling time
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Observers

noise external disturbances noise

Implementation |, —— 4+
p At.lu.nlun}—v System H Sensors }—..i SEEh

i
e e

e Ic‘mmﬂh

In pseudocode: epeetes Ing!

% Control algorithm - main locp

r = adin(chl) % read reference

y = adin(ch2) % get process output

u = -K*xhat + kr*r % compute control variable

daout (chl, u) % set analog output

xhat = xhat + h* (A*x+Bru+L* (y-C*x)) % update state estimate

Rodrigo Gonzalez (CyS. - State estimation
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