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xii Preface

various aspects of soil behaviour, including the existence of critical states,
can be studied. This seems to provide a more logical progression by
providing a reason for looking for critical states, which are otherwise
produced rather out of the blue. The aim here is to link the behaviour
and modelling of soils to the prior knowledge that the reader may have
of the behaviour and modelling of other engineering materials, represented

by ideas of elasticity and plasticity. As a result the development of the

numerical model comes first. However, those who wish to approach the
subject by the route that was used in the courses can follow the sequence
outlined in the previous paragraph.

In one way this book does not attempt to be a textbook on soil
mechanics as traditionally taught, but in another way it does provide a
new approach to the teaching of soil mechanics. The topics which are
most obviously left out are seepage and consolidation. It can be argued
on the one hand that there is nothing new to add to the large number of
textbooks which treat these topics. On the other hand, seepage is merely
an application to geotechnical problems of the solution of Laplace’s
equation; and similarly, consolidation is conventionally taught as the time-
dependent one-dimensional deformation of soils resulting from transient
flow of water and dissipation of excess pore pressures. This is merely an
application of the solution of the one-dimensional diffusion equation. Both
seepage and consolidation are, thus, topics that might be more appropriately
placed in a course on engineering mathematics. Of course, there are many
transient geotechnical situations involving the flow of water which cannot
be described as one-dimensional. Proper analysis of these problems
requires a coupling of the equations describing the flow of the water with
the equations describing the behaviour of the soil, which require a properly
formulated constitutive model for soil, and that is very much the subject
of this book. Several of the applications of elastic—plastic models of soil
behaviour described in Chapter 11 involve just such coupled consolidation
analyses. } .

There is a blurring in the literature of the terms consolidation and
compression. Whereas time-dependent deformation of soils (consolidation)
is hardly mentioned here, the change in volume of soils resulting from
changes in effective stress (compression) (which might be observed in the

* consolidometer or oedometer) is a central and vitally important theme
running throughout the book. Here the term consolidation is reserved for
the transient phenomenon, and ‘the equilibrium relationship between
volume and effective stress which is often called a ‘normal consolidation
line’ is here called a ‘normal compression’ line to underline this distinction.

Some of the material for this book has been drawn from courses entitled
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Critical State Soil Mechanics, and the phrase forms part of the title of
this book. What is critical state soil mechanics? ‘
The phrase was used by Andrew Schofield and Peter' Wroth as the title
of their 1968 book (Schofield and Wroth, 1968), from which this book has
drawn much inspiration. Their purpose in that book ‘is to focus attention
on the critical state concept and demonstrate what [they] believe to be
its importance in a proper understanding of the mechanical behaviour of
soils’. To me, critical state soil mechanics is about the importance of
considering volume changes as well as changes in effective stresses when
trying to understand soil behaviour. Critical state soil mechanics is then

concerned with describing various aspects of soil behaviour of which a

clearer picture is obtained when differences in volume as well as differences
in effective stresses are considered. Critical state soil mechanics is also
concerned with building numerical models of soil behaviour in which a
rational description of the link between volume change and eﬁ’ectwe
stress history is a fundamental ingredient.

This is not to be taken to imply that critical state soil mechanics is about

~nothing more than one particular soil model, Cam clay. In this book, this

model is introduced in Chapter 5 as a particular example of a general
class of elastic—plastic models which happen to show critical states (the
idea of critical states is discussed in detail in Chapter 6) and then used to

illustrate various features of the observed experimental behaviour of real

soils.

Some  workers have decided that critical state soil mechanics is
concerned only with one particular model of soil behaviour, and because
that particular model does not reproduce all the features of their experi-
mental observations, they conclude that neither that particular model nor,
by extension, critical state soil mechanics has anything to offer, and hence
they reject both. Some veer to the opposite extreme and suppose that
everything said in the name of critical state soil mechanics represents a
unique and complete description of Truth so that any experimental

~ observations that appear to be at variance with this Truth must be in error.

Here a more tolerant, ecumenical line is taken. Critical state soil

‘mechanics is not to be regarded as a campaign for a particular soil model

but rather as providing a deeply running theme that volume changes in

soils are at least as 1mportant as changes in effective stresses in trying to -

build a general picture of soil behaviour. This could probably be taken
as the definition of critical state soil mechanics adopted for this book.
General and particular models of soil behaviour are described in
Chapters 4 and 5, but it is certainly implicit throughout this book that
Truth lies in experimental observations: models can at best be an aid to
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understanding and never a substitute for observation. It is hoped that the
study of soil behaviour through the patterns predicted by a simple model
may help to show that in many ways soil is not a particularly incompre-
hensible material, provided that the real possibility of major volumetric
changes is accepted. The discovery that some observations do not fit the
predictions of this simple model may lead one to reject it but should not
lead to the rejection of the whole underlying framework.

It is necessary to defend the choice of symbols used in this text to
represent specific volume, and the increments of volumetric strain and
shear strain in the conditions of the triaxial test. Those who read the first
draft will note that there has been a major change since that was prepared.
Regular readers of books on critical state soil mechanics will be aware
that the sets of symbols used in the books by Schofield and Wroth (1968),
Atkinson and Bransby (1978), and Bolton (1979) are all different. So there
is no consistent tradition to follow except one of variety. All the earlier
books use v (rather than V) for specific volume, so I have reverted to this.
The use of d¢ on its own for triaxial shear strain does not convey any
information about its nature. I do not like J¢, for the volumetric strain
increment because I think the subscript v should be reserved for vertical
strains. Once one starts trying to think of suitable subscripts to use, the
only logical approach seems to be that proposed by Calladine (1963)
according to which e, and d¢, are the increments of volumetric strain
and triaxial shear strain and ‘the subscripts suggest the association of the
stress and incremental strain vectors in pairs’. The concordance between
these symbols and those used in the earlier books is shown in the table.

Reference ' Volumetric strain Triaxial shear strain
Schofield and Wroth (1968) v/v (= —dv) B
Atkinson and Bransby (1978) . oO¢, O,

Bolton (1979) Se, -

Present text de,, , ¢,
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List of symbols

This list contains definitions of symbols and also an indication of the
section in the book where they are first used. All symbols are defined in
the text. Although there is obviously some duplication, it is hoped that
this will not cause any confusion. .

a area of ram in triaxial cell (1.4.1)
a pore pressure parameter (1.6)
a exponent in variation of K, with

overconsolidation (10.3.2)
a radius of loaded area (11.2.1)
a dimension of rectangular loaded area (11.2.2)
A cross-sectional area of triaxial sample (1.4.1)
A activity . (9.4.3)
A slope of line in w:], plot (9.44)
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cL undrained strength of remoulded soil at
A liquid limit \ (9-2)
Cp undrained strength of remoulded soil at '

plastic limit i (9.4.2)
Che Hvorslev cohesion parameter for triaxial

conditions (7.4.1)

Cy undrained shear strength (7.2)



'__,ﬁ

aAQe a0

DRARNAAA
DA

Mmme ey

LEL:

<

QA @ Q@ M iy

-

5 “,

0

Symbols | : xvii

remoulded undrained strength ' (9.5)
coeflicient of consolidation (11.2.3)
Hvorslev cohesion parameter for shear box (74.1)
coeflicient of secondary consolidation (12.2)
clay content ‘ (9.4.3)
compression index 4.2)
permeability variation coefficient (11.3.2)
swelling index : 4.2)
depth of lake ; (1.3)
diameter : (2.1)
penetration of fall-cone ' (9.2)
depth to water table : (10.3.3)
cross-anisotropic elastic parameter =
JK*G* —J? . (2.3)
~ diameter of split-cylinder test specimen (9.4.2)
void ratio B (1.2)
granular void ratio (1.2)
Young’s-modulus (2.1
energy dissipated per unit volume . (8.4)
Young’s modulus in terms of effective
stresses : » (2.2) -
cross-anisotropic elastic modulus (2.3)
Young’s modulus for horizontal direction 2.3)
tangent stiffness S (123)
Young’s modulus for vertical direction (2.3)
yield locus _ 4.5)
axial force in triaxial apparatus = (1.4.1)
plastic potential (4.5)
Hvorslev strength parameter in p':q plane (7.4.1)
acceleration due to gravity - (9.2)
shear modulus (2.1)
shear modulus for soil (in terms of effective
stresses) ' (2.2)
shear modulus for cross-anisotropic soil (2.3)
specific gravity of soil particles (1.2)
tangent shear stiffness ' (12.3)
cross-anisotropic shear modulus (2.3)
" excess head of water - (1.3)
sample height in simple shear apparatus (8.3)

Hvorslev strength parameter in p':q plane
(compression) (7.4.1)



xvili ~ Symbols

h, Hvorslev strength parameter in p’:q plane
, (extension) - (74.1)
H slope height in Casagrande liquid limit
device , (9.4.1)
Ip relative density of sand (7.4.2)
I, -liquidity index 9.3)
Ip plasticity index ' ' (7.2)
(9.3)
1, settlement influence factor ) (11.2.2)
J cross-anisotropic elastic parameter (2.3)
k permeability - (1.2)
k dummy variable ’ : 4.4.1)
k constant describing variation of sensitivity
with liquidity _ 9.5)
k spring stiffness ' (12.4)
k, ‘ horizontal permeability ) (11.3.2)
kup horizontal permeability from horizontal
flow test : (11.3.3)
ky; horizontal permeability from in situ test (11.3.3)
k. horizontal permeability from radial flow
test , (11.3.3)
k; vertical permeability (11.3.2)
k, cone factor ‘ (9.2)
K bulk modulus ’ (2.1)
K constant in Rowe’s stress—dilatancy relation (8.5)
K’ bulk modulus for soil (in terms of effective
stresses) (2.2)
K* bulk modulus for cross-anisotropic soil (2.3)
K, earth pressure coefficient at rest (9.4.5)
(10.3.1)
Kone : value of K, for normally compressed soil (74.1)
(10.3.1)
l length of sample (1.4.1)
m load factor in combined tension and torsion ‘
of tubes ' : « (3.2)
m mass of fall-cone (9.2)
m, coefficient of volume compressibility (11.2.3)
M shape factor for Cam clay ellipse/slope of
critical state line . (5.2)
M* value of M in triaxial extension (7.1)

n porosity (1.2)



dm
9

.‘U)MMM

L S o S Y

Symbols

overconsolidation ratio (d),,,,/7.)
isotropic overconsolidation ratio (Prae/P)
location of isotropic normal compression
line in v:1lnp’ plane

model scale

mean stress

equivalent consolidation pressure

mean effective stress on a normal
compression line ‘

reference size of yield locus

normal load in simple shear apparatus/
shear box

axial load on wire or tube -

diametral load in split cylinder test
preload value of axial load
deviator stress, generalised deviator stress

* cyclic deviator stress amplitude
reference deviator stress for size of shear
yield loci -
shear load in simple shear apparatus/shear
box - ' ‘
torque on tube
shear loads on sliding block

- radius of tube '
ratio of pressures on normal compression
and critical state lines
ratio of undrained strengths at plastic and
liquid limits ‘
mean stress in plane strain
length of stress path in p’:q plane
degree of saturation
sensitivity
maximum shear stress in plane strain
wall thickness of tube '
time
reference time
pore pressure
back pressure
specific volume

Xix

(1.2)

(72)

(5.2)
(11.3.3)
(1.4.1)
(6.2)

(9.4.5)
(4.2)
(1.4.2)
(8.3)
(2.1)
(3.2)
(9.4.2)
(3.2)
(1.4.1)
(10.6.2)

(123)

(12.4)
(1.4.2)
(8.3y
(3.2)
4.4.1)
(3-2)
(7.2)
(9.4.5)

(9.4.3)

(1.5)

(3.3)
(1.2)
(9.5)
(1.5)
(3.2)
(12.2)
(12.2)
(1.3)
(1.4.1)
(1.2)




XX Symbols

U py Ugy O X

intercept on normal compression line in
v:log, 0, plane

reference specific volumes on
unloading-reloading line

granular specific volume

maximum specific volume of a sand
minimum specific volume of a sand
specific volume as prepared

intercept on unloading-reloading line in.

v:log,o 0, plane

reference value of specific volume
intercept on unloading-reloading line
intercept on normal compression line
reference specific volume on one-
dimensional normal compression line
reference value of specific volume
volume of sample

water content

liquid limit

plastic limit

work input per unit volume

weight of element in infinite slope
distortional work input per unit volume
total work input to shear box sample
volumetric work input per unit volume
shearing and normal displacement in
shear box or simple shear apparatus

movement along and perpendicular to
failure plane :
coordinates

sliding movements for frictional block
sliding loads

cross-anisotropic elastic paraméter
angle of fall-cone
coefficients of elastic total stress change

(42)

(10.3.2)
(1.2)
(14.2)
(7.4.2)
(6.5)

4.2)
(9.3)
42)
4.2)

(10.3.1)
(11.3.3)
(14.1)
(1.2)
(1.6)
(9.2)
(1.6)
93)
(14.1)
(7.6)
(14.1)
(8.3)
(14.1)
(6.5)
(7.4)
(8.3)

(7.4)
(1.3)

< (14.1)
(4.4.1)
(12.4)

(2.3)
9.2)
(11.2.1)



Symbols

T T ™ ™

~

~ =

Pw

7y:, Yzxs ny
r

Exxs Eyyr E22
€1,82,83

¢

¢

n
Nk
Nkne

D @

slope angle

dilatancy parameter = tan ~! 0eP/deb
slope of failure line in ¢:5' plane

shear strain :

total unit weight of soil

buoyant unit weight of soil

unit weight of water

shear strains

location of critical state hne 1n compression

plane

small increment

axial displacement

large increment

water content shift in fall-cone tests
water content shift for 100-fold change in

strength

normal strain

axial strain

horizontal strain

volumetric strain

triaxial shear strain

radial strain

volumetric strain in plane strain
maximum shear strain in plane strain
vertical strain

normal strains

principal strains

dummy parameter to describe size of plastic

potential

pressure applied at ground surface
stress ratio = g/p’
value of n for one-dimensional conditions

value of n, for one-dimensional normal

compression

coordinate, twist of tube

dilatancy angle for triaxial conditions
inclination of axis of clhptlcal yield loci in

s':t plane

slope of unloading-reloading line in v:In p’

plane

!

Xxi

(7.6)
8.2)
(10.4.1)
(L.1)
(1.3)
(1.3)
(1.3)
(1.4.1)

(6.1)
(1.2)
(12.4)
(4.2)
(9.2)

(9.2)
(1.1)
(1.4.1)
(11.3.3)
(1.2)
(1.4.1)
(1.4.1)
(1.5)
(1.5)
(11.3.3)
(1.4.1)
(1.4.1)

(4.5)
(11.2.1)
(3.3)
(9.4.5)
(9.4.5)
(10.3.1)
(3.2)
(8.3)

(11.3.3)

4.2)



XXii Symbols

%
Vhhs Vyhs V

unloading index . (9.3)
slope of normal compression line in v:ln p’

plane 4.2)
+ for remoulded clay (9.5)
/. for undisturbed clay - 9.5)
(4 —K)/A (5.4
(2 —x*)/A ‘ (9.3)
friction coefficient : 44.1)
exponent in expression linking strength ;

with overconsolidation ‘ (7.2)
frictional constant (8.3)
Bjerrum’s correction factor for vane strength (9.6)
shape factor for elliptical yield loci in s':t

plane (11.3.3)
Poisson’s ratio (2.1)
Poisson’s ratio for soil in terms of effective

stresses ' (2.2)
Poisson’s ratios for cross-anisotropic soil (2.3)
settlement (11.2.2)
normal stress : (1.1)
normal stress on failure plane - (7.1)
axial stress (1.4.1)
compressive stress in split cylinder test (9.4.2)
horizontal effective stress (9.4.5)
horizontal preconsolidation pressure (11.2.1)
cell pressure, radial stress (14.1)
radial stress (3.2)
tensile stress in split cylinder test (9.4.2)
vertical stress ' (1.3)
vertical normal effective stress in shear box (7.4.1)
vertical effective stress (9.4.5)
vertical preconsolidation pressure (3.3) -
equivalent one-dimensional consolidation

pressure - (74.1)
normal stresses (1.4.1)
axial stress v (3.2)
circumferential stress (3.2)
preload value of axial stress ~ ] (3.2)
principal stresses (14.1)

major, intermediate, and minor principal
effective stresses (7.1)



Symbols

T.'y:, Toxs txy
T-0> To

bes
.

f

XN 806
®~a~gos

< =

shear stress
shear stress on failure plane
shear stress on horizontal plane in shear box

_shear stresses

shear stresses on radial planes
Mohr-Coulomb friction angle

critical state angle of shearing resistance
Hvorslev angle of shearing resistance
angle of shearing resistance in Rowe’s
stress—dilatancy relation

mobilised angle of shearing resistance
residual angle of shearing resistance
interparticle angle of friction

scalar multiplier

fall-cone parameter

angle of dilation in plane
strain = sin ~! (— J¢,/d¢,)

Superscripts

"qﬂ

effective stress quantity
elastic component
plastic component

Subscripts

Ccs

O E g~

preconsolidation value
critical state value
failure value

initial value

value at liquid limit
value at plastic limit
undrained

value at yield

value at Q-point

XXiii

(1.1)
(7.1)
(7.4.1)
(1.4.1)
(3.2)
(7.1)
(7.4.1)
(7.4.1)

(8.5)
(8.3)
7.7)
(8.5)
@4.1)
4.5)
(9.2)

(8.3)

(1.3)
(4.2)
(4.2)

(11.2.1)
(6.1)
(6.3)
(5.4)
(6.3)
(9.3)

(9.3)
2.2)
(11.2.1)
(9.4.4)






1 | |
“
\\

Introduction: models and
soil mechanics

| 1.1 'Use of models in engineering

.. . K . 4 Lo Ao
Scientific understanding pr3cekds by way of constructing and sturtor carbiirret. C’“'f
analysing models of the segments or aspects of reality under study. The purpose ’ -
of these models is not to give a mirror image of reality, not to include all its
elements in their exact sizes and proportions, but rather to single out and
make available for intensive investigation those elements which are decisive.
sbetruct:  Weabstract from non-essentials, we blot/out the unimportant to get an ,
! 2 w . . e B . ' .
Llock worp unobstructed view of the important, we rnagmf?f.n order to improve the‘ .Jhw“ark o appere, (‘"g;z‘.
1o A range and accuracy of our observation. A model is, and must be, unrealistic € at ' b fesnn )

I

ar obitwele! iy the sense in which the word is most commonly used. Nevertheless, and in :
aharterme. FHlala sense, paradSxically, if it is a good model it provides the key to understanding
tcernt contradigyfgality. (Baran and Sweezy, 1968) .
burmasy e e Engineering is concerned with understanding, analysing, and predicting
gl '  the way in which real devices, structures, and pieces of equipment will.
behave in use. It is rarely possible to perform an analysis in which full
-knowledge of the object being analysed permits a complete and accurate
description of the object to be incorporated in the analysis. This is /
particularly true for geotechnical engineering. The soil conditions under ek ded afg-)oqhh,;,
a foundation or embankment can be discovered only at discrete locations ~* “rger (s o
by retrieving samples of soil from boreholes or performing in situ tests;
soil conditions between such discrete locations can be deduced only by
informed interpolation. (This is a major difference between geotechnical
engineering and structural or mechanical engineering, in which it is feasible
to specify and control the properties-of the steel, concrete, or other material
from which a structural member or mechanical component is to be
manufactured.) ' ) ) '
Not only is it rarely possible to perform such an analysis, it is rarely
desirable. Understanding of the behaviour of real objects is improved if
intelligent simplifications of reality are made and analyses are performed

nc,f".f‘c..,:,-k or tobe.

~
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2 1 Introduction: models and soil mechanics

using simplified models of the real objects. The models considered here
are conceptual models. Predictions can also be based on physical models
in which, for example, small p/r%‘?st?ﬁe structures are placed on small
blocks of soil. Such physical models are also simplified versions of reality
because it is not usually feasible to reproduce at a small scale all the in
situ variability of natural soils.

The objective of using conceptual models is to focus attention on the
important fsatures of a problem and to leave aside features which are

ol irré1&2nt. The choice of model depends on the application. For example,

the orbit of a spacecraft can be analysed by considering the spacecraft as
a point mass concentrated at its centre of gravity. However, to calculate
how to operate the engines to get the spacecraft into orbit, it is necessary
to know about the distribution of mass in the spacecraft, its moments of
inertia about various axes, and the way in which its shape influences its
motion. To plan the distribution of seats and fixtures, the spacecraft might
be considered as a box of a certain internal shape and size. These are
three conceptual models of the same object.

Similarly, an architect might model a steel-framed building as a series
of spaces in which to place furniture, partitions, services, and so on, whereas
the structural engineer might model the steel frame in two different ways:
(1) to calculate bending moments at various points in the frame, the steel
beams and columns may be represented by line members for which the
dimensions of the cross section are irrelevant; (2) to design the connections
between the beams and columns of the frame, the cross-sectional details
are all important.

Point masses and line members are convenient idealisations of real
objects and structures; with such simplified representations, analyses can
be readily performed and patterns of response deduced. Idealisation can

Fig. 1.1 Observed behaviour of mild steel in pure tension.
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1.1 Use of models in engineering 3

extend also to the characterisation of the material behaviour: for example,

a stress:strain relationship for a mild steel specimen loaded in simple .

tension (Fig. 1.1). This figure shows an initial linear climb 04 to a so-called
upper yield point at 4, a drop AB with almost no further strain to a lower
yield point-at B, an extension at essentially constant stress BC, followed
by strain hardening CD with increase of stress to ultimate rupture. (There
is a small drop in stress shortly before the specimen actually parts.)
However, to perform analyses of the behaviour of steel structures (Baker
and Heyman, 1969), this actual stress:strain curve is replaced by the
idealised stress:strain curve (Fig. 1.2). In this figure, the distinction between
upper and lower yield -points has been removed so that there is a direct
transition from the initial linear elastic section OM to a plastic plateau
MN. Subsequent strain hardening is also ignored so that the plastic
deformation MN can be assumed to continue at constant stress to
indefinitely large strains. The whole body of plastic design of steel
structures has been successfully based on this idealised stress: strain
relationship.

Classical soil mechanics makes much 1mp11c1t use of” 1deahsed stress:
strain, relationships. A typical shear stress (r):shear strain (y) curve for a
soil specimen might be OXY in Fig. 1.3a. Two groups of calculations are
regularly performed in geotechnical engineering: stability calculations and
settlement calculations. Settlement calculations (Fig. 1.3b) are concerned
with the stiffness of soil masses under applied loads. An obvious idealisation
of the stress:strain curve is to assume that over the range of stresses
applied under working loads, the stress:strain behaviour is linear and
elastic, represented by OA in Fig. 1.3a. Stability calculations (Fig. 1.3c) are
concerned with complete failure of soil masses, with large deformations
occurring on rupture planes, accompanied by collapse of geotechnical
structures. If the deformations are large, the precise shape of the early
stages of the stress:strain curve is of little importance, and the stress:strain

Fig. 1.2 Idealised behaviour of mild steel in pure tension.
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4 1 Introduction: models and soil mechanics .

behaviour can be idealised as rigid: perfectly plastic, represented by OBC
in Fig. 1.3a. These simple elastic and rigid plastic models lie behind much
of classical theoretical soil mechanics and lead to a concentration of site
investigation effort on secking the stiffness of the soil (the slope of 04)
and the strength of the soil (the level of BC).
- Vermeer and de Borst (1984) call such elementary simple elastic and
rigid plastic models of soil behaviour ‘student’s models’. However, this
book suggests that the general picture of soil behaviour is better
understood from more realistic models. Students should be interested in
more than just the perfectly elastic and perfectly plastic idealisations (which
could perhaps be called ‘children’s models’). Here, these more realistic
models are called student’s models; they too are idealisations and simpli-
,gwo\o wental  fieations of real soil behaviour, but less radicil idealisations than those
in Fig. 1.3. There are two reasons for wanting to proceed to the more
realistic student’s models. The first is that such models bring together
many of the apparently unrelated aspects of soil behaviour — strength,
- compression, dilatancy (volume change on shearing), and the existence of
critical states (in which unlimited deformations can occur without changes
of stresses or volume) - and they provide a background against which
data of actual soil behaviour can be studied. Learning about soil behaviour
Caps ble " then becomes more coherent, and models of soil behaviour can be seen
intdli g bs s extensions of the concepts of plasticity and yielding which have become
o'V, uﬂ?f;’” familiar from the descriptions of the mechanical behaviour of metals.
The second reason is that the simple children’s models are inadequate r‘hgug(:a' ent, not
for the description of real soil response. There is an advantage in supposing ooyl
that the states of stress in soil elements in a geotechnical structure are .

Fig. 1.3 (a) Observed and idealised shearing behaviour of soil for
(b) settlement and (c) stability calculations.
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1.2 Soil: volumetric variables 5

sufliciently remote from a failure state that their response can be assumed
to be linear and elastic: elastic analysis of the distribution of stresses and

deformations in an elastic material is comparatively straightforward, and.

for many problems exact results have been or can be obtained. However,
the real non-linearities of soil response exercise an important influence on
actual distributions of stresses and deformations; and with the increased
aveflablhty of computers of various sizes, it is becoming more common
to predict the responses of geotechnical structures using numerical analyses
which incorporate more realistic models of soil behaviour. These analyses
can be no better than the models and idealisations on which they are

_based, and a geotechnical engineer needs to understand the capabilities

of the models to be able to assess the relevance of the analyses.

The models discussed in this book go beyond the elementary elastic
and plastic models illustrated in Fig. 1.3a. Some hints at ways in which
the models can be developed further are suggested in Chapter 12.

1.2 Soil: volumetric variables
The stress:strain behaviour of soils can be described by models
which are essentially similar to those that might be used to describe the
stress:strain behaviour of metals; in other words, at one level there is
nothing particularly special about soils as compared with other materials
except, of course, that a large proportion of the volume occupied by a
mass of soil is made up of voids (Fig. 1.4). The voids may be filled with
two (or more) pore fluids, usually water and air (Fig. 1.5) but possibly oil
or gas instead (or in addition). When a soil is deformed, significant and
often irreversible changes in volume can occur as the relative positions of
the soil particles change. By contrast, irrecoverable deformation of metals
occurs at essentially constgnt volume Any successful description of soil
response must obviously mcorporate the possibility of large volumetnc
changes.
It rnxght seem unlikely that the behaviour of a material that i is clearly

SO heterogenéﬁus at the particulate level could be described in terms of

stresses and strains, which are more obviously useful for continuous
materials. Most geotechnical structures are large by comparison with the
size of individual soil particles, and stresses and strains must be thought
of as quantities which are averaged over volumes of soil containing many
particles.

Soil particles are usually considered to be ngxd but each one is in
physical contact with some.of its neighbours to form a highly redlndant
skeletal, cellular framework. If the volume occupied by this particle
structure is to change then the fluid in the voids must flow through the
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6 1 Introduction: models and soil mechanics

soil. Different characters of Iesponse are obtained depending on the extent
focder s acKen to which the soil structure impedes the movement of the pore fluid. The
r prequetts eav permeability k is the quantity usually measured; it indicates the ease with

T which water (or other fluid) can move through the soil. The permeability
Jee foree jullz or is an inverse indjcation of the drag ex@rted on the viscous flowing pore
el . fluid by the fortuous passages through the structure of the soil. The drag

increases as the proportion of boundary layer (where the viscous effects
of the soil particles are large) to total volume of flow increases. The ratio
of surface area to the volume of particles increases as the typical dimension
of the particles falls, and hence a soil composed of very small particles is
likely to have a low permeability, while a soil composed of large particles
is likely to have a high permeability.

The range of possible particle sizes is enormous (Fig. 1.6): clay particles
have a typical dimension of less than 2 micrometres (um) (compare Fig. 1.4)

Fig. 1.4 Scanning electron micrograph of Leda clay (picture width, 13 pm)
(micrograph supplied by A. Balodis).
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whereas coarse gravel has a typical dimension up to 60 millimetres (mm).
(This range of sizes is roughly equivalent to the length of a cricket pitch
compared with the distance from Cambridge to Glasgow, or the side of
a baseball diamond compared with the distance from Washington to
Detroit.) Any soil may contain a great range of particle sizes, depending
on the way in which the soil was formed: some typical grading curves are
shown in Fig. 1.6.
The range of particle shapes is also great: clay partlcles are often flat
" and platelike (Fig. 1.4) whereas sand and gravel particles are more likely
to be sub-spherical (Fig. 1.7). Here immediately is an example of the use
of a simple model to describe soils. The plotting of typical particle
dimensions on the grading chart of Fig. 1.6 models real particle shapes
and sizes with equivalent spheres. For coarser soils, the size of the
equivalent sphere is determined from the size of the square sieve mesh
through which the particles can just pass (Fig. 1.8a). For finer soils, the

Fig. 1.5 “Assembly of soil particles with voids filled with mixture of air and
water.

soil particles

water _

Fig. 1.6 * Grading curves for (1) kaolin, (2) London clay; (3) Vienna clay,
(4) estuarine silt, (5) medium sand, (6) coarse sand, (7) glacial till (after Atkinson
and Bransby, 1978), and (8) residual granitic soil (data from Yudhbir, 1982).
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10 1 Introduction: models and soil mechanics

proportions of space in the soil occupied by solid material and by pores.
Such a variable, which might be thought of as a first (scalar) invariant of
a particle structure tensor, is relatively easy to determine (particularly by
comparison with all the variables that might be needed to describe the
three-dimensional orientations of the particles), but it may take various
forms.

For an intact soil with the voids saturated with water, the simplest
quantity to measure is the water content w, which is the ratio of the masses
of water and of dry soil particles in any volume of soil. With a knowledge
of the specific gravity of the material of the soil particles G, (typically in
the range 2.6—2.75), the void ratio e (the ratio of the volumes of void and
soil particles, Fig. 1.9a) can be determined:

e=G,w (1.1)

This link between water content and void ratio applies only for saturated
soil, but the void ratio may be regarded as the more fundamental variable
(even though it may be less easy to measure), representing as it does the
relative disposition of particles and voids for any soil whether saturated
or not. For unsaturated soil, the link between water content and void
ratio requires additional knowledge of the degree of saturation S,, the
proportion of the volume of the voids occupied by water (Fig. 1.9b); then
(1.1) is replaced by

G.w ‘
e=— (1.2)
. Sr
In general, however, we prefer the specific volume v as a volumetric
variable for reasons of mathematical convenience which will become clear.
This is the volume composed of unit volume of soil particles with their

surrounding voids (Figs. 1.9a, b):
v=1+e \ ’ (1.3)

“so for saturated soil,

v=1+G,w ‘ (1.4)
(Another volumetric quantity is porosity n, which is the ratio of volume
of void to total soil volume: ~ ' '

e v—1

n= - (LS
. l+e v (1.3)
Porosity is mentioned here for completeness, but for the purposes of model
building it offers no advantage over specific volume v.)

A central theme of critical state soil mechanics is that it is not sufficient

to consider the mechanical behaviour of soils in terms of stresses alone;
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some structural variable such as specific volume is also required. It may
be remarked that the expectation that the behaviour of a soil can be linked
with a single volumetric variable is likely to be valuable for soils that
have a reasonably narrow range of particle sizes; for example, reasonably
pure clays, silts, sands, or gravels. Grading curves for typical examples of
these soils were shown in Fig. 1.6. Many natural soils — particularly glacial
tills, boulder clays, and residual soils — may have a very wide grading,
with substantial contents both of clay-size particles and of larger, sand- or
gravel-size particles (Fig. 1.6, curves 7 and 8). It appears that the clay
particles in such soils may form packets surrounding or bridging between

Fig. 1.9 Divisions of volume of soil with (a) one pore fluid, (b) two pore fluids,
and (c) rotund and platy particles. ’
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12 11 ntroducfian: models and soil mechanics

larger particles (e.g. see Collins and McGown, 1974). The mechanical
response of such soils can be expected to reflect a mixture of the responses
of the coarser granular structure and of the finer clay bridges. In such a
case, two volumetric variables might be relevant: one describing the
packing of the clay particles within their packets at the microscopic level
and one describing the density of packing of the coarser particles at the
macroscopic level. A variable of the second type is the granular specific
volume v, (Fig. 1.9¢), which is the volume composed of unit volume of
rotund particles together with surrounding platy particles and voids
[related to the granular void ratio e, introduced by Lupini, Skinner, and
Vaughan (1981)]:
volume of voids + volume of platy particles

Us volume of rotund particles (1.

by=T1+e, (L.7)

A volumetric variable has been chosen. However, in analysing soil _
response it 1s often useful to work in terms of volumetric strains. An
increment of volumetric strain de, can be defined as

0g, = — ) (1.8)
v ;

where the negative sign is required because, by convention in soil
mechanics, compressive strains (and stresses) are taken as positive. This
is a logarithmic strain increment defined as the ratio of the change of the
quantity to its current value. (The reason for using the symbol d¢,, for the
volumetric strain increment will be explained subsequently.) Economy and
elegance are achieved in this expression by using specific volume v as the
volumetric variable, compared with the corresponding expresswns using
void ratio e or porosity n, for which

—de —on ‘
og, = = - 1.9
P l+e 1-n (1.9)
13 Effective stresses: pore pressures

‘It has been mentioned that the pores of a soil may be filled with
one or more pore fluids. Each of these fluids may be under pressure, and
it is probable that if more than one fluid is 'present, the pressures in the
different fluids will be different. Here attention will be concentrated on
saturated soils containing only one pore fluid, which is usually water or
air. There will then be just one pore pressure in the pore water or air that
fills the pores of the soil, which may, in general, be assumed to be
continuous.
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Consider first a soil saturated with water. In a swimming pool filled
with water (Fig. 1.10a), the absolute pressure varies with depth in the pool.
Referred to any horizontal datum, such as the surface of the pool, the
relative water pressure is everywhere zero. In the absence of thermal
. gradients, the water is motionless. :

If the pool is filled with dry soil and the voids of the soil are allowed
to fill with water, with the surface of the soil at the previous surface of
the water (Fig. 1.10b), some water of course has been displaced, but the
statemnents in the last paragraph remain true: the absolute or total pore
water pressure varies with depth, but referred to the surface of the pool,
the relative or excess pore water pressure is everywhere zero, and the
water in the pores of the soil is motionless.

If the equilibrium of the pore water is somehow disturbed, then, in some
elements, pore pressures will be observed which are different from the
pore pressures arising from the positions of the elements relative to the
datum. Such non-equilibrium pore pressures are called excess pore
pressures. The pore water will flow to reestablish equilibrium. Pore water
flows as a result of gradients of excess pore water pressure. At two adjacent
points A and B, at depths z, and z below a datum level (Fig. 1. 11), the
total pore pressures can be made up of two parts: ,

Uy = u(za + ha) | 1(1.10a)
and ,
up = y.(2s + hg) ‘ (1.10b)°
where y,, is the unit weight of water, and h, and hg represent the excess
heads of water at 4 and B referred to the datum z=0. Then there is a
component of flow of water from A towards B if h, > hg, irrespective of
the relative depths z, and zg.

Although flow of water in soils is controlled by excess pore pressures,

Fig. 1.10 (a) Standpipes at different depths in a pool of water; (b) standpxpes
at different depths in a pool filled with water-saturated soil.
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14 1 Introduction: models and soil mechanics

the presence of any pore pressure in a soil will ‘have an influence on its
mechanical response to changes in stresses. The effects of pore pressures
can be approached in several ways: only one, an empirical or
phenomenological approach, will be considered in this chapter; two other
approaches, in terms of particle contact stresses and in terms of
components of work input to a deforming soil element, have been described
by Bishop (1959) and by Houlsby (1979), respectively.

The response of a soil element to certain changes in stress depends on
a number of factors, such as

total stresses acting on the element (calculated as total force

divided by total area), \ ‘

total pore water pressure acting in the pores of the element,

specific volume of the element, )

history of loading of the element,

temperature of the element, and

magnetic and electric fields at the element.
However, it is observed experimentally that in most situations of
engineering interest, so far as the first two quantities are concerned, only
the differences between total stresses .and total pore water pressures are
of importance. If the pore pressure is changed by an amount x and the
normal stresses acting on the element are also changed by the same amount
x, then there is no noticeable change in the element, and the response of
the element to subsequent changes in stress is unchanged.

The total stress, the ratio of total force to total area, is typically denoted
by o. The difference between total stress o and total pore water pressure
u is called the effective stress and is denoted by ¢’ (the prime signifies
effective stress), where

o=0—u _ (1.11)

The existence of pore water pressure does not affect the shear stresses

Fig. 1.11  Standpipes at neighbouring points in soil through which seepage is
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1.3 Effective stresses: pore pressures 1$

experienced by a soil element. The shearing resistance of water is 'assumexl
to be negligible.

An example of the distinction between total and effective stresses is
illustrated in Fig. 1.12. Element 4 (Fig. 1.12a) is at depth z below the
ground surface, and the static, equilibrium water table is also at the ground
surface. If the total unit weight of the soil is y, then the total vertical stress
g, at element A is

o=y ’ - (L12)
and the total pore pressure u, is

Uy =742 (1.13)
50 that the effective vertical stress o, at element A is

CAa=0  —U,=(—7)z2=Y2 : \ (1.14)

where y" =y -y, is the submerged or buoyant unit weight of the soil. ﬁ,
Element B (Fig. 1.12b) is also at depth z below the soil surface, but this
soil is at the bottom of a lake or ocean of depth d. The total vertical stress

o,s at element B is

Ove =7Z + Vud : (1.15)
and the total pore pressure ug is |

ug = 7u(z + d) - (1.16)
Hence, the effective vertical stress g, at element B is

lo':a'—'o'va"“B=()"')’w)2=?'2=0'(m (1.17)

and although the total stresses at 4 and B are quite different, the effective
stresses are identical; thus, in the absence of other differences, the responses
of elements 4 and B to subsequent changes in effective stress are identical.

Fig 1.12 (a) Element 4 at depth z below ground level; (b) clcment B at depth
z below floor of lake of depth d.
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18 1 Introduction: models and soil mechanics

sits in the cell between a rigid base and a rigid top cap which is loaded
by means of a ram passing out of the cell. Loads may be applied to this
ram either by placing dead loads on a hanger or by reaction against a
loading frame. Part or all of the rigid base and/or the rigid top cap is

f)%raus so that pore fluid can drain from the soil. Alternatively, if drainage -
 is prevented, then the pressure in the pore fluid can be measured.

The quantities that are usually measured during any triaxial test are
the pressure in the cell fluid, the cell pressure o,, which provides an
all-round pressure on the soil sample; the axial force F applied to the
loading ram; the change in length 6! of the sample; and, for a test in which
drainage is permitted, the change in volume of the sample 6V (actually
measured as the volume of pore water moving into or out of the sample,
with an implicit assumption of incompressibility of soil particles); or, for
a test in which drainage is not permitted, the pore pressure u in the pore
fluid. The force transmitted through the loading ram, of area a, to the
rigid top cap of the sample, of current cross-sectional area A, provides an
axial stress of ; :

a—a(l\ “)+F‘ - BECRT)
s Yr A A ."

The area correction term (1 — a/A4) can be ignored in conventional triaxial
tests in which the cell pressure is held constant; the change in axial stress
is then -

. oF ' '
00, =— : 1.19
R | ()
The effect of the area correction may be small but can readily be allowed
for, particularly when test results are being received through an intelligent
data acquisition unit, or microcomputer.
The stress quantity

. F o .
=0,—0, == . 1.20
| q y (1.20)
is known as the deviator stress. The axial stress can be written
F .
aa=0r+q=6r+z o (121)

Stress variables can be chosen in various ways in order to express the
two. degrees of freedom of the triaxial apparatus: different pairs of stress
variables have been adopted at different times and in different parts of
the world. An obvious choice might be the cell pressure ¢, and the deviator
stress g because these stress variables are directly measured and controlled
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externally to the triaxial cell. Alternatively, axial stress ¢, and radial stress
o, might be chosen as the principal stresses which the soil sample
experiences. Here, however, a different line of argument is followed (see
also Wood, 1984b).*

First, note that with a pressure u in the pore fluid, if total axial and
radial stresses ¢, and o, are being experienced externally by the sample
through its end platens and enveloping membrane, then there are also
effective axial and radial stresses

n=0,—Uu (1.22a)

and :
g, =0,—u : , (1.22b)
According to experiment and hypothesis, these effective stresses play a
more fundamental role than total stresses in controlling soil behaviour.
Clearly, since the deviator stress g (1.20) is defined as a difference of two
stresses, its vaiue is not affected whether it is calculated as a difference of

total stresses or a difference of effective stresses:

gq=o,—06,=0,—07. ' (1.23)
Second, it was noted in Section 1.2 that volumetric deformations play
an important role in influencing the mechanical behaviour of soils because
of the changing relative "positions of soil particles that volumetric
deformations imply. In discussions of numerical models of soil behaviour,
it is important to be able to write expréssions for the work input to
a soil sample subjected to certain stresses when it undergoes certain
deformations. It is helpful to be able to separate deformations of soils and
this input of work into the components associated with change of volume
and with change of shape. Here discussion is limited to the conditions

-obtaining in the triaxial test.

When a cubical soil element supporting effective normal stresses
ppP g
¢,.,0,,0. and shear stresses t,,,7..,T,, (referred to rectangular axes

xx? ~ yy?

x, y, z) experiences corresponding normal strain increments s, 0¢,,, 0¢,,

*1t is usually implicitly assumed that radial and cirdimferential stresses in a cylindrical
triaxial sample are principal stresses and are equal. Consideration of the equation of radial
equilibrium shows that this is true only if there are no variations of the radial stress in the
radial direction. In some situations, the pr%’\":is%q of radial drainage to speed flow of water

into or out of the sample may inadvertently pr?’ovbofke variations of radial stress and hence~./:; f--{j

ineqixalitics of radial and circumferential stresses; see, for example, Gibson, Knight, and
Taylor (1963) and Atkinson, Evans, and Ho (1985). Also, it is usually implicitly assumed
that the radial and circumferential strains are principal strains and are equal. This places
certain constraints on the properties of a sample and requires it to be either isotropic or cross-
anisotropic with an axis of symmetry aligned with the axis of the cylindrical sample (e.3.
see Saada and Bianchini, 1975). )
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and shear strain increments 07yz» 0Y=x» 075y, then the work input per unit
volume of the element is
oW=c b +0,0e, +0. 0c_ +71,067,.+71.0y, +1,07,
‘ (1.24)

- When the stresses on the soil element are principal effective stresses

0, 04,04, and the principal strain increments S¢,, 8¢5, 6¢5 have the same
principal axes, then this expression becomes

| OW =0, 8¢, + 0,6, + 0 O, (1.25)
For a cylindrical triaxial sample supporting effective axial and radial
stresses @, = ¢ and o, = ¢, = ¢’y (by assumption, as discussed), undergoing
increments of axial and radial strain 8¢, = d¢, and J¢, = d¢, = d¢,, the
work input to the sample is : .

OW = o, ¢, + 20, 0¢, (1.26)
The increment of volumetric strain d¢, is |
O¢, = O, + 2 ¢, _ (1.27)

The increment of volumetric work 6 W, can be written as a simple product
of an effective stress ‘quantity with this volumetric strain increment

oW, =p' d¢, ~ - (1.28) -

only if the effective stress quantity p’ is chosen to be the mean effective stress - -
o, + 20, ' - ‘
pP="—" 3 ! (1.29)

This mean effective stress can be thought of as indicating the extent to
which all the principal stresses érc the same, just as volumetric strain is
about uniform change in all dimensions of an element without change of
shape. If the axial and radial stresses are equal, o, = ¢/, then p’ =0’.

Change of shape of an element results from different changes in the
different dimensions of the element, and strain increment and stress
quantities are required to indicate the extent to which all the principal
strain increments or principal stresses are not the same. Evidently, the
deviator stress g is one such stress quantity because if the axial and radial
stresses are not different (o, = 0}), then the deviator stress is zero. It is
also a convenient variable because, as seen in (1.20), it is directly measured
in triaxial tests. '

The increment of distortional work 6 W, associated with change of shape -
of the triaxial element can be written as a simple product of this deviator
stress with a strain increment quantity

oW, = q ¢, (1.30)
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only if the strain increment quantity o¢, is chosen to be -

2(de, — J¢,) ’
Ogg=————"
3
which can be called the triaxial shear strain \increment. Itis straightforward
to demonstrate from (1.26), (1.27), (1.29), (1.31), and (1.20) that

OW =0, d¢, + 20, b¢,

(1.31)

SW = (o, +20,)(0¢, + 2 ¢,) + (o, — 0,)2(d¢, — J¢,)

3 3
OW =p’ e, + q J¢, (1.32)
OW =0W, + 6W, (1.33)

The subscripts p and g on the symbols for the volumetric strain and
triaxial shear strain increment quantities have been chosen as in Calladine
(1963) so that they suggest the correct association of stress and lncremental
strain variables in work-conjugate pairs.

The definitions (1.27) and (1.20) are particular forms of general
expressions for volumetric and distortional stresses

. _+o +d¢

R (1.34)
and \
(0,,— %)% + (00, — 0, ) + (o, — 0,2 12
q=,: 22 == 3 —2— 4 3(12, + 12, +12)

(1.35)

given the conditions that the principal axes coincide with the reference
axes x, y,z and that two of the principal stresses are equal to the radial
effective stress ¢’. Similarly, the definitions (1.27) and (1.31) are particular
forms of expressions for general volumetrlc and -distortional strain
increments , ’
_ 0¢, = Je. + O¢,, + J¢., - (1.36)
and

=312[(G¢,, — 0¢..)* + (Oe.. — &, ) + (e, — ¢,,)*]

+3(0yy, + 02 + 6y2,)} 12 (1.37)

These quantities are related to the first and second invariants of the stress _
tensor and the strain increment tensor (e.g. see Spencer, 1980).

The factor 2in the expressmn (1.31) for the triaxial shear strain increment
makes the dcﬁmtlon appear awkw?ard, but it is clearly necessary in order
to give the correct product for distortional work. For the particular
case of deformation at constant volume, from (1.27), ée, =0 implies
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e, = —2 b¢,, and then, from (1.31), the expression for d¢, degenerates to
53q = 55‘ ’ 7 (1.38)

The strain increments d¢,, 8¢, 6€,, and dg, can be related directly or
indirectly to the quantities usually measured during a triaxial test: change
of length of sample 6! and change in volume of sample 6V

— ol

e, = —— - o (1.39)
5s, = VIV + U (1.40)
5V |
—5l VIV
Oeg = —— +——-3/ (1.42)

With p' defined as the mean effective stress (1.29), a2 mean total stress -

p can be defined as
_ 0, + 20,
3
p=p +u |  (1.44)
This total mean stress can be calculated from the measured cell pressure
o, and deviator stress ¢ = F/4 (1.20):
q

p=o0,+ 3 . 7 (1.45)
Although the triaxial apparatus does indeed have two degrees of
freedom, the triaxial test that is most commonly performed is one in which
the cell pressure is held constant, b0, =0, and the axial load is increased.

This test is known as a conventional triaxial compression test. From the

differential form of (1.45), if 60, =0, then
o
5p= —3"- (1.46)

and the total stress path followed in this conventional triaxial compression

(1.43)

test rises at gradient 3 from an initial stress condition (4B in Fig. 1.15).

In the typical initial stress condition 4 in Fig. 1.15, the soil sample has

been cornpressed isotropically (0A4) by simply increasing the cell pressure

(Ac, > 0) without applying any deviator stress (g =0) so that the initial
total mean stress is equal to the cell pressure at the end of this initial
isotropic compression.
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If some provision is made for pulling (instead of pushing) the top cap,
which requires a positive connection between the loading ram and the
top cap, then it is possible for both the ram force F and the deviator stress
q [as defined by (1.20)] to be negative. Triaxial tests in which g <0 are
called triaxial extension tests, and a conventional triaxial extension test is
one in which the deviator stress is decreased while the cell pressure is held
constant. The relationship (1.46) between changes in p and changes in g
still holds, and the path of a conventional triaxial extension test falls at
gradient 3 from the initial stress condition (AC in Fig. 1.15).

Nothing, apart from convenience in performing the tests, necessitates
a restriction of triaxial testing to conventional compression and extension
tests; and particuiarly with the advent of more subtly computer controlled
triaxial testing apparatus, no one stress path is in principle any more
difficult to appiy than any other. The term conventional may soon be
regarded as haviag purely historical significance. Among other specific
stress paths that might be considered purely for the purposes of familiaris-
ation with plotticg in this particular p:q stress plane are paths for which
the total axial stress is held constant and paths for which the total mean
stress is held constant.

To keep the to:al axial stress constant while changing the cell pressure
requires, from (1.28), that the ram force (or deviator stress) and cell pressure
must be changed simultaneously. For da, =0, dg, = — §q. Then, from the
differential form of (1.43),

20c. =26
op="225 220 4
3 3

and the total-stress path followed in such a compression test (or extension
test if g <0) has a slope —3 (4D and AE in Fig. 1.15).

Fig. 1.15 Total stress paths for triaxial compression and extension tests.
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To. keep the total mean stress constant requires that any change in
deviator stress is accompanied by a change in cell pressure such that, from

(1.43),

66, = — 260, (1.48)
or, from (1.45),
56, = "Téq (1.49)

Of course, a compression (or extension) test with constant total mean
stress will rise (or fall) vertically in the p:g stress plane (AF and AG in
Fig. 1.15). Such tests may be especially important if separation of
volumetric and distortional aspects of soil response is desired.

So far, the discussion has been restricted to total stress paths. If drainage
can occur freely from the soil sample to atmospheric pressure, then the
pore pressure will be zero, and total and effective stresses will be identical.
In such drained tests, the effective stress paths will be the same as the
total stress paths shown, for example, in Fig. 1.15. It was mentioned in
Section 1.2 that the pores of a soil might not be saturated with a single
pore fluid: the presence of a small proportion of air in pore water is quite
typical. The measurement of volume changes of triaxial samples requires
the measurement of the volume of pore fluid flowing into or out of the
sample. If part of this pore fluid is emerging as gas (air), then part of the
volume change of the sample will not be observed as a change in the level
of liquid in a burette. It is often desirable to ensure that the pore fluid is
indeed saturated by subjecting the whole pore fluid system to a pressure,
called a back pressure, which is held constant at a value u, during the test
in order to ensure that the gaseous phase remains in solution. Drainage
can occur freely, but against this back pressure. In such tests, the total

Fig. 1.16 Triaxial compression with constant back pressure u, (TSP, total
stress path; ESP, eflective stress path).
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and effective stress paths will be separated by a constant distance ug
parallel to the mean stress axis (Fig. 1.16).

The next important feature of soil behaviour is that unlike metals, which
only change in volume when the mean stress p’ is changed, soils usually
change in volume when they are sheared. This phenomenon of dilatancy,
which will be discussed in detail in Chapter 8 and will be a recurrent
theme in other chapters, can simplistically be visualised with the aid of
Fig. 1.17, which shows two layers of discs, one on top of the other. If a
shear stress is applied to the upper layer, then each disc in this layer has

Fig 1.17 Layers of circular discs dilating as they are sheared.

Fig. 1.18 Total and effective stress paths for undrained triaxial test: (a) on soil
that wishes to contract as it is sheared, (b) on soil that wishes to expand as it is
sheared, and (c) on soil that wishes to expand as it is sheared performed with
back pressure uy,.

q / B q ﬁ
B’ * B
-]
A
p' 4
(a) - (b)
q
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to rise (increasing the volume occupied by this proto-granular material)
for the ‘sample’ to undergo any shear deformation. In general, soils may
either compress or expand as they are sheared; but dilatancy is the primary
reason for the significant difference between drained and undrained testing.

In drained tests, drainage can occur freely from the sample, and the
volume occupied by the soil structure can change freely as'it deforms. In
undrained tests, drainage is prevented; the pore fluid is not permitted to
flow into or out of the sample, and the soil itself is not able to do what
it wants to do. Positive or negative pore pressures are generated in order
that the soil may nevertheless be able to cope. If the soil wishes to contract
as it is sheared, a positive pore pressure will develop because the pore
fluid is prevented from flowing out of the sample. In an undrained
compression test on such a soil, conducted at constant mean stress, the
effective stress path will lie to the left of the total stress path (u > 0 implies
p' < p; AB in Fig. 1.18a). If the soil wishes to expand as it is sheared, it
will need to suck in pore fluid. However, because pore fluid is prevented
from flowing into the sample, a negative pore pressure will develop. In
an undrained compression test on such a soil, performed with constant
mean stress, the effective stress path lies to the right of the total stress
path (u <0 implies p' > p; AB’ in Fig. 1.18b).

An undrained test is usually assumed to be a constant volume test (the
term isochoric is sometimes used), but it is more strictly a constant mass
test (isomassic) because closure of the drainage tap merely prevents any
material from leaving the sample. It will be a truly constant volume test
only if all the constituents of the soil sample are incompressible. For most
soils this is a reasonable assumption provided the pore fluid is a saturated
liquid. Air is certainly compressible, and if the pore fluid is a mixture of
water and air not in solution, then it too will be significantly compressible.
Hence, it may be important to perform undrained tests on soils which
might develop negative pore pressures with an extra back pressure, to
prevent the absolute pressure in the pore water from becoming so low
that cavitation occurs and air comes out of solution. The limiting negative
pressure that can be sustained without cavitation is of the order of the
atmospheric pressure, in other words about — 100 kilopascals.(kPa). For
an undrained test on a dilating soil performed with a back pressuré, the
 relative positions of total stress path AB and effective stress path A'B’ are
shown in Fig. 1.18c; though the pore pressure falls during the test, it never
becomes negative, and cavitation is never in prospect.

Data from conventional triaxial compression tests performed with
constant cell pressure (60, =0) are usually presented in terms of the
quantities that are most readily determined: plots of the variation with
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(nominal) axial strain ¢, of deviator stress q and (nominal) volumetric

strain ¢, (for drained tests) or pore pressure u (for undrained tests)

(Fig. 1.19). These are unlimited plots in the sense that the axial strain can
in principle increase indefinitely. It seems unlikely, however, that the
stresses can increase indefinitely - for someone familiar with the
mechanical behaviour of metals, a limit to the shear stress (or deviator
stress) that can be supported might be anticipated — and it is clear that
the volume of the sample cannot either decrease below the point at which
the voids have disappeared (specific volume v =1, void ratio e=0) or
increase above the point at which the particles are no longer in contact
with each other. (Of course, during the process of deposition and formation
of a soil, the partcles may initially not be in contact as they settle through
water towards the bottom of a lake or sea; but once a soil has formed, it
can be assumed for engineering purposes that no particle will again lose
contact with all its neighbours.) Stresses and specific volumes are thus

limited quantities. In this book, although familiar stress:strain curves will |

be presented, much of the discussion will be conducted with the aid of
limited plots involving stresses (in particular, effective stresses, given the
importance of these in determining soil response) and specific volumes.
The particular piots to be used are the effective stress plane p':gq, which

Fig. l.i9 Standard plots of results of conventional triaxial compression tests:
(a) drained tests and (b) undrained tests. ’

(a) (b)
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has already been used in Figs. 1.15, 1.16, and 1.18 to illustrate the
capabilities of the triaxial apparatus, and also a plot of specific volume
and mean effective stress p:v, which will be called the compression plane.
The paths of the typical drained and undrained conventional triaxial
compression tests, for which data were shown in Fig. 1.193, b, are replotted
in the p’:q effective stress plane and the p’:v compression plane in Fig. 1.20.
AB is the drained test for which the effective stress path is forced to have
slope 8g/6p’ = 3,and AC is the undrained test for which the volume remains
constant, v = 0. The way in which plots of test data in the stress plane
and the compression plane can lead to clearer insights into patterns of
soil behaviour will become evident in Chapter 6.

1.4.2  Other testing apparatus

Some of the practical field stress paths that one might attempt:
to emulate in the triaxial apparatus are described in Section 10.3. One
will be mentioned here because it has led to the development of its own
testing device, the oedometer. Many soils are deposited under seas or lakes,
over areas of large lateral extent. Symmetry dictates that the depositional

_ Fig. 1.20 Results of conventional drained and undrained triaxial compression
tests replotted in (a) effective stress plane and (b) compression plane.
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Fig 1.21 Purely vertical movement of soil particles during one-dimensional
deposition.
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history of such soils must have been entirely one-dimensional (Fig. 1.21);
there is no possibility for a soil element to have moved or deformed to
one side or another. If a large surface load, such as an embankment or
large spread foundation, is then placed on such a soil deposit, conditions
beneath the centre of the loaded area will be similarly one-dimensional.

One-dimensional deformation is a special case of axisymmetric
deformations, which can be applied in a triaxial apparatus by suitable
control of the cell pressure as the deviator stress is changed in such a way
that the radial strain of the sample is always zero (é¢, = 0), which implies
from (1.40) that

v sl
v _ol | (1.50)
v o

Continual application of this equation to check that volume and length
changes are in step is possible though tedious to do manually but is
perfectly feasible with computer controlled triaxial apparatus. However,
if all that is required is one-dimensional deformation of soils, then this
complexity can be avoided by using a devxce intended for just this purpose,
the oedometer.

In the oedometer, the cylindrical soil sample is contained in a stiff metal
ring which prevents any lateral deformation of the soil (Fig. 1.22). The
use of oedometers to study time-dependent dissipation of excess pore
water pressures in soils — the process of consolidation —is described in
many textbooks of soil mechanics (e.g. Atkinson and Bransby, 1978). This

Fig. 122 Schematic section through oedometer.

Fig. 1.23 Typical results of oedometer test.
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is a straightforward application of the solution to the one-dimensional
diffusion equation in order to deduce the diffusion coefficient, known in
soil mechanics as the coefficient of consolidation; so it will not be repeated
here. The oedometer also produces information about the stress:strain
behaviour of soils during one-dimensional deformation. Experimental data
are usually plotted in a compression plane of specific volume v and vertical
effective stress o, (Fig. 1.23). The horizontal effective stress acting on the
soil is not usually measured, so it is not usually possible to calculate values
of mean effective stress p’ or deviator stress q.

Historically, the first soil-testing apparatus to be- developed was the
direct shear box (Fig. 1.24). It was originally developed (e.g. see Collin,
1846) because it was observed in many landslides in clay that failure
occurred on a thin, well-defined failure surface. In the shear box, failure
of the soil sample on just such a thin, well-defined failure surface is
produced by moving the top half of the box laterally relative to the bottom
half of the box by means of a shear load Q (Fig. 1.24). The soil is loaded
by a normal load P through a piston which can move up or down if the
soil wishes to change in volume as it is sheared. This apparatus is still
widely used, primarily for estimating strengths of soils. Its use for studying
the stress:strain behaviour of soils before failure 1s limited because there
can be no pretence that the stress and strain conditions in the soil sample
are uniform. Although knowledge of P and Q might be sufficient to estimate
the average normal and shear stress acting on a horizontal plane through
the sample, there is no information about the stresses on other planes (in
particular, the vertical plane); hence, there is insufficient information to

Fig. 1.24 Schematic section through direct shear box.
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" specify the position and size of the Mohr circle of stress for the plane of
shearing. , o

A slight improvement on the direct shear box is provided by the simple
shear apparatus (Roscoe, 1953; Bjerrum and Landva, 1966), shown
schematically in section in Fig. 1.25. In this apparatus, there is more
guarantee that the deformation of the soil sample will be reasonably
uniform as the cross section changes from rectangle to parallelogram, but
it-is still not possible to guarantee that the stress state in the sample will
be uniform (e.g. sez2 Wood, Drescher, and Budhu, 1980). The simple shear
apparatus is also commercially available and quite widely used.

Some data from direct shear box tests and simple shear tests on soils
will be presented in Chapters 6-8 to illustrate ideas.connected with the
strength and dilatancy of soils. : :

1.5 Plane strain
Although most of the discussion in this book will be concerned
with states of stress that can be reached in a conventional axially symmetric
triaxial apparatus, there will be some discussion of stress paths appropriate
to plane problems. The direct shear and the simple shear apparatus test
soil samples under conditions of plane strain; such conditions are of more
frequent practical occurrence than conditions of axial symmetry since they
are relevant for any long geotechnical structure — embankment, wall, or
footing — whose length is large compared with its cross section (Fig. 1.26a).
For such structures, the displacement and strain along the length of the
structure (the y axis in Fig. 1.26a) are zero:
&, =0 ) (1.51)

Discussion of plane-strain stress paths can usefully be conducted in
terms of the stresses in the plane of shearing — 0o 0oz Ty, (Fig. 1.26a) -
leaving the effective stress in the y direction, o,,, which from symmetry
must be a principal stress, to be considered as a dependent rather than
an independent variable because it is forced to adopt whatever value is
necessary to comply with the imposed condition of zero strain in the y
direction. :

Under such conditions of plane strain, expression (1.24) for the increment
of work per unit volume when an increment of strain occurs under certain
imposed stresses becomes

OW =0 0c. + 0, 0¢.. +0,.0y., - - (1.52)

since J¢,, = 0 and, from sjmmetry,
Ty =1,.=0 . (1.53)

and
072y =0y,.=0 (1.54)
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The principal effective stresses in the plane of shearing can be calculated
from the Mohr circle construction (Fig. 1.26b): . '

6,1 a;x + a;: a;x — 0"._._. 2 2
=—x% —_— | + 7T 1.55) .
os} 2 \/ ( 2 ) e (133

For the special case in which the principal axes of strain increment coincide
with the prmc1pal axes of stress, the expression for the work increment
(1. 52) can be written in terms of ¢, ¢, and the corresponding principal

Fig. 1.26 Stress and strain variables for plane strain.
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strain increments J¢, and d¢;:

OW =g’ 0, + o’ de;4 . (1.56)
For this case, with coaxiality of principal axes, it is again convenient to
separate the strain increment and stress into volumetric-and distortional
parts. Appropriate pairs of variables are then the volumetric strain
increment ~

Oe, = ¢, + Oe, (1.57)

the mean effective stress in the plane of shearing '
! L .

s =5‘—2‘ﬁ (1.58)

the shear strain increment (diameter of the Mohr circle of strain increment,
Fig. 1.26b) :

0g, = d¢, — Oe, - (1.59)
and the maximum shear stress in the plane of shearing

1= "% | (1.60)
2

The variables s’ and ¢ will be used in Section 10.4 to present stress paths
for a number of geotechnical situations of piane strain. The stress plane
s':t is a rotation through n/4 of the stress plane o}:0; (Fig. 1.26¢), the
shear stress ¢ is the radjus of the Mohr circle of stress, and the mean stress
s’ is the centre of this circle (Fig. 1.26b). With these variables, the expression
(1.56) for the work increment can be written as

OW =5’ ¢, + t O¢, (1.61)
Again, the subscripts on the symbols for the strain increment variables
have been chosen to suggest the correct pairing of work-conjugate stress
and strain increment quantities.

Although the validity of (1.56) and (1.61) is limited to situations in which
the principal axes of strain increment and of stress coincide, this limitation
may not be unduly restrictive. In many of the situations considered in
Section 10.4, the principal effect of construction is expected to be a change
of the horizontal and vertical stresses from an initial state in which the
soil is one-dimensionally compressed, and the horizontal and vertical
stresses are principal stresses. Thus, rotation of principal axes may not
be of primary significance.

-

1.6 Pore pressure parameters
The response of soils depends on the effective stresses acting on
them, but in many geotechnical situations, it is much easier to estimate,
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from rough considerations of equilibrium, the changes in total stresses
that may occur as a result of the progress of construction. Thus, an analysis
of the expected behaviour of the ground (such as whether it will fail or
how much it will deform) requires an estimate of the pore pressures that
are likely to develop as a result of the applied changes in total stresses so
that the changes in effective stresses may in turn be estimated. The detailed
linking of pore pressure and stress changes requires a consistent model
of soil response: for example, an elastic model (Chapter 2) or an elastic—
plastic model (such as those in Chapters 4 and 5). It is often useful to
describe pore pressure development with the aid of so-called pore pressure
parameters. The basic idea of pore pressure parameters will be introduced

here, and the relationship between this basic idea and the models of soil -

response will be discussed in later chapters.
The principle of effective stress indicates that pore pressure is the
difference between the total and effective mean stress:

; u=p-—p (1.62)
In incremental form this can be written as
éu=p—op’ ' : (1.63)

which says that the pore pressure increase is due in part to the increase

in total mean stress and in part to the decrease in effective mean stress -

(Fig. 1.27). For a sample sitting in a triaxial apparatus with the drainage
connections closed, the change in total stress is the result of actions taken
by the operator, who can vary the total stresses at will. The change in
effective stress is not under the control of the operator; it merely assumes
whatever value is necessary for the volume of the soil to remain constant.
The volume of the soil may want to change as it is sheared and as a result
of the changes in deviator stress which the operator has chosen to apply.
In a typical soil which wants to contract as it is sheared (Fig. 1.18a), the

Fig. 1.27 Generation of pore pressure from changes in total and effective
mean stresses.

q
. ESP TSP

’

—8p &p

1 6q




Exercises 35

mean effective stress has to drop as the deviator stress is increased, to
keep the volume constant. Suppose that at a particular stage of an
undrained test, the changes of deviator stress and mean effective stress
(Fig. 1.27) are linked by

op'=—adq = ' (1.64)
Then, (1.62) becomes _
du=9p+adq ' . (1.65)

and if the pore pressure parameter a is known, the pore pressure change
can be deduced from the changes in total stresses. It is important to
appreciate that it is only the second term a g which says anything about
the soil; the first part of the pore pressure change dp is entirely the result
of arbitrary external actions over which the soil has no control. The pore
pressure parameter a is not usually a soil constant but will depend on the
past history of the soil and on the nature of the loading. '
A slightly modified form of (1.65), . :
"du=b(dp + adq) ~ (1.66)
has rather wider application. The extra pore pressure parameter b should
be unity for saturated soils but will be lower than unity for soils with com-
pressible pore fluids, or for porqus materials in which the compressibility
of the matrix is of the same order as the compressibility of the pore fluid.
This will be discussed in Chapter 2.

1.7 Conclusion _

The scene has now been set for the development of numerical
models for the description of soil behaviour, which will be presented in
later chapters. These models will concentrate on the response of soil in
the axially symmetric conditions imposed by the conventional triaxial
apparatus. It is necessary to choose correct pairs of strain increment and
stress variables to study soil response in the triaxial apparatus and to
develop numerical models. These variables separate volumetric and
distortional effects and are the mean effective stress p’ = (o} + 207)/3 and
volumetric strain increment dg, = d¢, + 2d¢, on the one hand, and the
deviator stress ¢g=o0,— 0, and triaxial shear strain increment Je, =
2(de, — d¢,)/3 on the other.

Exercises .

El.1. A triaxial sample supporting total axial and radial stresses o, and
o, undergoes increments of axial and radial strain d¢, and d¢,. The
pressure in the pore water remains constant. Show that the work
input to the soil skeleton is given by p’ de, + g d¢,.
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El1.2.

E1.3.
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Data of triaxial tests are often presented in terms of the so-called
MIT stress variables {p'} = (0} + 0})/2 and {q} = (o, — 0;)/2. Find,
as functions of the strain increments de, and J¢,, the corresponding
work conjugate strain increment quantities S« and 68, which should
be associated with these stress variables so that the work increment
can be written as W = {p'} oo + {q} Ip. 7

The form of the pore pressure expression that has achieved widest
use is not (1.66) but is the expression proposed by Skempton
(1954a), ‘

Au = B[Ac; + A(Ac, — Ad3)]

which was produced with exclusively triaxial compression

conditions in mind, so that Ag; = Ao, and Ao, = Ac,. Show that
the pore-pressure parameter B is identical to b in (1.66) but the
parameter 4 = a + 1 (with a assumed constant over the large stress
changes Ac, and Ag,); so, for non-dilatant materials, a =0 but
A=3%.



Elasticity

2.1 Isotropic elasticity

Elastic, recoverable, material response is easier to describe and
comprehend than plastic, irrecoverable response. Some essential elements
of the theory of slasticity will be presented in this chapter.

A familiar introduction to the elastic properties of materials is obtained
by the simple experimental procedure of hanging weights on a wire and
measuring the elongation (Fig. 2.1a). For many materials, there is a range
of loads for which the elongation varies linearly with the applied load P
(Fig. 2.1b) and is recovered when the load is removed. There is no
permanent deformation of the wire.

Such a procedure provides a direct indication of the validity of Hooke’s
law as originally stated (1675); ut tensio sic vis (as the extension so the
force). Hooke’s law was originally published as an anagram ceiiinosssttuv
(Fig. 2.2) to fill space in his book on helioscopes, an enigmatic way of
attempting to guarantee scientific precedence (Heyman, 1972).

The slope of the linear relationship is related to the unconfined uniaxial
stiffness of the material of the wire. Young’s modulus E is expressed as

P/A
51/1

where P is the load on the wire of area A and length I, and 61 is the
extension of the wire.

The experimental introduction to elasticity is usually restricted to
observation of the load:extension properties of tensile specimens.
However, if a micrometer were available to measure the changing diameter
d of the wire, then one would observe that as the wire becomes longer,
its diameter becomes smaller (Figs. 2.1c and 2.3a). The ratio of the
magnitude of the induced diametral strain to the imposed longitudinal

2.1)



38 2 Elasticity

strain is Poisson’s ratio v:

—od/d
v= (2.2)
ol/l

It is well known that the pair of constants E and v is sufficient to
describe the elastic response of isotropic materials. These two constants
are probably the most easily understood elastic constants because direct
experimental observation of them is so straightforward. However, in many
ways it is more fundamental to use an alternative pair of elastic constants:
the bulk modulus K and shear modulus G, which divide the elastic
deformation into a volumetric part (change of size at constant shape,
Fig. 2.3b) and a distortional part (change of shape at constant volume,
" Fig. 2.3c), respectively. ’

The benefit of using K and G is partlcularly great when elasticity of
soils is considered. Undrained deformation of soils is specifically concerned
with deformation of soil at constant volume, that is, pure distortion of
soil, a change of shape without change in size. The distinction between
undrained and drained processes is only relevant because there are some
processes (in general, inelastic ones) during which soils express a desire
to change in size as well as shape as they are sheared.

The relationships between the two sets of constants can be deduced by
considering the change in volume of the wire as it is extended, which
shows that the bulk modulus K is

_E
T 3(1-2v)

(2.3)

Fig. 2.1 Tensile test on metal wire: (a) test arrangement; (b) load, extension
relationship; (c) changes in diameter and length.
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Fig. 2.2 Hooke's original statement of the law ut tensio sic vis.
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and by considering the change of the right angle between rays ‘drawn’ in
the material of the wire at + n/4 to the axis of the wire (Fxg 2.3¢), which
shows that the shear modulus G is

= _£ (2.4)
2(1+v)

2.2 Soil elasticity

Unconfined tensile tests on soils are not usually feasible.
Compression tests are more commonly performed using the triaxial
apparatus and with some lateral confinement provided by the cell pressure.
The results of a typical drained test on a soil sample might resemble those
shown in Fig. 2.4. This is a conventional triaxial compression test in which
the axial stress (or deviator stress) is increased while the lateral stress (or
‘cell pressure) is held constant-The initial linear sections of the stress:strain
curve (Fig. 2.4a) (deviator stress g plotted against triaxial shear strain £,)
and of the volume-change curve (Fig. 2.4b) (volumetric strain ¢, plotted

Fig. 23 (a) Young’s modulus describing change in length and Poisson;s ratio
describing change in width; (b) bulk modulus describing change in size at
constant shape; (c) shear modulus describing change in shape at constant

volume.
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against triaxial shear strain ¢,) might be interpreted as the elastic response
of the soil to the imposed changes of stress. Thus, the values of the elastic
constants could be deduced.

It is a presumption throughout this book that soil response is governed
by changes in effective stresses and that elastic response is no exception.
Elastic properties of the soil skeleton will be written here with a prime to
empbhasise this point. :

Working in terms of Young’s modulus and Poisson’s ratio, one can
describe the response of a soil specimen to a general triaxial change of
effective stress by these equations:

[58,]=i[ 1 —2v] 60,] 2.5)
oc. | E'L—v 1—v ]| ba,._ -

Matrices are introduced here simply as a convenient shorthand means of
writing sets of equations. Thus, (2.5) implies the following pair of equations:

o€, = -El— (60, — 2v' d57) © (2.53)

Og, = Ei [—Vv g, —(1—~V)da'] -~ (2.5b)

Fig. 24 Elastic constants deduced from conventional drained triaxial
compression test: (a) deviator stress ¢ and triaxial shear strain &g (b) volumetric
strain ¢, and triaxial shear strain ¢ (c) deviator stress g and axial strain &,

q l q

3¢

(a) (©

(b
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Writing equations in terms of matrix products'is extremely helpful when
trying to write compact, efficient computer programs. However. no
aptitude for manipulation of combinations of matrices is either expected
or demanded in this book.

The preferred strain increment and effective stress variables that were
introduced in Section 1.4.1 for description and analysis of triaxial tests
were the mean effective stress p’ and deviator stress g,

MEE K 20

and the increments of volumetric strain d¢, and triaxial shear strain de,,

oe, | |1 2 og,
R e

The elastic response in (2.5) can then be written more elegantly using bulk
modulus and shear modulus to separate effects of changing size and

changing shape:

[0 el ey
oe, 0 1/3G']lLdq

The off-diagonal zeroes in (2.8) indicate the absence of coupling between
volumetric and distortional effects for this isotropic elastic material.
Change in mean stress p’ produces no distortion 0e,, and change in the
distortional deviator stress g produces no change in volume.

The initial gradient of the stress:strain curve in Fig. 2.4a is then 3G".
The initial gradient of the volume change curve in Fig. 2.4b is

g 0w B
de, K’ dq ‘

For a conventional drained triaxial compression test on a soil specimen,
in which i

6g=36p : (210
this becomes

9, _G : 2.11)

o, K’ .

and the elastic properties have been recovered. Evidently, values of Young'’s
modulus and Poisson’s ratio could be deduced using (2.3) and (2.4).

If, alternatively, drainage from the triaxial sample is prevented, then
undrained constant volume response is observed. The initial response of
the soil specimen may still be elastic, but now, with volume change'
prevented, pore pressures develop. The response of the soil can be depicted
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in plots of deviator stress and pore pressure against triaxial shear strain
(Fig. 2.5).
- Theimposition of a condition of constant volume on (2.8) implies that

ép’

e =0 | . 4 (2.12)
‘which requires either that )

K'=w
or that

op'=0

There is no reason why the bulk modulus of the soil skeleton should be |
infinite; certainly the act of closing the drainage tap on the triaxial
apparatus can have no influence on the elastic properties of the soil
skeleton. Consequently, the only reasonable solution to (2.12) is

op = : - (2.13) -
The pore pressure changes reflect directly the imposed changes in total
mean stress

ou=27Jp : (2.14)

Fig. 2.5 Elastic constants deduced from conventional undrained triaxial
compression test: (a) deviator stress q and triaxial shear strain &, (b) pore
pressure u and triaxial shear strain eq () dcv1ator stress g and axxal strain ¢,.

q 1 1

E,=3G

(a) ( c)

(b)
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and, irrespective of the total stress path, the effective stress path is vertical
in the p’:q plane (4B in Fig. 2.6a). Evidently, any total stress path could
be imposed; if one of these paths had no applied change in total mean
stress, 6p = 0, then the soil would have no desire to change in volume
under the purely distortional stress changes and hence no tendency to
generate-any pore pressure. This result implies that for this isotropic elastic
material the pore pressure parameter a in (1.65) is zero, which is just
another way of saying that there is no coupling between volumetric and
distortional effects, as illustrated in (2.8).

The constant volume condition imposes no constraint on the change
in shape of the soil sample, and (2.8) makes it clear that the slope of the
deviator stress:triaxial shear strain plot (Fig. 2.5a) will again be 3G, as
in the drained test. For a conventional undrained triaxial compression
test in which the cell pressure is held constant while the axial stress is
increased,

5
5p=-?q=5u 2.15)

and the slope of the plot of pore pressure against triaxial shear strain
(Fig. 2.5b) is G'.

If at some stage of the undrained loading the drainage tap is opened
and the pore pressure is allowed to dissipate at constant total stress, then
some deformation of the soil will occur. With the total stresses constant,
the deviator stress g = o/, — ¢, = g, — 0, cannot change, and the effective
stress path for this dissipation process is parallel to the p’ axis (BC in
Fig. 2.6a). It is then apparent from (2.8) that the accompanying
deformation will involve only change of size (d¢, > 0) with no change in
shape (¢, =0). ’

Fig. 26 Undrained shearing AB and subsequent pore pressure dissipation BC
in conventional triaxial compression test: (a) total and effective stress paths;
(b) deviator stress g and axial strain ¢,.
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Although the behaviour of soil elements is controlled by changes in
effective stresses, it is often useful to describe the elastic response of soil
in terms of changes in total stresses. Equilibrium equations for-a soil -
continuum can be written in terms of total stresses without having to
introduce pore pressures, and analytical procedures may often lead more
readily to distributions of total stresses than to distributions of effective
stresses. The observed response of a soil element must, however, be
identical whether it is treated in terms of total stresses or effective stresses.

The total stress equivalent of (2.8) is

de,| | 1/K, 0 5p
[5ef]_[ 0 1/3Gu:”:5q:, (2.16)

The distinction between elastic properties in terms of total or effective
stresses is only helpful for constant volume undrained conditions; this is
the reason for the subscript u on the bulk modulus and shear modulus
in (2.16).

For an undrained constant volume condition, d¢, = 0 implies that

= =0 o 2.17)

Whereas the effective stress description of (2.8) and (2.12) looks at the
triaxial soil sampie from inside the membrane, the total stress description
of (2.16) and (2.17) looks at the sample from outside the membrane. There
can now be no constraint on the total stress path that is imposed. The
condition of no volume change must emerge whatever the externally
applied changes in total stress. Hence, the total stress undrained bulk
modulus K, must be infinite,

K,=0 : (2.18)
which, from the general equation (2.3), implies that the undrained Poisson’s
ratio is

.

y,=1 o (2.19)

2
The deviator stress ¢ is not affected by drainage conditions because, as
a difference of two stresses, it is independent of pore pressure. The shearing,
or change of shape, of the soil ¢, calculated from (2.8) and (2.16) must
be identical and hence , »
G,=G (2.20)
and the shear modulus is independent of the drainage conditions.
Given the link between shear modulus, Young’s modulus, and Poisson’s
ratio implied by (2.4), the undrained and drained values of Young's
modulus, E, and E’, respectively, are not independent. For from (2.4)
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and (2.20),
E,. _F
21 +v,) 2(1+V)

and then with (2.19),

E, = 3E
2(1+v) ‘ )

Young's modulus describes the slope of the axial stress:axial strain
relationship. In conventional triaxial compression tests do, = &g, and
Young's modulus is the slope of the deviator stress:axial strain
relationship. Different slopes, in the ratio given by (2.21), will be seen in
drained and undrained tests (Figs. 2.4c and 2.5¢). The effect of allowing
drainage to occur after some increments of undrained loading (effective
stress path BC after AB in Fig. 2.6a) is to take the deviator stress:
axial strain state from the undrained to the drained line, as shown in
Fig. 2.6b. '

In summary, for isotropic elastic soil there are only two independent
elastic soil constants. Elastic constants to describe the behaviour of soil
under special conditions (e.g. in terms of total stresses for undrained
conditions) can be deduced from the more fundamental effective stress
constants and cannot be chosen independently. |

(2.21)

23 Anisotropic elasticity

The discussion in previous sections has been restricted to the
ideal case of isotropic elasticity. Real soil may not fit into this simple
picture. Deviations from this picture may result from inelasticity, but they
can also occur if the soil is elastic but anisotropic.

A completely general description of an anisotropic elastic material
requires the specification of 21 elastic constants (e.g. see Heyman, 1982;
Love, 1927), but analyses using such general material characteristics are
rarely practicable. Besides, the depositional history of many soils
introduces symmetries which may reduce considerably the number of
independent elastic constants. o

Many soils have been deposited over areas of large lateral extent, and
the deformations they have experienced during and after deposition have
been essentially one-dimensional. Soil particles have moved vertically
downwards (and possibly also upwards) with, from symmetry, no tendency
to move laterally (Fig. 1.21). The anisotropic elastic properties of the soil
reflect this history. The soil may respond differently if it is pushed in
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vertical or horizontal directions, but it will respond in the same way if it

is-pushed in any horizontal direction. For example, cylindrical sample 4
in Fig. 2.7, taken from the ground with its axis vertical, behaves differently

from samples B, C, D, and E, which have been taken from the ground with

their axes in various horizontal directions; but samples B, C, D, and E all

behave identically. ,

This special form of anisotropy, known as transverse isotropy or
cross anisotropy, requires only five elastic constants for its specification
The form of the relationship between stress increments and strain
increments takes the form

[0eec] [ 1/Ey —v/Ey —v/E, 0O 0 0 7 [éc,]
Oty, | | —va/En 1/Ey —vu/E, 0 - 0 0 da;,
6¢.. |_| —vw/E, —vu/E, 1/E, 0 0 0 Sa’.
. | 0 0 0 126, 0 0 87,,
59 0 0 0 0 1/2G, 0 | [dc.,
(97 ] | O 0 0 0 0 2(1+vp)/Ey| |97y, |

| (2.22)

where the stress and strain increments are referred to rectangular Cartesian
axes X, y, and z with the z axis vertical (Fig. 2.7).

Most of the routine soil tests that are performed in practice are triaxial
compression tests on samples such as 4 in Fig. 2.7, taken out of the ground
~ with their axes vertical, for example, from some sort of borehole. Graham
and Houlsby (1983) show that it is not possible from such tests to recover
more than three elastic constants for the soil; since two constants are
needed for the description of isotropic elastic response, that leaves only
one constant through which some anisotropy can be incorporated. They
propose a particular form of one-parameter anisotropy which allows
certain analytical advantages and leads to a particular form of stiffness

Fig. 27 Cylindrical soil samples taken out of the ground with their axes
vertical (A) and horizontal (B, C D,E). :
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matrix relating stress increments and strain increments:

[ 60%x
o0y,
éo.. | - E*
61, | (1+ve)(1—2v%)
6t=x
batx,-
[22(1—v*)  «?v* av* 0 0 0 1 [oe,. ]
alv* g}l —-v* av* 0 0 0 é¢,,
N av* av* (1— v.‘). 0 0 0 oc,
0 0 0 a(l —2v*)/2 0 0 7ye
0 0 0 0 a(l —2v%)2 0 7o
0 0 0 0 0 a1—-2v2| fen,
(2.23)

This expression can be inverted so that the stiffness matrix becomes a
compliance matrix:

[5¢ | [ 1a? —v*a? —via 0 0 0 ] . f&cn ]
s, —v*a: Y2 —v*a 0 0 0 éc;,
d¢.. —v*a  —v*/a 1 0 0 0 éco.

= |- /B =
07y: / -0 0 0 2(1 + v*)/a 0 Q o1y,
Y= 0 0 0 0 2(1 +v*)/a 0 0Ty

4 0 o 0 0 0 21+vye| o,

r -9 - -
(2.24)

In these expressions, E* and v* represent modified values of Young's
modulus and Poisson’s ratio for the soil, and « is the anisotropy parameter.
Equation (2.24) can be compared with the completely general five-constant
description of transverse isotropy (2.22).

Expressions (2.22)-(2.24) give the complete stiffness and compliance
matrices which are necessary for any analysis of transversely isotropic
elastic soil. However, to interpret the results of triaxial tests, it is helpful
once again to look at description of changes in size and in shape. Still
following Graham and Houlsby (1983), one finds the stiffness equation

to be
sp] Tk* J ¢
FAR S b e
oq J  3G*Lde,
where K* and G* are modified values of bulk modulus and shear modulus,
and the presence of the two off-diagonal terms J shows that there is now

some cross-coupling between volumetric and distortional effects. The
quantities K*, G*, and J can be expressed in terms of the quantities E*, v¥,



2.3 Anisotropic elasticity ’ 49

and « from (2.23):
« _ EX(1 —v* + dov* 4+ 242)

91+ v¥)(1 —2v*) (2.26)
) __ Yk _ * 2
. E*(2 — 2v* — 4av* + o) 227)
6(1 + v*)(1 —2v*)
_ E*(1 —v* + av* — ?) (2.28)

31+ v¥)(1=2v%)

It may be confirmed that for ¢ = 1, these expressions for K* and G* reduce
to (2.3) and (2.4) and that J =0. The compliance form of (2.25) is

[5%]_1[36* —J][‘SP'] 2.29
e, | DL -7 k* || g : - '

D =3K*G*-J? (2.30)
The coupling between volumetric and distortional effects implies that
constant volume effective stress paths are no longer vertical constant p’
paths in the p’:g plane [(2.13) and Fig. 2.6a]. The direction of the path
will depend on the value of «. With a> 1 the soil is stiffer horizontally
than vertically, and the undrained effective stress path shows a decrease
in p” (Fig. 2.8). With « < 1 the soil is stiffer vertically, and the undrained
effective stress path shows an increase in p’ (Fig. 2.8). The pore pressure
that is observed in an undrained test will be different from the change in
total mean stress [see (2.14)], with the difference depending on « and v*.
The direction of the effective stress path is, from (2.29):

6q 3G*
op’ U

with

(2.31)

Fig 2.8 Eflctive stress paths for constant volume deformation of cross-
anisotropic slastic soil.

qa:oo>l l <1 0
\ !
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or

5q _3(2—2v*—4dav* + a?)
Sp 21l —v*+av*—a?)
This ratio has limiting values — 32 and + 3 for « very large and very small,
which imply effective stress paths with constant axial stress and constant
radial stress, respectively. Comparison with (1.65) shows that for this
cross-anisotropic elastic soil, the pore pressure parameter a is given by
-J
a=
3G*

. (2.32)

(2.33)

Fig. 2.9 Changes in effective stress in undrained triaxial compression of
Winnipeg clay (data from Graham and Houlsby, 1983).

sample
depth, m

alléd
olld
v 8.9

Ap', kPa

Fig. 2.10 Volumetric strain:triaxial shear strain paths for compression of
cross-anisotropic elastic soil under isotropic stresses.




2.3 Anisotropic elasticity 51

Some typical data for a natural clay from Winnipeg, Manitoba are
shown in Fig. 2.9 (after Graham and Houlsby, 1983). For this clay, Graham
and Houlsby estimate a value of v* = 0.2; they quote a range of slopes of
effective stress paths dq/Jp’ between — 15.8 and —4.45, and they deduce
an average value for «® of 1.52, which is the ratio of horizontal to vertical
stiffness, E,/E, in (2.22).

The coupling between change of size and change of shape also implies
that shear strains will occur along stress paths in which g is held constant,
for example, isotropic compression g = 0 (Fig. 2.10). For such a path, from
(2.25),

' o,

oc

-J

2.34
3G+ (2.34)

P
or

Ogg =21 —v*+av* —a?)

58 32— 2v* — 4oy + a?) , ;

and the path of this isotropic compression will not in general lie along

the e, axis (g,=0) in the ¢,:¢, strain plane. This ratio (2.35) has limiting

values 2 and —1 for « very large and very small. These limiting values

correspond to compression at constant radial strain (¢, = 0) and constant
axial strain (d¢, = 0), respectively.

Typical data for the Winnipeg clay are shown in Fig. 2.11 (after Graham

and Houlsby, 1983). Graham and Houlsby quote a range of ratios d¢, /o€,

between 0.1 and 0.32 and deduce an average value of «? between 1.8 and 1.9.

(2.35)

Fig. 211 Volumetric strain:triaxial shear strain paths for compression of
Winnipeg clay under isotropic stresses (data from Graham and Houlsby, 1983).
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24 The role of elasticity in soil mechanics’

Because many subsequent sections of this book are devoted to
discussion of the inelastic or plastic behaviour of soils, it may be wondered
what real role elasticity plays in soil mechanics. Two applications are
briefly presented here: calculation of deformations of geotechnical
structures under working loads and selection of stress paths to guide
appropriate laboratory testing.

Soil mechanics has traditionally been concerned firstly with ensuring
that geotechnical structures do not actually collapse and secondly with
ensuring that the working deformations of these structures are acceptable.
If it can be assumed that the soil will respond elastically to applied loads,
then the whole body of elastic theory becomes available to analyse the
deformations of any particular problem. Settlements of foundations and
deformations of piles are frequently estimated by using charts computed
from elastic analyses of more or less standard situations. Much site
investigation, whether with triaxial tests in the laboratory or with
pressuremetcf tests or plate loading tests in the field, is devoted to
determining accurate values of moduli for soils for subsequent use in
deformation analyses. The results of such analyses will of course be as
good as the quality of the determination of the moduli and the quality of
the assumption of elasticity. _ ,

The behaviour of an isotropic elastic soil is encapsulated in just two
elastic constants, which can be obtained from a simple programme of soil
testing. Most soils cannot satisfactorily be described as isotropic and
elastic, so a more elaborate model will be required to describe soil response.
Such models are used to extrapolate from available experimental data
(typically obtained under the rather restrictive stress conditions imposed
in conventional laboratory tests) to the complex states of stress and strain
which develop around a prototype structure. The quality of the prediction
of soil response will depend on the extent of this extrapolation. If the soil
response is very stress path dependent, then it is helpful if the laboratory
testing can bear some relation to the stress paths to which soil elements
in the ground around a geotechnical structure may be subjected.

This argument is circular since the stress paths which are predicted to
develop in the ground depend on the details of the stress:strain response
which the laboratory testing is trying to evaluate. This circle has to be
“broken. Elastic stress distributions are available for many loading
situations (c.g.- see the comprehensive collection of Poulos and Davis,
1974); these are frequently a useful starting point in assessing plausible
stress changes for soil elements. Stress paths for certain simple geotechnical
problems will be considered in more detail in Chapter 10.
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Paradoxically, then, this major application of elasticity in soil mechanics
is guiding the study of the inelastic stress:strain behaviour of soils.

E2.1.

E2.2.

E2.3.

E2.4.

Excrcises

Use Hooke’s law to deduce relationships between stress increments
for samples of isotropic elastic soil which are being (i) deformed
in plane strain and (ii) compressed one-dimensionally.

A conventional undrained triaxial compression test, with the cell
pressure o, held constant, is carried out on a sample of stiff
overconsolidated clay. The stress:strain relationship is found to be
linear up to failure, so it is deduced that the clay behaves as an
isotropic perfectly elastic material.

1. After an axial strain Ag, = 0.9 per cent, the deviator stress is
measured to be 90kPa. For this stage of the test, calculate the
values of Au, Ap, Ap', Ao, Ad., Ac,, Ae,, and E,.

ii. At this time, the axial stress and cell pressure are kept constant,
and the sample is allowed to drain so that the pore pressures
dissipate and the sample undergoes a volumetric strain
Ae, =0.3 per cent. What are the values of Ad’, »Ao, Au,Ap’, Aq,
As . and Aeg, for this stage of the test, and what are the values
of the elastic constants K’, G', E’, and v'?

The effective stress elastic behaviour of a cross-anisotropic soil is
characterised by a Young’s modulus E* for the vertical direction,
a Young’s modulus a? E* for the horizontal direction, a Poisson’s
ratio v*/x indicating the strain in a horizontal direction due to a
strain in a vertical direction, and a Poisson’s ratio v* indicating
the strain in a horizontal direction due to a strain in an orthogonal
horizontal direction [see (2.24)].

A cuboidal specimen of this soil is compressed by a total normal
stress increment Ag, in the vertical direction, with no change in
total stress in one horizontal direction, Ac; =0, and with no strain
in the other horizontal direction, A¢, = 0.

Find an expression for the pore pressure change Au in the soil

if drainage is not permitted. Check that your expression gives
Au = Ag,/2 for an isotropic elastic soil.
Conventional drained and undrained triaxial compression tests are
performed on samples of cross-anisotropic soil_taken from the
ground with their axes horizontal. Show that the cross section of
the samples does not remain circular as they are compressed.
Determine the slope of the effective stress path in the p’:q plane
for the undrained test in terms of appropriate elastic constants.
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Assuming that measurements are made only of axial and
volumetric strain in the usual way, determine the slope of the strain
pathin thee,:¢, plane that would be deduced for the drained test.

Check that these expressions reduce to the correct values for
isotropic elastic soil.

E2.5. Consider the strains that occur on the stress cycle (p', q) = (p,0);
(Py> 0% (Py> 4u); (PL» g,); and (p),0) applied to a sample of elastic soil
which has a bulk modulus dependent on mean stress (K’ = ap’).
Show that if the shear modulus G’ is also deper.dent on p’, then
energy can be created or lost on this closed cycle, and hence that
it would not be thermodynamically admissible to assume a constant
value of Poisson’s ratio for this soil.
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. Plasticity and Yyielding

31 Introduction _

The behaviour of an elastic material can be described by

- generalisations of Hooke’s original statement, ut tensio sic vis: the stresses
are uniquely determined by the strains; that is, there is a one-to-one

relationship between stress and strain. Such a relationship may be linear

or non-linear (Fig. 3.1), but an essential feature is that the application and

removal of a stress leaves the material in pristine condition and no nett

energy is dissipated.

For many materials the overall stress:strain response cannot be
condensed into such a unique relationship; many states of strain can
correspond to one state of stress and vice versa. For example, the first
loading of an annealed copper wire in simple tension may follow a curved
load:deformation path which is not retraced when the load is removed,
but the wire is left with a permanent extension under zero load (AA,B,
in Fig. 3.2, from Taylor and Quinney, 1931). If the wire is reloaded to
loads less than the previous maximum load, then an essentially elastic
response is observed (B, C, in Fig. 3.2, though there is a shght departure
from the unloading path as the previous maximum load is approached),
that is, there is a one-to-one relation between load and deformation. As -
soon as the previous maximum load is exceeded, the elastic description
of the response ceases to apply and unloading from a higher load leaves
the wire with a further permanent extension (B,C,A4,B, in Fig. 3.2).

In principle, the reloading of the copper wire up to and beyond the
previous maximum load could be modelled with a non-linear, elastic
description of the behaviour. Such a description would be of extremely
limited application, however, because it would not be able to cope with
the observation that subsequent unloading does not retrace the same path.
Such a pattern of behaviour can, however, be described using an
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elastic—plastic model. The irrecoverable, permanent extensions that remain
under zero load are plastic deformations and can be regarded as defining
new reference states from which subsequent elastic response can be
measured, provided the past maximum load is not exceeded. The departure

from stiff elastic response that occurs as reloading proceeds beyond the’

past maximum load may be called yielding, and the past maximum load
" becomes a current yield point for the copper wire being loaded in simple
tension. P ' ‘ :

In general, in this chapter, yielding is associated with a transition from
Stiff to less stiff response, and the more or less well-defined kinks in
stress:strain curves that can be established as marking such transitions
are termed yield points. This is a convenient, though not particularly
rigorous, definition of yield.

Fig. 3.1 (a) Linear and (b) non-linear elastic stress: strain relationships.

o o

(@) (b)

Fig. 3.2 Repeated tensile test on annealed copper wire (initial length
251.5 mm, diameter 3.23 mm) (after Taylor and Quinney, 1931).
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32 Yielding of metal tubes in combined tension and torsion

Figure 3.2 shows the developing plastic deformation and steadily
increasing yield load or elastic limit for an annealed copper wire under
simple uniaxial tension. We expect a thin-walled tube of the same material
to show the same sort of response under pure tensile loading and
unloading. Essentially similar behaviour would also be seen if the
thin-walled tube were subjected to increasing cycles of loading and
unloading in pure torsion instead of pure tension. It is of interest to
investigate the effect of applying combinations of tension and torsion on
the yielding and plastic deformation of the tube.” ~

The data of uniaxial tension of annealed copper wire shown in Fig. 3.2
were taken from the classic paper of Taylor and Quinney (1931). They
followed these simple tensile tests with combined tension and torsion tests
on thin-walled tubes of annealed copper (and other materials). The
schematic arrangement for their tests is shown in Fig. 3.3. Copper tubes
(of external diameter 6.3mm, internal diameter 4.5 mm, and length
292 mm) were initially loaded in tension with a load P,. This load was
then reduced to a value P = mP,, and a torque Q was applied until plastic
deformations were observed. The path of a typical test is plotted in a load
plane (P:Q) in Fig. 3.4.

Taylor and Quinney performed tests with eight different values of m,
from 0.025 to 0.95. Through the eight yield points thus established, a yield
curve could be drawn defining the combinations of tension P and torsion
Q for which plastic deformations would begin to occur. This is the current

Fig. 3.3 Combined tension and torsion test of thin-walled metal tubes.
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yield curve for a set of copper tubes with one particular history of
preloading. : o

Evidently, with m =1 the point A (P =Py, @=0) is expected to lie on
the yield curve, and a yield point B (P =0, Q = Q,) could in principle be
found in a test with m =0 (Fig. 3.5). If there were no interaction between
the effects of tension and torsion, then the onset of plastic deformations

would be associated with combinations of loads lying on the rectangle -

ACB, implying that the torque required to produce yield would be Q,,
irrespective of the value of the tension. In fact, the experimental data lie
on a curve fitting inside this rectangle.

The shape of this curve can be predicted from a theoretical assumption

about the yield criterion for the copper. Yield criteria are more

satisfactorily discussed in terms of stress components rather than
components of load P and Q. The stresses acting on an element of metal

Fig. 3.4 Load path of typical tension and torsion test probing yield curve.

Q

mPo Po P

Fig. 3.5 Yield points observed in combined tension and torsion of annealed
copper compared with yield curves of Tresca and von Mises (data from Taylor
and Quinney, 1931).
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from the thin-walled tube (Fig. 3.3) are an axial tension,
P
0.= — 3.1
= 2nrt (3-1)
and a shear stress on transverse and longitudinal planes,

Q

2nrt

(3.2)

T =Tp: =

where r and ¢ are the radius and wall thickness of the tube. In the absence
of internal and external pressures the radial normal stress through the
tube (which is a principal stress) and the tangentxal normal stress in the
tube are both zero,

G, =0,=0,=0 . - O (33)
and the other two principal stresses are (Fig. 3. 6)
_ B
7, H 0': 2
==+ | =] +1 34
oy 27 (2) % ‘ (34

Part of the object of the experiments of Taylor and Quinney (1931) was
to discover which of the yield criteria due to Tresca and to von Mises
best fitted the data. These two yield criteria have found widespread
acceptance and use in the theory of plasticity (Hill, 1950). According to
Tresca (1869), yielding occurs when the maximum shear stress in the
material reaches a critical value. This can be written in terms of principal
stresses g,,0,, and g5 as

max(s; — ;)= 2c (i,j=1,2,3) : ‘ (3.5)
where 2c is the yield stress in uniaxial tension and where any of 6,,0,,0,4
may be major, minor, or intermediate principal stresses. The three principal
stress ¢,,0,,03 can be used as three orthogonal cartesian coordinate
axes to define a ‘principal stress space’. Equation. (3.5) then describes a
regular hexagonal prism in principal stress space. This prism is centred
on the ‘space diagonal’ of principal stress space, the line on which all three
principal stresses are equal, that is, ¢, =g, = o3 (Fig. 3.7a). The surface

Fig. 3.6 Mohr’s circle of stress for an element in wall of tube.
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of this prism, which links combinations of principal stress at which yield
occurs, can be called a yield surface. For the thin-walled tubes, Tresca’s

criterion implies
2
2 (%) +1%,=2c

o2 + 41 = 4c? - (39)
which is an ellipse in the o.:1q, plane (Fig. 3.5) and implies that in pure
torsion (¢, = P = 0) yielding occurs for 14, =c.

According to von Mises (1913), yielding occurs when the second
invariant of the stress tensor reaches a critical value. The statement of
von Mises’ yield criterion in this form can be better understood when
read in conjunction with Section 1.4.1 on stress and strain variables.
However, it can be more simply interpreted as implying that yielding
occurs when the principal stress state reaches a critical distance from the
space diagonal of principal stress space, that is, the line 6, =0, =03. It

or

Fig. 3.7 Yield surface according to yield criterion of (a) Tresca and (b) von
Mises.
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thus defines a right circular cylmdnca] yield surface centred on thxs line
(Fig. 3.7b). It can be written as .

(02— 03)* +(035—0,)* + (0, — 0,)% = 8¢? 37
where 2c is the yield stress in uniaxial tension. The distance from the space
diagonal to the principal stress state gives an indication of the magnitude
of the distortional stress which is tending to change the shape of the
material. Therefore, an alternative interpretation of von Mises’ yield
criterion is that yielding occurs when the elastic strain energy of distortion
reaches a critical value.

For the thin-walled tubes under combined tension and torsion, von
Mises’ yield criterion becomes ,

o2 +312 =4c? o , B kX))
which is again an ellipse in the o.:7y. plane (Fig. 3.5), but this ellipse
implies that in pure torsion (¢, = P = 0) yielding occurs for To. = ZC/J_

Plotting the experimental data of yielding and setting 2c = oo = Po/2mrt,
we find (Fig. 3.5) that the points lie much closer to the von Mises ellipse
than to the Tresca ellipse. The same result can be seen when the data are
plotted in the deviatoric view of principal stress space (Fig. 3.8) seen down .
the space diagonal o, = g, = 0,. Positions in this deviatoric view are
controlled only by differences of principal stresses, because a uniform
increase in all three principal stresses merely moves a stress point along
a line parallel to the space diagonal, and this movement cannot be seen
in a view orthogonal to this line.

Fig. 3.3 Observed yield points in combined tension and torsion of annealed:
copper compared with yield curves of Tresca and von Mises in deviatoric view
of principal stress space, and vectors of plastic deformation (data from Taylor
and Quinney, 1931).
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In this deviatoric view, the Tresca yield criterion becomes a regular
hexagon and the von Mises criterion a circle. Because expressions (3.5)
and (3.7) for the two yield criteria involve only differences of principal
stresses, the size of the hexagon or circle is independent of the value of
the mean stress p (compare Fig. 3.7), and the deviatoric view of either of
these yield criteria is unique and not dependent on the current value of
the mean stress. It is a familiar observation of metal plasticity that the
presence of isotropic pressures has a negligible effect on the occurrence
of yielding. )

Although the experimental data show that the von Mises yield criterion
provides the better description of metal plasticity, the difference between
the two criteria is not particularly great, and it is often mathematically
more convenient to make use of the Tresca criterion in analytical work. -
Indeed, the Tresca criterion is implicitly invoked in all calculations of
plastic failure including calculations of bearing capacity of soils.

The loading paths that Taylor and Quinney used to probe the yield
curve consisted of changes of torque with no change of tension (Fig. 3.4).
They were careful to ensure that the specimens that they tested behaved
closely isotropically. For a material behaving isotropically and elastically,
the application of torque to a thin tube should produce twist but no
change in length of the tube because this is a purely distortional process
(Section 2.1).

Typical plots of shear stress t,, = Q/2nr*t against axial extension 4l
(Fig. 3.9) provide a good indication that inelastic effects are occurring;
such plots were used by Taylor and Quinney to identify the yield points.
As the torque is increased there is initially only twist and no change in

Fig. 3.9 Yielding detected from plots of shear stress and extension for
combined tension and torsion of annealed copper tubes (after Taylor and
Quinney, 1931).
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length; when yielding occurs, further twist is associated with significant
extension of the tubes. The twist 56 plotted against the extension 8! for
these plastic deformations (Fig. 3.10) shows an essentially linear
relationship between twist and extension for each value of m = P/P, and
a clear dependence of the ratio of twist to extension on the value of m.
These deformation data can be presented on the stress diagram in which
the yield data were plotted, provided they are converted to appropriate
‘ work-conjugate strain quantities. The work i Input to a tube per unit volume
of material, when an extension 4l and a twist 68 occur under a tension P
“and a torque Q, is , :
Pl + Q48 . (3.9)
2nrel :

and this can be written in terms of the stress quantities g. and 14, [(3.1)
and (3.2)] as

oW =

It is not surprising then tl‘mét the appropriate work- conjugate strain
components are the longitudinal strain ol/l and the shear strain r 5/1.
The plastic deforrnatlon data of Fig. 3. 10 can then be plotted as vectors

Fig. 3.10 Angular twists 56 and extensions &/ for combined tension and
torsion of annealed copper tubes (after Taylor and Quinney, 1931).
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of plastic strain increment at each of the yield points as shown in Fig. 3.11.
The direction of each vector indicates the relative amounts of plastic twist
and extension that occur when the yield curve is reached. It is apparent
that these vectors are approximately orthogonal to the von Mises ellipse
which was found to fit the yield points.

In principal stress space the correct strain parameters to associate with
the principal stresses are the principal strain increments (Taylor and
'Quinney observed that, as expected for an isotropic material, the principal
axes of strain increment and of stress were coincident after yield, within
their experimental accuracy). The plastic strain increment vectors are
plotted in the deviatoric view of principal stress space in Fig. 3.8. The
maximum deviation from the radial direction, the direction of the normal
to the von Mises circle, is about 3.5°.

The link between mechanisms of plastic deformation and the yield curve
that appears to have emerged in Figs. 3.11 and 3.8 seems to imply that
the directions of the plastic strain increment vectors are governed not by
the route through stress space that was followed to reach the yield surface,
but by the particular combination of stresses at the particular point at
which the yield surface was reached. This is a key feature of the behaviour
of plastic materials, distinguishing them from elastic materials, and
illustrated in Fig. 3.9. For elastic materials the mechanism of elastic
deformation depends on the stress increments; for plastic materials which
are yielding, the mechanism of plastic deformation depends on the stresses.

Fig 3.11 Vectors of plastic deformation plotted at yield points for combined
tension and torsion of annealed copper tubes (data from Taylor and Quinney,
1931).
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33 Yielding of clays
Although a single qualitative picture of the yielding of soils is
being created, it is convenient to separate discussion of the yielding of
clays from the yielding of sands because of the different experimental
procedures that have been used to probe the yielding of these different
soil types. -
The discussion of the yielding of annealed copper in Section 3.2 began

_Fig. 3.12  One-dimensional compression and unloading of speswhite kaolin in
ocdometer: (a) specific volume v and vertical effective stress o’,; (b) specific
volume v and vertical effective stress o, (logarithmic scale); (c) vertical effective
stress ¢’, and specific volume u; (d) vertical effective stress o', (logarithmic scale)
and specific volume v (data from Al-Tabbaa, 1987).
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with consideration of a simple, one-degree-of-freedom, uniaxial tension
test on copper wire. A simple, one-degree-of-freedom test that is familiar
in geotechnical engineering is the oedometer test used to study the
one-dimensional compression characteristics of soils. By convention, the
results of oedometer tests are usually plotted with the height of the sample
or a volumetric parameter as ordinate and the applied effective stress as
“abscissa, often plotted on a logarithmic scale (Figs. 3.12a, b). However, if
" the axes are interchanged (Figs. 3.12¢, d), then similarity with the behaviour

Fig. 3.13 Spestone kaolin: (a) isotropic compression and unloading and
(b) undrained triaxial compression and unloading (after Roscoe and Burland,

1968); (c) cycles of compression and unloading at constant mean effective stress
p’ (after Wood, 1974).
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of the copper wire (Fig. 3. 2) is 1mmed|ately apparent. A- preconsolzdanon
pressure is often sought in such tests; that is, the pressure at which the
stiffness of the soil in the oedometer falls rapidly, and the slope of the
v:log &/, curve shows a sudden change (Figs. 3.12b, d). It is clear that this
can be thought of as a yield point for the soil. For stresses below the
preconsolidation pressure o, the response in the oedometer test is stiff
and essentially ‘elastic’. If, after the preconsolidation pressure has been
exceeded, the stresses are again reduced, then stiff elastic response can again
be found. The h¥stt¥&si¥ in these elastic regions may often be regarded as
negligible particularly if the intention is to construct smple models of soil
behaviour.

The preconsolidation pressure observed in oedometer tests is the most
familiar example of yielding of soils, but a similar pattern can be found
in isotropic compression tests (Fig. 3.13a), conventional undrained
compression tests (Fig. 3.13b), or drained compression tests (Fxg 3.13c¢).
In each case a stiff response is observed when the load is reduced below
a previous maximum value, and the stiffness falls again when the load is
increased beyond this past maximum value, which acts as a current yield
point for the soil. Again, some hysteresis is observed in cycles of unloading
and reloading. This may actually be insignificant if the excursion from '
the past maximum stress is not great, but even when hysteresis appears
to be too large to ignore, it is usually small by comparison with the
irrecoverable deformations that have already occurred in the test.

Note that plotting the results of oedometer tests  or isotropic
compression tests with a logarithmic stress axis (Figs. 3.12d and 3.13a)
tends to mask the progressive increase in stiffness that occurs as the load
is increased after yielding, as compared with the progressive decrease in
stiffness that is seen after yielding in the uniaxial tension of the copper
wire (compare Fig. 3.12c and Fig. 3.2). The copper wire is unconfined, and
there is no change in lateral stress as deformation proceeds; the cycles of
uniaxial tension apply successively higher and higher shear stresses to the
material of the wire. The oedometer sample is confined laterally by a rigid
ring, and the lateral stress builds up as one-dimensional compression
proceeds. Though shear stresses are being imposed, the dominant effect
is one of increasing general mean stress level and hence of increasing
stiffness. This is, of course, the only effect in the isotropic compression
test, where no shear stresses at all are applied. A pattern essentially identical
to that seen for the copper wire is found in repeated shearing (as opposed
to compression) of soil, as shown in Figs. 3.13b, c.

The tests illustrated in Figs. 3.12 and 3.13 have been thought of as
independent tests akin to the uniaxial tension test on copper wire, each
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loading a soil sample in one particular way. The combined tension and
torsion tests on copper tubes studied the response of a number of tubes,
which had all been given the same preloading history, to different
combinations of tension and torsion. The soil mechanics equivalent of
this is a series of tests in which soil samples with the same preloading
history are subjected to different modes of loading, such as
one-dimensional compression, lsotropxc compression, and undrained
shearing.

The ground provxdes a convenient source of soil samples with a single
history of preloading. Many soil deposits have been laid down fairly
uniformly over areas of fairly large lateral extent, so that a series of samples
taken from the same depth can be considered essentially identical. Suppose
that three such samples [ (1), (2), (3)] have been set up in triaxial apparatus
and are in equilibrium under the same cell pressure, so that they have
effective stress state 4 in Fig. 3.14a. Sample (1) is subjected to isotropic

Fig. 3.14 Three tests probing yield curve for undisturbed soil samples:

" (a) effective stress paths in p’.q plane; (b) isotropic compression test (1), specific
volume v and mean effective stress p’; (c) one-dimensional compression test (2),
specific volume v and vertical effective stress o; (d) undrained compressxon test
(3). deviator stress ¢ and triaxial shear strain ¢,.
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compression by increasing the cell pressure (Fig. 3. 14b), and a yield point
Y, is observed where the stiffness of the sample changes markedly. Sample
(2) is subjected to one-dimensional compression (the sort of loading that
could be imposed in an oedometer, though lateral stress is not usually
measured in oedometer tests) by controlling the cell pressure as the axial
stress is increased in such a way that lateral strain of the sample does not
occur. In this way the effective stress path for one-dimensional loading
can be followed and plotted in the p’:q effective stress plane (Fig. 3.14a).
A yield point Y, is observed where the stiffness of the sample changes
sharply (Figs. 3.14a, c). Sample (3) is subjected to a conventional undrained
compression test with pore pressure measurement. The effective stress
path is shown in Fig. 3.14a. Yielding is observed at Y,, where the stiffness
of the sample in a plot of deviator stress against triaxial shear strain
changes sharply (Figs. 3.14a,d). -

The three tests have probed in three different ways the boundary of the
elastic region for the soil with one particular history. Already a yield curve
could be sketched, linking the yield points observed in these tests
(Fig. 3. 14a) Other probing paths could be devised for the triaxial
apparatus to confirm the position of this yield curve, or yield locus, in ‘
other parts of the p':q effective stress plane. With testing apparatus more
complex than the conveﬁtional triaxial apparatus, a series of yield points
could be established forming a yield surface in principal effective stress space
(67:05:0%) or in a general effective stress SPACe (0,:0,,207.1T,. 1T, ' T,
The yield locus in the triaxial or p’:q plane is just a partlcular sectlon
through this current yield surface bounding all elastically attainable states
for the soil with one particular history. The yield surface can be regarded
as a generalised preconsolidation pressure; the preconsolidation pressure
observed in an oedometer test corresponds to just one point on this yield
surface.

The test data that have been used in Figs. 3.12 and 3.13 to illustrate
the yielding of clay have been obtained from triaxial and oedometer tests
on laboratory prepared kaolin, reconstituted from powder and compressed
one-dimensionally from a slurry. The phenomenon of yielding in
insensitive soils such as this is often considerably less marked than the
change in stiffness observed in the reloading of the annealed copper wire
(Fig. 3.2). For such soils it is clear that considerable subjectivity may be
involved in selecting precise yield points. ' '

Yielding is often more readily observed in natural clays, which may
have developed a certain structure over the millenia since their deposition.
Probing these clays can disturb this structure: for very sensitive clays, the
drop in stiffness associated with ‘destructuration’ may be extreme. Various
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strategies have been used to probe the yield surfaces of natural clays. For
both the examples shown here, undisturbed samples of clay have been
recompressed to a common initial effective stress state and then subjected
to rosettes of stress probes. :

The location of the yield locus established by Tavenas, des Rosiers,
Leroueil, LaRochelle and Roy (1979) using undisturbed samples of clay
from St. Louis, Canada is shown in Fig. 3.15. The initial effective stress
state used in their tests corresponded to their estimate of the in situ effective
stress state. On each radial path in Fig. 3.15, estimates of the yield point
were obtained by plotting the experimental data in three ways.

Yielding of the copper wire or tubes, and of clay samples just discussed,
has been deduced from an increase in the rate at which a strain parameter
increases with continuing increase in stress. Since different loading paths
generate different modes of deformation or straining, different strain
variables may provide a more sensitive indication of the occurrence of
yield on particular stress paths. Tavenas et al. have used plots of p’ against
volumetric strain ¢,, or g against axial strain ¢, (Figs. 3.16a, b) to provide
alternative estimates of a yield point in Fig. 3.15.

A further estimate is possible from consideration of the energy required
to deform a sample. A simple uniaxial (unconfined) loading test leads to
the axial stress:axial strain curve shown in Fig. 3.17a. The work done in
straining the sample can be calculated at any stage from the area
underneath the stress:strain curve,

w = J.a, de, \ (3.11)

Fig. 3.15 Yield curve deduced from triaxial tests on undisturbed St. Louis clay
(after Tavenas, des Rosiers, Leroueil, LaRochelle, and Roy, 1979).
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Plotting this cunmtulative work against the stress (Fig. 3.17b) shows that
beyond the yield point B an increasing amount of energy is required to
produce a given increment in stress, and a yield point could be deduced
from the change in slope of this stress:work curve.

For such a one-dimensional system, the substitution of work for strain
may not appear to provide much benefit. For more general states of stress

Fig. 3.16 Determination of yield points in triaxial tests on St. Louis clay:
(a) mean effective stress p’ and volumetric strain ¢,; (b) deviator stress g and
axial strain ¢,; (c) mean effective stress p’ and work input per unit volume W
(after Tavenas, des Rosiers, Leroueil, LaRochelle, and Roy, 1979).
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or strain the advantages can be greater. In the triaxial apparatus,

W= J (p' de, + qde,) | (3.12)

and this expression is valid whatever changes in strain may occur — com-
pression and distortion of the sample have both been incorporated. A
third estimate of the position of the yield point was obtained by Tavenas
et al. from plots of p’ against W (Fig. 3.16c). The yield points deduced from
these three different procedures were very similar, and the points plotted
in Fig. 3.15 are the average of the three estimates.

In some of the probing tests performed by Tavenas et al., p’ or q is held
constant. No matter what strain or energy variable is used, if the stress
axis shows an unchanging quantity, then there is no possibility of detecting
a yield point as a kink in the curve. In general, the yielding can be sought
in triaxial tests on a variety of paths in the p’:q plane, on some of which
any one of the simple effective stress variables 0,0}, p,q, or n=g/p’ may
be constant (Fig. 3.18). No single plot is likely to be suitable for detection

Fig. 3.17 (a) Work W as area underneath stress:strain curve; (b) yielding
deduced from variation of work done with applied stress.

g

aa C a C

(a) : (b)

_Fig. 3.18 Paths in effective stress plane on which different stress variables
remain constant.
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of yielding in all tests. Indeed, since yield points in tests on soils tend to
be rather less marked than those seen in repeated tension, or combined
tension and torsion of annealed copper, the best approach may be to use
as many different plots as possible so that a number of independent
estimates of yield points can be made.

There is, however, one derived plot which Graham, Noonan, and Lew
(1983) have shown can be used in general: this uses the cumulative work
input (3.12) as a quantity which incorporates all components of strain
increment and uses as the stress variable a scalar quantity, the length s
of the stress path (Fig. 3.19), where

os=./0p'? + 6q° (3.13)

This is a stress variable which increases -monotonically whatever the
~ direction of the stress probe.

In general, even- this plot should not be used in isolation, but in
combination with other possibilities, as shown in Fig. 3.20 adapted from
Grdham, Noonan, and Lew (1983). Here yield points have been sought
in plots of ¢;:¢,,0}:¢,, p':¢,,q:€,, and s: W for an anisotropic compression
probe on an undisturbed sample of Winnipeg clay, with g/p’ constant at
0.46. The yield points obtained from a series of plots such as these are
similar but by no means identical.

Graham and his co-workers have performed a large number of probing
triaxial tests on Winnipeg clay in order to discover the shapes of the yield
loci that are appropriate to samples at different depths in the soil deposit.
Samples of soil taken from different depths (Fig. 3.21a) are expected to
have different yield surfaces. However, the past history of loading of soil
elements at various depths can be expected to be similar — for example,
one-dimensional compression and unloading and possible secondary
effects such as cementation or ageing. So it is reasonable to suppose that
the general shape of the yield surface is the same for all depths and that

Fig. 3.19 Length of stress probe s.

A
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Fig. 3.20 Determination of yield points in triaxial tests on sample of
undisturbed Winnipeg clay: (2) axial effective stress ¢, and axial strain &,;
(b) mean effective stress p’ and volumetric strain ,; (c) deviator stress g and
triaxial shear strain ,; (d) radial effective stress o; and radial strain ¢,; (¢) length
of stress path s, (3.13) and Fig. 3.19, and work input per unit volume W (after
Graham, Noonan, and Lew, 1983).
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the size may vary because the past stresses are expected to have been
greater at greater depths.

A simple indicator of the size of the yield surface at any particular depth
is provided by the preconsolidation pressure o/, which, as previously
mentioned, is the yield point observed in an oedometer or one-dimensional
compression test. The vertical effective stress measured in a conventional
oedometer test does not provide sufficient information to plot an effective
stress state in the p’:q plane because the value of the horizontal stress is

not known. Knowledge of a preconsolidation pressure ¢’ thus only defines -

Fig. 322 Yield curves deduced from triaxial tests on samples of undisturbed
Winnipeg clay taken from four different depths (after Graham, Noonan, and
Lew, 1983): (a) yield curves in p':q effective stress plane; (b) yield curves
normalised with preconsolidation pressure o).
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a line in the p’:q plane (Fig. 3.21b), ' .
o, =0, (3.14)

or
p,+%=a;c O (315)

but the changing position of this line, which cuts the yield locus at the
effective stress state corresponding to yielding in the oedometer, is sufficient
to indicate the changing size of the yield locus in the p':q plane.

Yield loci obtained by Graham, Noonan, and Lew (1983) for samples
of Winnipeg clay from different depths are shown in Fig. 3.22a in the p':q
plane, and again in Fig. 3.22b normalised with respect to the appropriate
value of preconsolidation pressure. A single non-dimensionalised yield
curve can be sketched through the data points of Fig. 3.22b with reasonable
confidence.

The examples shown here are concerned with Canadian clays. However,
there is nothing exclusively transatlantic about the yielding of clays, and
other studies of the yielding of natural clays include Larsson (1981), clay
from Bickebol, Sweden; Bell (1977), clay from Belfast, Northern Ireland;
Berre (1975) and Ramanatha Iyer (1975), clay from Drammen, Norway;
as well as Wong and Mitchell (1975), clay from Ottawa, Canada.

34 Yielding of sands

Samples of clay can be taken from the ground with relatively
minor disturbance to the samples. A yield locus deduced from probing
tests in the triaxial apparatus on a series of field samples should represent
correctly the current yield locus for the clay in its in situ condition at a
particular depth in the ground. Sampling sand, unless it is strongly
cemented, inevitably leads to serious disturbance of the particle structure.
It is not usually feasible to reestablish field conditions of particle
arrangements in the triaxial apparatus, and -a more fundamental route
has to be taken to study the yielding of sands.

The determination of the entire shape of a current yield surface for a
given soil sample is not feasible. The detection of yielding requires that
the stress path that is being used to probe the yield surface be taken well
"beyond the yield point. As soon as the yield point has been passed, the
yield surface starts to change. It is axiomatic that a stress state can lie on -
or inside but never outside a current yield surface. The passing of the
yield point requires the current yield surface to change size and possibly
shape to accommodate the new current stress state. Any subsequent
probing investigates the shape, not of the original yield surface but of this
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new current yield surface, which may be called a subsequent yield surface.
Thus, in the triaxial stress plane p':q, a stress path AB (Fig. 3.23a) might
be used to discover one point Y on the current yield locus yl 1. The yield
point might be detected in a plot of deviator stress g against triaxial shear
strain g, (Fig. 3.23b), but by the time enough of the stress:strain curve has
been recorded to confirm the position of the yield point -Y, the current
stress state is at B, and a new yield locus yl 2 must exist passing through B.

. A major series of triaxial tests investigating the yielding of sand is

reported by Tatsuoka (1972) and summarised by Tatsuoka and Ishihara
(1974a). Tatsuoka subjected individual samples of Fuji River sand to
ElEbbrAte triaxial stress paths in order to locate the position of small
segments of developing yield loci for this sand. His procedure is illustrated
in Fig. 3.24. The applied stress paths consisted of sections at constant cell
pressure (6q/6p’ = 3) and sections at constant deviator stress (5g =0). A
typical path might consist of isotropic compression from O to A followed
by conventional, constant cell pressure compression from 4 to B. The
yielding of the sand is now governed by a yield-locus passing through B,
and its local form is investigated with the stress path BCDE. On this path

Fig. 3.23 Expansion of yieid locps from yli 1 to yl 2 on path 4B.
q : \ - q
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the deviator stress is reduced at constant cell pressure (B to C), then the
cell pressure is reduced at constant deviator stress (C to D), and finally,
the deviator stress is increased again at constant cell pressure (D to E).
The stress:strain response on section DE is studied to establish the position
of a yield point Y and thus deduce the local shape BY of a segment of
the yield locus through B. )

Evidently, a number of stress paths such as BCDE can be combined to
deduce the positions of a series of segments of developing yield loci. A
typical complete test path applied to an initially dense sample is shown
in Fig. 3.25a, and the corresponding stress ratio (n=q/p’): strain curves
are shown in Figs. 3.25b, c. A series of segments of yield curves are marked
on Fig. 3.25a, and all the yield segments for sand of this density are shown
in Fig. 3.25d. This last figure contains sufficient experimental observations
so that the shape of the developing yield curves can be sketched and a
mathematical description of a general yield curve can be generated. Such
a mathematical description contains a size parameter, equivalent to
preconsolidation pressure, which can be used to normalise the segments
in Fig. 3.25d onto a single curve.

Tatsuoka was primarily interested in probing the positions of yield loci
with paths on which the deviator stress g was increasing and on which
the ratio n = g/p’ was being steadily increased. Plastic deformations are

Fig 325 Yielding in triaxial probing tests on dense Fuji River sand: (2)
stress path in p':q plane used to examine yielding (e ), (b) yielding observed in
plot of stress ratio g/p’ and volumetric strain £,; (¢) yielding observed in plot of
stress ratio g/p’ and triaxial shear strain ¢,; (d) segments of yield curves in p":q
plane (after Tatsuoka, 1972).
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also a feature of paths in which g or # is held constant (as shown earlier
by the work of El-Sohby, 1969, and others). A particular example is
provided by isotropic compression: isotropic compression and unloading
of Fuji River sand is shown in Fig. 3.26. The response is qualitatively the
same as that seen earlier in isotropic compression and unloading of clays
(Fig. 3.13a). It is to be expected, then, that the yield loci will in fact be
closed in the direction of increasing p, as suggested by the dotted curves
in Fig. 3.25d, though Tatsuoka’s own data are rather sparse in this respect. ;
Data of the yielding of another Japanese sand in triaxial compression and
extension, presented by Miura, Murata, and Yasufuku (1984), go a little
further towards the closure of the yield locus across the mean effective
stress axis.
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In an earlier set of tests reported by Poorooshasb, Holubec, and
Sherbourne (1967), a procedure similar to that of Tatsuoka was used to
study the yielding of Ottawa sand. Whereas the yield segments found by
Tatsuoka (Fig. 3.25d) show some curvature with increasing mean effective
stress, Poorooshasb et al. suggested that an approximate description of
the yielding of their sand could be obtained by assuming that the yield
loci were lines of constant stress ratio g/p’ = 7 = constant. Here, too, some
extra statement is needed to describe the yielding that occurs under
increase of mean effective stiess. The sand data seem to be supporting a
slightly different picture of yielding from that seen for clays. For sands,
the dominant effect leading to irrecoverable changes in particle
arrangement is the stress ratio or mobilised friction. High mean stress
levels are required to produce significant irrecoverable deformations in
purely isotropic compression: this can be related to the hard, somewhat
rotund shape of typical sand particles. The quite different character of
clay particles and their interactions leads to much more significant

Fig. 3.26 Isotropic compression and unloading of loose and dense Fuji River
sand (after Tatsuoka, 1972).
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irrecoverable deformations under isotropic loading at the mean stress
levels encountered in routine geotechnical structures.
35 Yielding of metals and soils

. This chapter shows that the concepts of yielding and development
of irrecoverable plastic strains are just as rélévant for soils as for metals.
Just as combinations of tension and torsion were applied by Taylor and
Quinney to thin metal tubes to obtain information about the shape of
the current yield locus or yield surface for different metals, so combinations
of mean normal stress and deviator stress can be applied to samples of
soil in the triaxial apparatus to obtain information about the shape of
the current yield locus or yield surface for the soil. There is no difference
in principle between these results: in either case, changes of stress which
remain inside the current yield surface are associated with stiff response
and essentially recoverable deformations, whereas changes of stress that
push through the-current yield surface are associated with less stiff response
and the development of irrecoverable deformations.

Of course, important differences exist between the yielding of soils and
the yielding of metals. One has already been noted: yield points seen in
_tests on soils are in general less marked than yield points that are '
commonly observed in tests on metals. As a result, yield surfaces for soils

‘are rather less precisely defined than yield surfaces for metals.

There is a major difference between the shapes of yield surfaces for
metals and those for soils. The tests of Taylor and Quinney were used to
investigate whether the Tresca or the von Mises yield criterion was more
relevant for metals. The yield surfaces that emerge from the application
of these two yield criteria differ only in their shape in the deviatoric plane
(Figs. 3.7 and 3.8) where, with p’ constant, the Tresca yield surface has a
hexagonal section, and the von Mises yield surface has a circular section.
Both yield criteria are written in terms of differences of principal stresses;
absolute values are_ of no significance, and the size of both yield surfaces
is independent of the mean normal stress p’. It is a well-known experimental
observation that the presence of mean stress p’ has no effect on the yielding
of metals. In a diagram such as Fig. 3.22b, the yield criteria of both Tresca
and von Mises would plot as straight lines, g/o,, = constant.

For soils, on the other hand, the nature of the deviatoric sections of
the yield surface has yet to be explored, but the mean normal effective
stress p’ is of primary importance. Both for sands and for clays the
deviatoric size of the yield surface, that is, the range of values of g for stiff
elastic response, is markedly dependent on p’. Indeed, particularly for
clays, yielding occurs with increase of p’ even in the complete absence of
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deviator stress. For comparison with Figs. 3.7 and 3.8, Fig. 3.27 shows, in
three-dimensional principal effective stress space, a view of the yield surface
proposed by Clausen, Graham, and Wood (1984) for a natural clay from
Mastemyr, Norway.

This marked difference of shape of yield surface should, however, be
regarded as a difference in detail, and not a difference in principle, between
the plastic behaviour of metals and soils. Though soils are in many ways
more complex materials than metals to describe with numerical models,
we will show in subsequent chapters that it is perfectly possible to develop
simple elastic—plastic models for soils (helped by knowledge of the
elastic—plastic behaviour of metals) which fit readily into the same general
theoretical framework.

Exercises ,

E3.1. A block of material which yields according to Tresca’s yield
criterion, with yield stress 2¢ in uniaxial tension, is subjected to
an initial principal stress state (g,,0,,03) =(3¢/4,3¢/8, 3¢/8). The
stresses are then changed steadily, with “fixed ratios of stress
increments. Calculate the stress states at yield if the stress increment

Fig. 327 Yield surface in principal effective stress space for undisturbed
Mastemyr clay (proposed by Clausen, Graham, and Wood, 1984).




E3.2.

E3.3.

E34.

E3.5.
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ratlos (50,,50’2,503) are (a) (1, =%, -3 ®) (=41, -1 (9
(=3 =31 (@ 0,1, —1) (e) (—1,0,1) () (1, - 1,0).

Repeat E3 1 for initial principal stress states (¢,,0,,03) equal to
(a) (5¢/4,c/8,c/8) and (b) (c/6,2c/3,2¢/3), and note the different

-regions of principal stress space in which the yielding occurs.

Repeat E3.1 for a material which yields according to the yield
criterion of von Mises, with yield stress 2¢ in uniaxial tension.
A block of material which yields according to the yield criterion
of von Mises, with yield stress 2¢ in uniaxial tension, and which
behaves isotropically and elastically before yield, is subjected to an
initial principal stress state (o,,0,,03) =(2¢/3;¢/3,c/3), with the
principal axes 1, 2, 3 coincident with Cartesian reference axes x, y, z.
The block is subjected to a simple shear test, with shear stresses
7,.. being increased from zero in the x:z plane without change in
the normal stresses o, and ¢, and with no strain in the y direction.
Calculate the value of 7, at which yield occurs, and calculate the
corresponding set of principal stresses and the directions of the
principal axes referred to the x, y, z reference axes.
A sample of Winnipeg clay from a depth of 11 metres is set up in
a triaxial cell and allowed to come into equilibrium under effective
stresses (p’,q) =(150,0) kllopascals (kPa). At this depth, the
preconsohdatlon pressure is found from oedometer tests to be
=250kPa. Use the data of yielding of Winnipeg clay shown
in Flg 3.22 to estimate the effective stresses at which the yield locus
is reached in a conventional drained compression test.
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,Eiastic—plastic model for soil

4.1 Introduction

In this chapter we build a general but Simple elastic—plastic model
of soil behaviour, starting with the experimental observation of the
existence of yield loci that was discussed in Chapter 3. Other features are
added as necessary, and their selection is aided sometimes by our
knowledge of well-known characteristics of soil response and at other
times by knowledge of the elastic-plastic behaviour of metals.

Broadly, having established that yield surfaces exist for soils, it follows
that, for stress changes inside a current yield surface, the response is elastic.-
As soon as a stress change engages a current yield surface, a combination
of elastic and plastic responses occurs. It is necessary to decide on the
nature of the plastic deformations: the magnitudes and relative magnitudes
of various components of plastic deformation and the link between these
magnitudes and the changing size of the yield surface.

It must be emphasised again that we are attempting to produce a simple
broad-brush description of soil modelling which cannot hope to match
all aspects of soil behaviour. Some of the shortcomings of such models
are discussed in Chapter 12. For convenience of presentation, the
discussion is largely restricted to combinations of stress and strain that
can be applied in the triaxial apparatus, and the model is described in
terms of triaxial stress variables p’ and g and strain variables ¢, and ¢,.
For convenience, it is assumed that changes in the size of the current yield
locus are related to changes in volume, which permits the compression
and shearing of clays to be brought simply into a_single'picture and leads
to a class of what can be called volumetric hardening models. The
possibility that changes in size of yield loci are related to distortional as
well as volumetric effects is included in Section 4.5.
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4.2 Elastic volumetric strains

A yield surface marks the boundary of the region of elastically
attainable states of stress. Changes of stress within the yield surface are
accompanied by purely elastic or recoverable deformations. The
relationship between strain increments and stress increments can be
written if the elastic properties of the soil are known. It might for
convenience be assumed that the soil behaves isotropically and elastically
within the yield surface; then the elastic stress: strain relationship becomes
(from Section 2.2)

o 1/K’ 0 op :
L e ]l] S
d¢, 0 1/3G'JlLéq
and recoverable changes in volume are associated only with changes in
mean effective stress p’. (There would be no difficulty in incorporating an
anisotropic elastic description of soil response within the yield surface,

but it would make the presentation of this discussion rather less clear '
since the possibility of elastic volume changes accompanying changes of

Fig. 41 Normal compression line (ncl), yield locus (y1), and associated
unioading-reloading line (url).

(b)
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deviator stress g at constant mean effective stress p” would have to be
admitted.)

Suppose that a particular soil sample has the yield locus (yl) in the p’:q
plane shown in Fig. 4.1a. The specific volume v of this sample could be
determined for some effective stress state such as 4 within the yield locus,
and a point corresponding to A4 could be plotted in the compression plane
p’:v (Fig. 4.1b). A change in stress which involves a change in mean stress
p’, such as from A to B in Fig. 4.1a, leads to a change in volume, from
(4.1). A new point B can then be plotted in the compression plane
(Fig. 4.1b). Because the response is elastic, the route taken in the stress
plane from A to B is immaterial. As all stress states within the yield locus
are visited, a series of points in the compression plane is obtained, forming
a single unloading-reloading line (url) (Fig. 4.1b), which represents
elastically attainable combinations of specific volume v and mean effective
stress p'. .

The position, shape, and size of the yield locus for the soil shown in
Fig. 4.1a have resulted from the past history of loading of the soil. A likely
history could be one-dimensional compression (and unloading). The stress
path associated with one-dimensional or other anisotropic normal
" compression is a straight line such as OC in the p': g stress plane (Fig. 4.1a),

and the yield locus (yl) passes through the point C of maximum com-
‘pression. The combinations of specific volume v and mean effective stress
p’ at various stages of normal compression form a normal compression
line (ncl) to point C in the compression plane (Fig. 4.1b).

The two statements concerning the elastic behaviour within the yield
locus and the history of normal compression which created the yield locus
are combined in Fig. 4.1 to illustrate the predominantly irrecoverable and
plastic nature of the volume changes occurring during normal com-
pression, while the yield locus is being pushed out to its present position.

The compression plane diagram of Fig. 4.1b has been drawn with a
linear scale for the mean stress p’ axis. It is often found that the linearity
of normal compression lines and unloading-reloading lines in. the
compression plane is improved if data are plotted with a logarithmic scale
for the mean stress axis (Fig. 4.2). The equation for the normal compression
line (ncl) then takes the form : ‘

_ v=v;—Alnp’ . 4.2)
and the equation of the unloading-reloading line (url) takes the form
v=v,—xlnp’ (4.3)

where 4 and « are the slopes of the two lines and v, and v, the intercepts’
on the lines at p’ = 1. Evidently (but unfortunately), the values of v, and



4.2 Elastic volumetric strains 87

v, depend on the units chosen for the measurement of stress. Throughout
this book it is assumed that the unit of stress is 1 kilopascal (kPa).
‘Equations(4.2) and (4.3) have been written in terms of natural logarithms
because natural logarithms emerge automatically from mathematical
mamp‘ulzmons Results of oedometer tests are often plotted on a
semilogarithmic basis, with a logarithmic stress axis, and the response in
compression and unloading is described using a compression index C.
and a swelling index C; (Fig. 4.3), such that the equation of the normal

Fig. 42 Normal compression line (ncl) and unloadmg—reloadmg line (url) in ‘
{ln p’:v) compression plane.

- Fig. 4.3 Results of one-dimensional compression test in oedometer interpreted
in terms of compression index C. and swelling index C.

logyg 0,
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compression phase is
v=r.—C.log,o0, (4.4)
and the equation of the unloading or swelling phase is
v=r,— C,log,o0, . (4.5)
where v, and v, are intercepts for o, = 1. ‘
The principal difference between equations (4.2) and (4.3) and equations

(4.4) and (4.5) is the (conventional) use of logarithms to base ten in the
latter pair. The slopes of the two sets of lines are simply related:
C.=4iln10=234 , (4.6)
and \
C.~kIn10=23k 4.7)
(The reason for the approximate relation between C; and x will emerge
in Section 10.3.2.) B
It is obviously helpful to have some expression describing the shape of
normal compression and unloading-reloading lines in the compression
plane. Expressions (4.2) and (4.3) provide a simple description of this shape,
but the development of the elastic—plastic model for soil in this chapter
does not depend on this particular shape. Assumption of a particular
shape permits the discussion to be focused, .but it should become
clear how freedom to include more general relationships can be
retained. :
Equation (4.3) for the unloading-reloading line can be written in an
'incremental form,

op’ :
o= — xi : (4.8)

'

p
where the superscript e indicates that these are elastic recoverable changes
in volume. Since an increment in specific volume év produces an increment
of volumetric strain : i

: —ov
b2, =— (49
.(Section 1.2), expression (4.8) can be rewritten as
sy
set =k - (4.10)
vp

where again the superscript e denotes an elastic strain increment.
By comparison with (4.1), this implies that

_op | |
K

K’ (4.11)
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and a constant slope x of the unloading-reloading line in the
semi-logarithmic compression plane (Fig. 4.2) implies a bulk modulus K’
that increases with mean stress p’. [The effect in (4.11) of the small decrease
in volume v that occurs as the soil is reloaded is likely to be very much
smaller than the effect of the increase in p’.] '

Changes in deviator stress g within the yield locus, for isotropic elastic
soil, cause no changes in volume but do produce elastic deviatoric, or
triaxial shear strains dgy, which can be calculated from (4.1) with an
appropriate value of shear modulus G'. With a bulk modulus dependent
on mean stress p’ (4.11), there are, strictly, certain limitations on the choice
of a variable or constant shear modulus (Zytynski, Randolph, Nova, and
Wroth, 1978; and see Exercise E2.5). In practice, a value for shear modulus
might be deduced from the bulk modulus, an assumed value of Poisson’s
ratio v, and a combination of (2.3) and (2.4);
_3(1-2v)K’

21 +V)

This would lead to a shear modulus that was dependent on mean stress
in the same way as the bulk modulus. Alternatively, a constant value of
shear modulus might be assumed, in which case the variation of bulk
modulus with mean stress implies a variation of Poisson’s ratio;

rearranging (4.12) gives ’
y oK —2¢ | (4.13)
2G' + 6K’

’

@.12)

43 Plastic volumetric strains and plastic hardening

The previous section has considered changes in stress which lie.
within the current yield locus. Consider now a change in stress which
causes the soil to yield (Fig. 4.4a), a short stress probe from a point K on
the current yield locus (yl 1) to a point L outside the current vield locus.
The stress state L must lie on a new yield locus (y12), and an assumption
has to be made about the shape of this new yield locus.

One philosophy that might be followed has already been hinted at in
the discussion of the yielding of Winnipeg clay in Section 3.3. In Fig. 3.22
it was shown that the preconsolidation pressure o/ could be used to
normalise the current yield loci for samples of Winnipeg clay taken from
various depths in the ground. The assumption underlying that discussion
was that no matter what the value of the preconsolidation pressure, the
shape of the current yield surface would be the same, with only its size
changing. The important assumption is now made that, irrespective of the
stress path by which a new yield surface is created, its shape remains the
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The data of yielding of Winnipeg clay (Graham, Noonan, and Lew,

1983) which were presented in Section 3.3 fit in with this general picture.
Graham et al. not only determined the effective stresses at yield for soil
specimens taken from various depths (Fig. 4.5a) but also recorded the
corresponding values of specific volume. Consequently, their data can be
presented in the compression plane (Fig. 4.5b) as well as in the
effective stress plane. For each value of preconsolidation pressure o’ , that
is, for soil samples from each depth, the points in the compression plane
lie around a fairly well-defined curve. It is now being assumed that the
yield loci that Graham et al. deduced as current yield loci for samples
taken from various depths can be treated as identical to the subsequent
yield loci that would be observed if, for example, samples from the depth
with the lowest value of ¢/, were cubjected to stress paths which explored
regions of the p’:q effective stress plane lying outside the initial yield locus
for soil from this depth. :

The total change in volume that occurs as the stress state changes from
K to L in Fig. 4.4a is given by the vertical Av separation of K and L in
the compression plane in Fig. 4.4b. It is necessary, for the construction of
the elastic—plastic model for soil, to separate this total volume change Av

_ into recoverable, elastic, and irrecoverable, plastic, parts

Av=Av+ AvP 4.14) '

where the superscripts e and p refer to elastic and plastic deformations,
respectively. : ' :

The response of annealed copper wire to increasing cycles of loading
and unloading in uniaxial tension was discussed in Section 3.2. When,
having been loaded to 4, (Fig. 3.2) and unloaded to B,, the wire is reloaded
from B, (Fig. 4.6a), irrecoverable extensions of the wire begin when the
past maximum load is exceeded; and at a point such as 4,, the deformation
consists of irrecoverable and recoverable parts. The recoverable part is

found by unloading the wire to B,, and the irrecoverable part is then seen
~ to be the separation, on the P =0 axis, of points B, and B,. However,

the elastic properties of the copper do not change as the irrecoverable
deformation increases, so the increase in irrecoverable deformation on the
loading cycle B,C,A4,B, is given by the horizontal, P = constant,
separation of the unloading-reloading lines B, C, and 4,B, at any value

- of load P lower than the yield point for this cycle C,. It is not necessary

to remove the load completely to deduce the magnitude of the irrecoverable
deformatlon.

A direct analogy can be drawn between the response of the copper wire
and the response of the soil, which has been redrawn in Fig. 4.6b turned
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on its side for ease of comparison. For the wire, B,C, in Fig. 4.6a is an
unloading-reloading line (url 1), a line joining a set of elastically attainable
combinations of tension P and extension &8l For the soil, the
unloading-reloading line url 1 (Fig. 4.6b) is a line joining a set of elastically
attainable combinations of mean stress p’ and specific volume v. For each
material, after some yielding has occurred, there is a new unloading-
reloading line (url 2 in Figs. 4.6a, b) joining a new set of elastically attain-
able combinations of tension or mean stress, and extension or specific
volume. For the soil, then, by analogy with the copper, the irrecoverable
change of volume Av® is the separation of the two unloading-reloading
lines at constant mean stress (Fig. 4.6b).

Fig. 4.6 (a) Elastic and plastic behaviour in cycle of reloading and unioading
of annealed copper wire (after Taylor and Quinney, 1931); (b) normal
compression line (ncl) and unloading-reloading lines (url ! and url 2) for soil;
mean effective stress p” and specific volume v plotted with linear scale; (c) mean
effective stress p’ plotted with logarithmic scale.
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The equation of unloading-reloading line url 1 is, from (4.3),

v=v,—kKinp (4.15)
and the equation of unloading-reloading line url2 is
V=109 —xln j (4.16)

The irrecoverable change in volume is simply the change in the intercept
t, in the equation for the unloading-reloading line:
AP = Av, =0, — Uyy 7 (4.17)
An alternative expression for this irrecoverable volume change can be
obtained by looking in greater detail at the region of the compression
plane around the points at which the unloading-reloading lines meet the
(one-dimensional) normal compression line (Figs. 4.6b,c). Point A4 in
Figs. 4.4 and 4.6b,c is the point on the normal compression line with
p’ = p.,. themean stress which in normal compression leaves the soil with
yield locus yl1 through A in the stress plane (Fig. 4.4a) and with
unloading-reloading line url 1 in the compression plane (Fig. 4.4b). Point
B is, correspondingly, the point on the normal compression line with
p’'=p.,. The irrecoverable change in specific volume between the
unloading-reloading lines url1 and url2 is then seen to be the volume
change remaining when the normal compression stress is increased from
p., to p,, and then reduced to p), again. From (4.2) and (4.3), this is

AvP = —}.ln(pf2)+x1n(g%3> ’ (4.18)
Poy ) Por
Po2 .
pol )

where the first term of (4.18) represents the toral change in volume
occurring as the mean stress is increased from A to B along the normal
compression line, and the second term is the part of this volume change
which is recovered when the mean stress is reduced again. In the limit,
{(4.19) becomes

op. |
S0P = — (A — k) ~L2 " (420)
and in terms of strains,
6 4
568 = (1 — 1) L (4.21)
vp, -

These two expressions, (4.20) and (4.21), for plastic volumetric changes
are very similar to the two expressions (4.8) and (4.10) for elastic volumetric
changes. The multipliers are different [( — k), which controls the plastic
deformations, is typically about four times as big as k, which controls the
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elastic deformations (see Section 9.4)] and whereas elastic changes in
volume occur whenever the mean effective stress p’ changes, plastic changes
of volume occur only when the size of the yield locus changes, specified
by a normal compression stress p.,.

The total volumetric strain increment is the sum of its elastic and plastic

components [compare (4.14)]:

Se, =065+ 067 (422) -
or
5 ’ . 5 ’
S8, = k-2 4 (4 —x) Lo (4.23)
vp vpo
_ Similarly for-the total change in specific volume v -
ov = ov° + SvP . . (4.24)
or ,
op op’ ) .
5,,=_,cp_’j_(;._x)_”; (4.25)

When the soil is béing (one-dimensionally) normally compressed, the
stress state is always at the tip of the current yield locus - always in the
same geometrical position (4, B, and C in Fig. 4.7) - and p’ = p,. Then,

Fig. 4.7 Successive yield loci and unloading-reloading lines resulting
from normal compression.

Ll / p -
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from (4.23), the total volumetric strain increment is
op’

se,=1°F @26y
vp
‘and the total change in specific volume is
ép \
sp=—1E 4.27)

. . T tzr - . . .
which, being integrated, recovers the equation of the normal compression

line:
v=v,—Alnp’ (4.2bis)

As an illustration of the separation of volumetric strains into elastic

. ~and plastic components, consider the response of the clay to three stress
- probes PQ, PR, and PS starting from the same point P on the current

yield locus (yl1) (Fig. 4.8). The path PQ is directed towards the interior
of the yield locus yl 1 and consequently produces purely elastic response.
In the compression plane, the state of the soil moves up the current
unloading-reloading line (url 1). The elastic change in volume is given by

6 ’
vt = —x 2 (4.8bis)

Fig. 4.8 Stress probes producing recoverable and irrecoverable changes in
volume, .

9 yl2

(b)
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and the elastic volumetric strain by

det = xé—a’ ‘ : . (4.10bis)
vp
This elastxc process occurs with no change of p’.

The path PR is directed vertically upwards in the p’:q plane, at constant
P’ (Fig. 4.8a). The new effective stress state R lies on a new larger yield
locus (y12) which could have been obtained by further (one-dimensional)
normal compression of the soil from p;, to p,, (4 to B in Fig. 4.8). This
new yield locus is associated with a new unloading-reloading line (url 2)
meeting at p,- (B in Fig. 4.8b) with the (one-dimensional) normal
compression line in the compression plane. Since there is no change of p’
from P to R, there is no elastic volumetric strain (i.e. there is no change
in the amount of elastic volumetric strain energy stored in the soil), and
the volume change resulting from the change in p), is purely plastic, given
by (4.20), and the plastic volumetric strain is given by (4. 21):

5eP = (A —x) o, (4.21bis)
Up -

Path PS§ is a stress path with the same change in p’ as path PQ (Fig. 4.8),
but the points have been chosen in such a way that S not only lies on
the same new expanded yield locus as R (yl2) but also has the same
specific volume as the initial point P (Fig. 4.8b). This is clearly a path
which involves both elastic and plastic changes in volume. Since the overall
change in volume is zero, the sum of the elastic and plastic changes must
be zero,

ov=20v"+ 6P =0 ) ; (4.28)
Similarly, in terms of volumetric strains ’
S, = 86 + 867 =0 o  (4.29)
The elastic volumetric strain is given by (4.10),
5t =i 2P (4.10bis)
vp

Since, as drawn in Fig: 4.8, 6p’ < 0 therefore, d¢; < 0. The plastic volumetric
strain is given by (4.21),

; op, '
5eP = (4 — 1) Lo _ ) (4.21bis)
op,
and to give a zero total volumetric strain oeb > 0 and op, >0, as drawn
in Fig. 4.8.

The stress path PS is associated with zero volume change and is thus
part of the effective stress path that would be followed in a constant
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volume or undrained test. The important conclusion is that a condition
of no overall change in volume places no restrictions on the individual
elastic and plastic components that make up that overall change. The
implication is then that yielding can, and in general does, occur in an
undrained test, with elastic and plastic contributions exactly balancing to

ar;sfwj‘a"s&ﬂ‘iw‘»'«givc zero resultant total volumetric strain. In general, therefore, the

effective stress path followed in an undrained test does not have the same
shape as the yield locus. It is necessary for the yield curve to be expanding
and producing plastic volumetric compression in order to balance the
elastic volumetric expansion that occurs as a result of the reduction of
mean effective stress as the pore pressure builds up in an undrained test.
(It is shown in Section 5.4 that there may be some undrained paths on
which these effects are reversed and plastic volumetric expansion occurs
with a counterbalancing elastic volumetric compression.)

44 Plastic shear strains -
In the previous section, plastic volumetric strain has been
associated with change in size of the yield locus. A certain irrecoverable

Fig. 4.9 Stress probes between pair of yield loci.
q

(b)
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change'in volume dv® (Fig. 4.9b) is associated with the expansion of the
yield locus from yl 1 to yl 2 (Fig. 4.9a), but this expansion could have been
achieved with any one of the stress paths AB, CD, EF, GH, KL, MN, or
PQ (Fig. 4.9a). The recoverable change in volume associated with each of
those paths would be different since the changes in mean stress p’ are
different, but because each stress path forms a link between the same two
yield loci, the change in p, (which indicates the size of the yield locus)
caused by each path is the same; hence, from (4.20), the irrecoverable
change in volume is the same. There is clearly a basic difference in the
way in which elastic and plastic volume changes are generated.
Description of plastic volumetric strains provides only a pamal
description of the plastic deformation: it is necessary also to calculate the
magnitude of any plastic shear strains that may occur. When the plastic
deformatlon of thin-walled metal tubes was discussed in Section 3.2, it

e ot kvn) s

work oublrgn e deiewas Tn fnfétred from the pattern that emerged in Figs. 3.8 and 3.11 that the” =" . """
directions of the plastic strain increment vectors are governed, not by the:
route through stress space that was followed to reach the yield surface,
but by the particular combination of stresses at the particular point at which
the yield surface was reached. This idea of linking relative magnitudes of
plastic strain increments with stresses rather than stress increments is a
distinguishing feature of plastic as opposed to elastic response. Before the
. application of this idea to soils is considered in detail, an example will be
given of its application in another mechanical system.

4.4.1 Frictional block
The behaviour of a block sliding on a rough surface provides an
analogy for plastic behaviour of materials which may be helpful to those
unfamiliar with the theory of plasticity. ,
A block sitting under a normal load P and subjected to an increasing

Fig. 4.10 Block sliding on frictional interface (a) side view; (b) plan.
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shear load Q, in one direction (Fig. 4.10a) slides off in that direction when
Q.=upP » (4.30)
where u is the coefficient of friction for the rough interface (and the

- distinction between static and dynamic friction is being ignored). If the

block is subjected to shear loads Q, and Q,, orthogonal to each other
and to the normal load P (Fig. 4.10b), then sliding occurs when the
resultant shear load is equal to uP, that is, when

VOI+Ql=uP | 4.31)

f=02+Q2—y?*P*=0 (432)
Equations (4.31) and (4.32) describe a sliding surface for the block:-in

or

- P:Q.:0Q, space, which has the shape of a right circular cone centred on

the P axis. A section through this sliding surface with Q, =0 produces a
straight line (4.30) (Fig. 4.11a), and a section at constant P produces a
circle of radius uP (Fig. 4.11b). The second equation (4.32) of the sliding
surface introduces a sliding function f which can be computed for any
set of values of P,Q,,0Q,. If f <0, then the block remains still. If f =0,
then the block slides. Values of f > 0 are not admissible.

_ Consider the block loaded only with the shear load Q, applied at the
upper surface of the block. There may be some elastic shear deformation
of the block before it slides away, and the load : displacement relationship
is as shown in Fig. 4.12a. In the P:Q, plane, the sliding motion can be
indicated by a vector of sliding components of displacement 6z°:x*, where

-the superscript s indicates that the elastic contribution to the total

Fig. 4.11 Loads and displacements for sliding of frictional block: (a) sections

. through sliding surface (—) and sliding potentials (-~) for Q, =0; (b) section
through sliding surface and sliding potential for constant P, with loading path -
OABC.
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displacement has been subtracted, and where the z displacement is in the
direction of the normal load P. Since the block does not lift off the rough
surface sliding a]ways occurs with 8z° =0, and these sliding vectors are
directed parallel to the 0, axis (Fig. 4.11a).

If, after some sliding has occurred in the x direction, the shear load (0N
is reduced to uP/2, without changing P (4B in Fig. 4.11b), and an
increasing orthogonal shear load @, is applied (BC), then, from (4.31) or
(4.32), sliding occurs when Q, = \/§_yP/2. Even though sliding is induced
by increments in Q,, it occurs in the direction of the resultant shear load,
so that a vector of the components of sliding displacement 8x*:6y* is
always normal to the circular sliding locus in the 0 :Q, plane (Fig. 4.11b).

The resulting load:deformation relationship for the increasing force Q,
and the displacement in the x direction is shown in Fig. 4.12b. Just as for
the thin metal tubes, in which increments of torque started to cause axial
extension when the material of the tubes began to yield (Fig. 3.9), so, for

- the frictional block, irrecoverable movements occur in the x direction even

though sliding is induced by the changing shear load in the y direction.
This is another example of the dependence of the components of
irrecoverable deformation on the state of loading at which irrecoverable
deformation is occurring and not on the path by which that state of

loading was reached.
A second function g can be lntroduced,

g= Q2 +Ql—k*= : (4.33)
where k is a dummy variable. This function can be described as a sliding

potential since the relative amounts of sliding displacement that occur in
each of the x, y, z directions can be found by differentiating g with respect

Fig. 4.12 Load:displacement relationships for sliding of frictional block:

(@) Q.:x; (b) Q,:x.
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to each of the corresponding loads:

o =y 29 = 20, (4.342)
' 00,
Cg :
oy’ =y — =x20 (4.34b)
00, ’ )
. dg
F=y—==0 4.34
X5p (4.34¢)

3’)1' he quantity y is a sclir multiplier which does not enter into any con-
siderations of the relative magnitudes of the three components of sliding
displacement. For any value of k, (4.33) describes a right-circular cylinder
in P:Q,:Q, space, centred on the P axis. ’

44.2  Plastic potentials

The next idea to be absorbed into a simple model of soil behaviour,
from these observations of the response of a simple mechanical system,
is the dependence of plastic deformations on the stress state at which
yielding of the soil occurs rather than on the route by which that stress
state is reached.

Suppose that yielding is occurring at a stress state Y in the p’:q plane
(Fig. 4.13a). Yielding is associated with the occurrence of, in general, some
plastic, irrecoverable volumetric strain é¢% and some plastic shear strain
deP. The magnitudes of these two components of strain can be plotted at”
Y with axes parallel to p’ and q to form a plastic strain increment vector
YS (Fig. 4.13a). A short line 4B can be drawn through Y orthogonal to
this plastic strain increment vector.

Fig 4.13 (a) Plastic strain increment vectors normal to family of plastic
potential curves; (b) families of plastic potentials (~~) and yield loci (—).
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Yielding can occur under many combinations of stresses in the history
of a soil, but for each combination, a vector of plastic strains can be drawn
(Fig. 4.13a), and a short line can be drawn through each yield point
orthogonal to the corresponding strain increment vector. As more data
become available, these lines can be joined to form a family of curves to
which the plastic strain increment vectors are orthogonal (Fig. 4.13a).
These curves are called plastic potentials.

 Given a general expression for the family of plastic potential curves, a
member of the family can be drawn through any stress state Y at which
yielding is occurring (Fig. 4.13b), and the direction of the outward normal
then defines the direction of the plastic strain increment; or, in general,
the direction of the outward normal to the plastic potential surface defines
the ratio (or relative magnitudes) of the various components of plastic
deformation that may be occurring. A direct similarity can thus be seen
with the sliding potential introduced for the frictional block in

‘ Section 4.4.1.

The magnitude of the plastic volumetric strain increment was discussed
in Section 4.3 and linked with the changing size of the yield locus. With
knowledge of the plastic potentials, the mechanism of plastic deformation
is defined. In particular, the relative magnitudes of plastic distortion (or
change in shape or shear strain) and of plastic change of size (or volumetric
strain) are specified. The magnitude of the plastic shear strain can then .
be calculated, and the description of the plastic behaviour of the soil is

complete.

4.4.3 ~ Normality or associated flow
The plastic potentials of Fig. 4.13a form a family of curves in the

p':q stress plane. The yield loci of Fig. 4.7 also form a family of curves in
the p’:q stress plane. Complete specification of the soil model requires
information about each of these sets of curves (Fig. 4.13b). Recall that, in
studying the behaviour of the copper tubes (Figs. 3.8 and 3.11), the vectors
indicating the relative magnitudes of the various components of
irrecoverable deformation were orthogonal to the curve in the stress plane
which specified the Bnskt of these irrecoverable deformations — the yield
curve. In other words, for this example from metal plasticity, the plastic
poten'tials and yield loci coincide, and the two sets of curves are identical.
For the frictional block of Section 4.4.1, however, the sliding surfaces were
cones, but the sliding potentials were cylinders and therefore not’
coincident, though the sections at constant P were both circles.

When it comes to inventing models of soil behaviour or to attempting
to describe observed patterns of response, it is clearly a great advantage
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if, for a given material, the shapes of yield loci'and plastic potentials can
be assumed to be the same; then the number of functions that has to be
generated to describe the plastic response is reduced by one. It also turns
out to be advantageous to have coincident yield loci and plastic potentials
when numerical predictions are to be made using an elastic—plastic soil
model in a finite element program: the solution of the equations that
emerge in the analyses is faster and the validity of the numencal predictions
can be more easily guaranteed.

If the yield surfaces and plastic potentxal surfaces for a material are
identical, then the material is said to obey the postuls%e of normality: the
plastic strain increment vector is in the direction of the outward normal
to the yield surface. Alternatively, the material can be said to follow a
law of associated flow: the nature of the plastic deformations, or flow, is
associated with the yield surface of the material. Normality and associated
flow are two terms for the same pattern of material response.

It is important not to confuse the postulate of normality with Drucker’s

(1954, 1966) postulate of stability, which states that for a material under

a certain state of stress, subjected by an external agency to a perturbation
of stress, the work done by the external agency on the displacements it
produces must be posmve or zero. It essentially rules out the possibility
of strain softening and forces normality; that is, it forces the identity of
yield surfaces and plastic potentials. However, whereas stability implies
normality, normality does not imply stability, (see Section 5.3). Also, as
has been seen for the frictional block, it is clear that, for many materials,
plastic potentials and yield surfaces are not identical. While normality can
be regarded as a convenient assumption, stability can ‘hardly be proposed
as a necessary one.

The yield data found by Graham Noonan, and Lew (1983) for Winnipeg
clay were shown in a non-dimensional stress plane p’/c, :q/0,. in Fig.
3.22b. Graham et al. also measured the strains occurring after yield, were
able to separate pre-yield and post-yield strains to estimate the plastic
contribution to the total strains, and plotted the directions of the plastic
strain increment vectors é¢b: e} at the appropriate yield points with local
axes parallel to the p'/o), and g/o, axes (Fig. 4.14a). <

The immediate impression is that these plastic strain increment vectors
are roughly normal to the average yield locus. Closer examination shows
that the deviation from normality does vary between + 20° with an average
value of about 1° (Fig. 4.14b). There is perhaps a tendency for the ratio
of components of plastic shear strain to plastic volumetric strain to be
greater than that expected from normality, particularly around the top
of the yield locus (0.3 < g/p’ < 1.0), but for this soil the error in assuming
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normality to be valid would not appear to be very large. Further, since
the yield curve was itself drawn as an average curve, passing close to many
somewhat scattered data points, there would be scope for adjusting its
shape slightly to improve the agreement with the postulate of normality.
Data have been shown for a natural clay illustrating normality (or
relatively minor deviations from normality) of plastic strain increment
vectors to yield loci. For sands, the proposition of normality is much less
acceptable, and the elastic-plastic models that have been most successfully
used for matching the stress:strain response of sands have incorporated

- separate shapes for yield loci and plastic potentials (e.g. Lade, 1977;

Vermeer 1984).
In Section 3.4 it was noted that Poorooshasb, Holubec, and Sherbourne
(1967) had found experimentally that yield loci for Ottawa sand in triaxial

Fig.4.14 (a) Vectors of plastic strain increment plotted at yield points
deduced from triaxial tests on undisturbed Winnipeg clay; (b) departure from
normality for undisturbed Winnipeg clay (data from Graham, Noonan, and
Lew, 1983).
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compression could be approximately described by lines at constant stress
ratio, g/p’ = n = constant. In a previous paper (Poorooshasb, Holubec,
and Sherbourne, 1966), data of experimental plastic strain increment
vectors are used to define a set of plastic potentials. The results for dense
Ottawa sand are shown in Fig. 4.15. It is apparent that the assumption
of normality of plastic strain increment vectors to the yield loci would
result in much greater negative plastic volumetric strains (plastic
volumetric expansion or dilation) than are actually observed. The frictional
block analogy was introduced in Section 4.4.1 specifically to reassure the
reader that there is no need to be alarmed by non-associated flow. The
plastic flow of sands is discussed further in Chapter 8.

45 General plastic stress:strain relationship

The plastic compliance matrix relating increments of effective
stress 6p’ and dq in a triaxial apparatus and corresponding increments of
irrecoverable strain de? and Je} is derived here. Suppose that the soil has
yield loci

f(p'.q,p,)=0 , ' (4.35)
defining the boundary of the region of elastically attainable combinations
of effective stress in the p’:q plane. The parameter p, indicates the size of any
particular member of the family of yield loci.

Suppose that the soil has plastic potentials

9(p’,q,0)=0 (4.36)
where { is a parameter controlling the size of the plastic potential which
passes through the effective stress state p’:¢. The plastic strain increments
form a mechanism of plastic deformation related to the normal to the

Fig. 4.15 Yield loci (—) and plastic potentials (—-) for dense Ottawa sand
(after Poorooshasb, Holubec, and Sherbourne, 1966, 1967).
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plastic potential at the current effective stress state so that

589—,(6—9 @4.37)
op’ .
ag ’ ) .
0l =y — 4.38
G=15, | (4.38)

where  is a scalar multiplier whose value will be derived subsequently
from the assumed hardening characteristics of the soil.

Suppose that change in size of the yield loci, that is change in p;, is
linked with increments of both plastic volumetric strain and plastic shear
strain according to a hardening rule:

. _9p, ap, |
op, = et oeb + =2 s o€l o , | (4.39)
The differentxal form of the yield loci is J
5f el of o
=g +—20p,=0 4.40
6 ;0 6 op,, : (4.40)
Combining (4.37)—(4.40) ylelds an expression for the scalar multiplier yx:
of (op, dg op.d S
x=__<f'5, fq)/_[_(pog+pog) @4)
d dq Op, \0e® Op' 0¢€P Oq :

Substituting this expression for y back into (4.37) and (4. 38) gives the
general plastic stress: stram relationship:

af d 0

f dg of o9 5p

oe? ‘ - —
P -1 ap’ dp’ dq ap’

=[é£[?£35_9+%22]] arag ol
dp, L deb dp’  def g 6p dqg 0q Cq

o¢

g

(4.42)

From (4.42), it is clear that if plastic potentials and yield loci coincide
so that the soil obeys the principle of associated flow, and if )

f=g . (4.43)
then the compliance matrix of (4.42) is symmetric.

4.6 Summary: ingredients of elastic—plastic model

In the next chapter we discuss the response of a particularly simple
elastxc—plastlc model which fits into the more general volumetric hardening
framework which has just been presented. The generality of this framework
may make the whole process of model building seem a rather arbitrary
affair, but the intention has been to indicate that the framework of elastic—
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plastic models is a very broad framework, so that there is nothing mutually
exclusive about particular models which sit in different, possibly over-
lapping, parts of that framework. The general principles are of very wide
application. :

In general, assumptions, whxch can to some extent be guided by
experimental observations, are needed about four aspects of the elastic—
plastic response of the soil:

About the way in which elastic, recoverable deformations of the
soil are to be described.

About-the boundary in a general stress space of the region within
which it is reasonable to describe the deformations as elastic and
recoverable: a yield surface is needed.

About the mode of plastic deformation that occurs when the soil
is yielding: a plastic potential is needed to specify the relative
magnitudes of various components of plastic deformation.
About the way in which the absolute magnitude of the plastic
deformation is linked with the changing size of the yield locus;
this link is known as a hardening rule describing the expansion
of the yield locus (hardening of the soxI) with a sort of generalised
plastic tangent modulus.

(In some cases it is also necessary to make some additional assumption
about the conditions under which failure occurs, in other words, to define
a limiting surface in effective stress space beyond which the stress state
can in no circumstances pass.)

Each of these assumptions may contain other assumptions. For example,
to make the discussion a little less general, it has been assumed here that
elastic volumetric response is described by (4.10) and that this equation
remains valid, with a constant value of k, when the soil yields. It has been
assumed that the elastic response is isotropic. It has been assumed (except
in Section 4.5) that the expansion of the yield locus is controlled only by
plastic volumetric strain, and it has been assumed that this can be linked
with the normal compression of the soil: plastic volumetric strain describes
irrecoverable changes in volumetric packing of the soil particles (changes
in specific volume or void ratio) but does not describe major geometrical
rearrangements or realignment of particles. It has been assumed that the
yield loci always have the same shape, though their sizes may change.
Finally, it has been suggested that it may often be convenient to assume
that plastic potentials and yield loci have the same shape so that only
one (instead of two) sets of curves has to be defined. Each of these
assumptions is convenient; none of them is necessary.
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In summary, the ingredients of the elastic-plastic model are these:

E4.1.

E4.2.

E4.3.

E44.

1.

Elastic properties — how much recoverable deformation?
Yield surface -is plastic deformation occurring?

2. -
3. Plastic potential — what is the mechanism of plastic deformations?
4.

Hardening rule — what are the magnitudes of the plastic deform-
ations, and how much has the yield surface changed in size?

Exercises ‘
A block of material which yields according to the criterion of
Tresca, with yield stress 2c¢ in uniaxial tension, is subjected to an
initial principal stress state (o,,0,,03)=(3c/4,3¢/8,3¢c/8). The
stresses are then changed steadily, with fixed ratios of stress
increments. Calculate the ratios of principal plastic strain
increments at yield if the stress increment ratios (éa,, g5, 605) are
(—=1,0,1); (f) (1, —1,0). It can be assumed that the normality rule
holds for this material.

Repeat Exercise E4.1 assuming that the material yields according
to the criterion of von Mises, with yield stress 2¢ in uniaxial tension.
Assume that the normality rule holds for this material.

It is found that the stress:strain behaviour of a particular soil in |
triaxial compression tests can be represented by an elastic—plastic
soil model with yield loci-and coincident plastic potentials

q=Mp’ln(E‘,3>
\p

where p,, indicates the size of the current yield locus and M is a
soil constant. Hardening of the yield loci is described by
OPo_ V(565 + 4.5e7)

p; l —-K 4 q »
where A4, 2, and « are other soil constants. The elastic behavieur
of the soil is represented by a bulk modulus K’ = vp’/x and a shear
modulus G'. ‘

Generate the elastic and plastic compliance matrices linking
changes in volumetric strain d¢, and triaxial shear strain d¢, with
changes in p’ and q. Find expressions for the limiting values of
stress ratio n = g/p’ reached in triaxial compression tests performed
on initially normally compressed soil with (i)- constant mean
effective stress p’ and (ii) constant volume v.

A soil is found to have yield loci

S=q-25M[/p,(p,—P)+(p,—P)]1=0
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E4.5.

t, kPa

100f 2= g————- ~1.5

4 Elastic-plastic model for soil

of size governed by p, with M a soil constant, and plastic potentials
g=q—Mp’ln(£,>=0
p

where « is a size parameter. .

Sketch these curves in the p':g effective stress plane and discuss
the effective stress response to be expected in (i) a strain controlled
and (ii) a stress controlled undrained triaxial compression test on
a normally consolidated sample of this soil.

It can be assumed that p, varies only with plastic volumetric
strain 8¢? and is not affected by plastic shear strain Jef.

A sample of dense dry sand is set up in a plane strain biaxial
apparatus with initial stresses o, =0, =0, =100kPa. A test is
carried out in which ), is kept constant at 100 kPa and o is steadily
increased, with no strain-in the z direction. It is assumed that o7,
and o, remain principal stresses throughout the test. Appropriate
stress and strain variables for presentation of results of plane strain
tests were introduced in Section 1.5. '

The experimental results in Fig. 4.E1 suggest an idealisation '
using a perfectly elastic, perfectly plastic model. Yielding of the
ideal-material in these plane-strain tests is governed by the function

S8, )=t—5'sing’'=0
and plastic flow is governed by the plastic potential
g(s',t)y=t—s'siny =0
where ¢’ and ¥ are angles of friction and dilation, respectively.
The elastic behaviour is represented in matrix form by

-0 o)l
st | LB c]Lé
Show that 4 = K’ + G'/3, B=0, and C = G', where K' is the bulk

Fig. 4.E1 Biaxial test on dense sand.

4
A
N
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(a) (b)
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Exercises 111

modulus, and G’ is the shear modulus. Estimate values of K’, G’, and
Poisson’s ratio v/, and the friction angle ¢’ for the sand.

Show that after yield the ideal material experiences no elastic
strains, and hence derive a value for the dilation angle y.
Predictions are to be made of the behaviour of normally
compressed clay in triaxial compression tests using a work-
hardening elastoplastic model. The elastic strain increments are
related to the stress increments by the expressions

4

op 5.‘:;=ﬁ
3G’
where the bulk modulus K’ and the shear modulus G’ are

independent of stress level.
The yield function is given by
f=¢-M*{p'(p,—p)}=0
where p; is the value of p’ on the yield surface during isotropic

compression. The plastic potential is identical to f, and the
hardening law gives the increment of plastic volumetric strain as

3,

H

where H is a constant, also independent of stress level.
Determine expressions for the total strain increments e, and

de, in terms of the current stress ratio n=g¢/p’ and the stress

increments 6p’ and dq when yielding occurs. Hence, show that for

a test in which p’ is kept constant

1 4 2p. Mp_ +
e,,=<—— 2>q+ Pe ln( P: q)
3¢ HM HM \Mp.—q
where the initial conditions are g =¢,=0 and p’ = p, = p..
A soil is to be described with a volumetric hardening elastic—plastic

soil model within the framework presented in this chapter, with

P —
58,——

7 ! 585
0P, = vPy 7
and elastic volumetric strains
6 ’
de, =k _p’
vp - -

Show that if the yield loci and undrained effective stress paths
are plotted in terms of p’ and 5 = q/p’, then at any chosen value
of n, the ratio of the slopes of the two sets of curvesis A = 1 — /A
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'A particular elastic—plastic model.:
Cam clay

5.1 Introduction

In the previous chapter, elastic-plastic models for soil were
discussed in a general way. Yield loci and plastic potentials were skctched
but no attempt was made to suggest possible mathematical expressions
for these curves. In this chapter, a particular model of soil behaviour is
described and used to predict the response of soil specimens in standard
triaxial tests. In subsequent chapters, this model is used to illustrate a
number of features of soil behaviour. This particular model can be regarded
as one of the set of volumetric hardening models covered by the discussion
in Chapter 4. When the model was originally described in the literature
by Roscoe and Burland (1968), it was called ‘modified’ Cam clay to
distinguish it from an earlier model called Cam clay (Roscoe and Schofield,
1963). The qualifier modified is dropped here because the modified Cam
clay model has probably been more widely used for numerical predictions.
The ‘original’ Cam clay model is mentioned in Section 8.4.

The model is described here in terms of the effective stress quantities
p' and g which are relevant to the discussion of soil response in
conventional triaxial tests. Most of the examples given are for triaxial
compression, though it is tacitly assumed that triaxial extension can be
accommodated merely by allowing the deviator stress g to take negative
values. The extension of the model to other more gencral statcs of stress
is described briefly in Section 10.6.2.

It may be noted that the shape of yield locus assumed in the p’ q eﬂ'cctlve
stress plane for this Cam clay model bears very little resemblance to the
shapes of yield loci that were discovered expenmcntally for natural soils
(Chapter 3). There are three reasons for choosing, apparently perversely,
to discuss this particular model in detail. Firstly, on the grounds of
simplicity: the description of the shapes of the yield loci introduces just
one shape parameter.
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Secondly, in many of the experimental investigations-of soil behaviour
that have been carried out with programmes of triaxial tests in the
laboratory, the soil samples have been initially isotropically compressed
by subjecting them to a cell pressure with no deviator stress being applied.
Such a starting state of isotropic compression may not be very much like
the stress state that soils experience in the ground, but it is easy to apply.
Also, to avoid some of the variability of undisturbed natural soils, many
of the experimental investigations of fundamental soil behaviour have
deliberately concentrated on reconstituted soils because of the greater ease
of obtaining reproducible and comparable results from many essentially
identical samples. Consequently, many of the patterns of soil response
that have been observed have been observed in tests on initially isotropi-
cally compressed reconstituted soils, and it is these patterns that have
particularly guided the development of models such as Cam clay, even
though these soils may appear to.be somewhat remote from reality.

Thirdly, as is shown in Chapters 10 and 11, for many practical
applications the differences between this simple model, Cam clay, and
apparently more realistic models may not be important.

The most successful applications of this Cam clay model have been to
problems involving the loading of samples of clay or geotechnical
constructions on clay. Nevertheless as is shown in subsequent chapters,
many of the patterns of response that can be illustrated with this particular
model are relevant to other, non-claylike soils. It must be emphasised
that this is a pedagogic model, deliberately presented at the simplest
possible level. If the presentation of this model can be successfully followed,
then it will become apparent that it is relatively straightforward to make
the changes that are required to incorporate more realistic features of soil.
response.

52 Cam clay :
The four ingredients of an elastic—plastic model listed in

Section 4.6 are

1. Elastic properties
2. Yield surface

3. Plastic potential
4. Hardening rule

It is assumed that recoverable changes in volume.accompany any
changes in mean effective stress p’ according to the expression

des =« éf’-, (5.1)(4.10bis)
vp
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implying a linear relation, in the compression plane, between specific
volume v and logarithm of mean stress p’ for elastic unloading-reloading
of the soil (url in Fig. 5.1c).

It is assumed that recoverable shear strains accompany any changes in
deviator stress g according to the expression

5 -
bet = 2L | (5.2)

with constant shear modulus G'. ,

As shown in Section 4.2, the combination of (5.1) and (5.2) implies a
variation of Poisson’s ratio with mean effective stress but to assume instead
a constant value of Poisson’s ratio would be equally acceptable.

The simplest shape that could be imagined for the yield locus in the
p':q stress plane would be a circle (or perhaps a sphere in principal stress
space). The next most simple shape is an ellipse (an ellipsoid in principal
stress space) which offers some extra freedom by comparison with the
circle since the ratio of major to minor axes can be retained as a shape
parameter of the model. For this isotropic model, the ellipse is centred

Fig. 5.1 (a) Elliptical yield locus for Cam cléy model in p":q plane; (b),(c)
normal compression line and unloading-reloading line in compression plane.
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on the p’ axis (yl in Fig. 5.1). It is convenient to make it always pass
through the origin of effective stress space, though this is not essential: It
seems. reasonable to propose that unless the soil particles are cemented
together, a soil sample will not be able to support an all-round tensile
effective. stress and that irrecoverable volumetric deformations would
develop if an attempt were made to apply such tensile effective stresses.
A convenient way in which to write the equation of the ellipse in

Fig. 5.1a is

p__ M

P, M*+n?
where n = g/p’. This equation describes a set of ellipses, all having the
same shape (controlled by M), all passing through the origin, and having
sizes controlled by p,. When the soil is yielding, the change in size p, of
the yield locus is linked with the changes in effective stresses p’ and q = np’,
through the differential form of (5.3):

(5.3) |

or 2non_ _%_y  (5.4a)
P M+n* p)
or ' ' : ' '
M2 —n?\ 6p' 2 g &p'
() Z o+ () 2 -2 " (s4)
M*+n*/ p M*+n*) p P,

To incorporate this particular form of yield locus into the general
framework presented in Section 4.5, (5.3) can be rewritten as ‘
f=¢-M[p'(p,—p)]=0 ~ (5.9)
It is assumed that the soil obeys the normality condition; so that having
assumed an equation for the family of yield loci (5.5), we find that the
plastic potentials are automatically given by the same family of curves in
the p’:g plane:
g=f=¢"—-M*[p(p,—p)]=0 - , (5.6)
Then the vector of plastic strain increments 5é" :0¢} is in the direction of
the outward normal to the yield locus (Fig. 5. 1) Thls implies, from (4. 37)
and (4.38), that

555 _ dg/0p
oe?  0g/dq
2 ' 22
M@y —p)_M"—1n . . 57)
2q - 2n

when plastic deformations are occurring.
It is assumed that yield loci expand at constant shape, the size being
controlled by the tip stress p, and that the expansion of the yield loci,
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the hardening of the soil, is linked with the ndrmal compression of the
soil. Following Section 4.3, we assume a linear relationship between specific
volume v and logarithm of mean effective stress p, during isotropic normal
compression of the soil (iso-ncl in Fig. 5.1c), ,
v=N-Ailnp, : | (5.8)
where N is a soil constant specifying the position of the isotropic normal

compression line in the compression plane p':v (Fig. 5.1c). Then the
magnitude of plastic volumetric strains is given by

op., . ’
862 = [(A — /o] 2 (5.9) (4.21bis)
p, :
and the elements of the hardening relationship (4.39) become
%Po_ 2P (5.10a)
ceb A—«k
Pe _ (5.10b)
cep ,

The description of the model is now complete. Combining (5.1) and
(5.2), we can summarise the elastic stress:strain response in the matrix

equation

oc, | | xk/vp" - 0O op’ :
[ae;]"[ 0 1/36'][&1] G1D

Comparing (5.4b) with (4.40) and substituting in (4.42), we can summarise
the plastic stress:strain response in the matrix equation

[asg]; (1 —x) [(Mz—nz) 29 ][&"] (5.12)
sl wp(MP+n)L 21 A /MP—pP)]lég] T

Equation (5.12) operates only if plastic strains are occurring. The
compliance matrix in (5.12) is symmetric because of the assumption of
associated flow (normality). Its determinant is zero because, from (5.7),
the ratio of plastic volumetric strain to plastic shear strain is dependent
on the stress state — in fact, the stress ratio, at which yielding occurs — and
not on the stress increments; hence, the two rows of the plastic compliance
matrix are multiples of each other.* :

*Although the equations that have been presented and the following discussion relate to
the restricted axially symmetric conditions of the triaxial apparatus, the mode! can be applied
more generally. It was shown in Section 1.4.1 that the stress variables p’ and g and strain
increment variables é¢, and ¢, used to describe conditions in the triaxial apparatus are
special cases of more general variables which can be defined for all strain increment and
stress states, expressions (1.34)-(1.37). There is no difficulty in principle in interpreting (5.11)
and (5.12) as though they were written in terms of these more general variables.

.
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Equations (5.11) and (5.12) are completely general and are relevant for
all effective stress paths that might be followed in the p":q plane. The use
of this Cam clay model is most easily understood by deducing the strain
increment response to a given increment of effective stresses. The steps
described are those which would be needed in, for examplé, the imple-
mentation of this Cam clay model in a computer program.

The elastic component of the strain increment can be calculated from
(5.11). It is then necessary to determine whether or not plastic strains are
occurring. Given an initial stress state 4(p’:q) and a current yield locus
defined by a current value of p,=p,,, increments of effective stress
AB(dp’,dq) are imposed (Fig. 5.2). From (5.3), a value of p, = p/, for the
member of the family of yield loci passing through the new effective stress

Fig. 5.2 (a) Stress increment expanding current yield locus; (b) stress increment
inside current yield locus.
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state B(p’ + 6p':q + 8q) (Fig. 5.2) can be calculated. If this value pg > p,,
(Fig. 5.2a), then the yield locus has had to expand to accommodate the
new stress state, and plastic strains are occurring. If this value p_; < p|,
(Fig. 5.2b), then the new stress state lies inside the current yield locus; so
plastic strains do not occur, and the yield locus does not change in size.
The total strain increments can be calculated from the combination of
(5.11) and (5.12) (if appropriate), and the procedure can be repeated for a
new stress increment using a new current value of pj, if the yield locus
was expanded on the previous increment.

The use of this model to predict the patterns of behaviour that can be
expected in conventional drained and conventional undrained triaxial
compression tests is described in the next sections. It will become clear
that the procedure of the previous paragraph has to be modified under
some circumstances. A quasi-graphical approach is used in which frequent
reference is made to the progress of tests in the effective stress and

- compression planes. Such an approach is more enlightening than a direct

onslaught using the compliance matrices (5.11) and (5.12), though of course
the end result is the same. -

53 Cam clay predictions: conventional drained

triaxial compression .

A conventional drained triaxial compression test is constrained
by its stress path in the p’:g plane. Since the cell pressure is being kept
constant,

og=36p (5-13)
A typical increment of loading BC in a drained compression test is shown
in Fig. 5.3. It is assumed that the increment starts from a stress state B
lying on the current yield locus yl B (Fig. 5.3a). This yield locus has a tip
pressure p.p and can be associated with an elastic unloading~reloading
line url B ending at p’ = p, on the isotropic normal compression line in
the compression plane (Fig. 5.3b). Point B can thus be located by projection
onto this unloading-reloading line.

The stress increment BC takes the stress state to C, which lies on a
new, larger yield locus, yl C, with tip pressure p/. (Fig. 5.3a) and corres-
ponding unloading-reloading line urlC (Fig. 5.3b). Point C in the
compression plane can be established by projection onto this unloading-
reloading line. The change in volume from B to C is made up of a
recoverable elastic part resulting from the change in p’ between B and C
and an irrecoverable plastic part resulting from the expansion of the yield
locus and represented by the vertical separation 6v5. of the unloading-
reloading lines url B and url C in the compression plane (Fig. 5.3b).
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From the specific volume vy of the soil at B, this irrecoverable change
in volume can be converted to a plastic volumetric strain:

- p
OvRe

0P = (5.14)
Ug

The direction of the outward normal to the yield locus yl B at B (Fig. 5.3a)
indicates the relative magnitudes of plastic shear strain and plastic
volumetric strain. The actual magnitude of the plastic volumetric strain
is known from (5.14), and hence the actual magnitude of the plastic shear
strain can be calculated. / A

As further increments of drained compression are applied, CD, DE, and
EF (Fig. 5.4a), the yield locus becomes progressively larger. As it does so,
the position of the current stress state in relation to the tip of the current
yield locus changes, so that the direction of the outward normal to the
yield locus changes progressively (Fig. 5.4a). The ratio of plastic shear
strain to plastic volumetric strain becomes steadily greater as the normal
to the yield locus becomes more nearly parallel to the g axis, eventually

Fig. 5.3 Stress increment in conventional drained triaxial compression test
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becoming infinite when the stress state reaches point F, at the crest of the
yield locus yl F (Fig. 5.4a) [compare (5.7), for n = M]. At F, from Fig. 5.1
and expression (5.4), '

p

At this point, unlimited plastic shear strains develop with no plastic
volumetric strain. With no plastic volumetric strain, the yield locus yl F
remains of constant size, 6p, =0 in (5.9). Since there is just one point
where the effective stress path BCDEF intersects this yield locus, plastic
shearing continues at constant effective stresses, and the loading can

Fig. 5.4 Sequence of stress increments in conventional drained triaxial
compression test: (a) p':q effective stress plane; (b) v:p’ compression plane;
(c) g:¢, stress:strain plot; (d) v:e, volume:strain plot. ’
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proceed no further. Looking at (5.12), for n = M, we héve

and

%o
op'

The progress of the drained test has so far been described with reference |
only to the p':q stress plane (Fig. 5.4a). At each point B,C,D,E, and F, a
new yield locus can be drawn with its corresponding unloading-reloading
line in the p’:v compression plane (Fig. 5.4b). The progress BCDEF of the
test in the compression plane can thus be deduced. The information about
shear strains permits a stress:strain curve to be generated (Fig. 5.4¢c),
showing the development of deviator stress q with triaxial shear strain &,

Combining (5.13), which specifies the effective stress path, with the plastic
stress:strain relation (5.12) produces the plastic shear strain: -

2n(M? — %) + 127

5e? = (A—x)

30 (M? + 1) (M = 1%)

(5.15)

Fig. 5.5 Conventional drained triaxial compression test on normally
compressed soil: (a) p’:q eflective stressyplane; (b) v:p’ compression plane;

(c) q:¢, stress:strain plot; (d) v:g, volume:strain plot.
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As n increases towards M, the slope éq/d¢] decreases steadily towards
zero (Fig. 5.4¢) [the elastic shear strain contributes an unchanging stiffness
6q/d¢; (5.11) as q increases].

Finally, the information about the test in Figs. 5.4b,c can be combined
to show the changing specific volume of the soil as the shear strain increases
(Fig. 5.4d). The change in volume is largely controlled by the irrecoverable
plastic volumetric strain. From (5.7),

b _ M=

.7bi
5e? 2 (5.7bs)

and as 7 increases towards M, the ratio oeb /o€y and hence the slope dv/de,
decrease steadily towards zero (Fig. 5.4d).

The route by which point B in Figs. 5.3 and 5.4 was reached has so far
been left rather vague. Two simple histories can be proposed. Firstly, the
soil could have been initially isotropically normally compressed to A4 in
Fig. 5.5. Point A lies at the tip of yield locus yl 4, and as soon as the
drained compression begins, the yield locus has to expand to accommodate
the new stress states. Plastic strains develop from the start of this drained
compression, and both the stress:strain curve g:¢, (Fig. 5.5¢) and the
volume:strain curve v:g, (Fig. 5.5d) show a continuous curve as the test
proceeds. ' :

Alternatively, the “soil could have been isotropically normally
compressed to p’ = p,g (Fig. 5.62) and then unloaded isotropically to 4,
leaving the soil lightly overconsolidated. The yield locus yl B created by
the normal compression is the yield locus through B: the isotropic
unloading to A4 and the drained compression from A to B represent changes
in stress lying inside this yield locus and are consequently purely elastic
processes. Both A and B lie on the unloading-reloading line url B with
its tip at p’ = p,p (Fig. 5.6b). The soil shows a stiff elastic response on
drained compression from 4 to B; and when plastic strains start to develop
as the soil yields at B, the stress:strain curve g:g, shows a sharp drop in
stiffness (Fig. 5.6c). Similarly, the volume change from A to B is elastic,
recoverable, and small; and the volume:strain relationship v:g, also shows
a break point at B (Fig. 5.6d). (The sharpness of this break point-depends
on the values of the soil parameteré A, x,G’, and M and on the stress ratio
n at which yielding occurs at B. It would be quite possible for the ratio
of elastic volumetric and shear strain increments just before yielding at B
to be the same as the ratio of elastic plus plastic volumetric and shear
strain increments just after yielding at B.)

The soil sample in Fig. 5.6 was lightly isotropically overconsolidated.
If the soil were isotropically compressed to K (Fig. 5.7a) and then unloaded
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Fig. 5.6 Conventional drained triaxial compression test on lightly
overconsolidated soil: (a) p’:q effective stress plane; (b) v:p’ compression plane;
(c) g:¢, stress:strain plot; (d) v:g, volume:strain plot. :
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Fig. 5.7 Conventional drained triaxial compression test on heavily
overconsolidated soil: (a) p’:q effective stress plane; (b) v:p’ compression piane;
{c) g:¢, stress:strain plot; (d) v:¢, volume:strain plot.
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to a point such as P, on drained compression the response would be elasuc
until the yield locus yl Q was reached at a point Q lying to the left of the
top of the yield locus. At Q the plastic strain increment vector points to
the left, indicating that if a continued increase in shear strain is to occur,
with plastic shear strains of the same sign as the preceding elastic shear
strains, then this must be associated with negative plastic volumetric straia,
in other words, plastic volumetric expansion. Expression (5.7) changss
sign as n passes from n <M to n> M.

Plastic volumetric expansion requires, from (5.9), that 6p, <0 and that
the yield locus should contract. So, at Q the effective stress path has to
retreat back towards P. Increments (or decrements) of p’ and g are sull
linked through (5.13). The progress of the test in the compression plane
(Fig. 5.7b) can be deduced by projecting the points R, S, and T in the
stress plane (Fig. 5.7a) from their yield loci ylR, y1S, and yl T down 10
the corresponding unloading-reloading lines url R, url§, and url T.

As the yield loci contract, the position of the effective stress state @, R,S.T - -

relative to the top of the yield locus changes, and the direction of the
plastic strain increment vector gradually approaches the vertical until at
T, with n= M, plastic shear deformations can again continue without
plastic change in volume. The stress:strain g:¢, and volume:strain r:g,
relationships can be constructed as before (Figs. 5.7¢,d). After the inital
elastic rise in g and decrease in volume (PQ), further plastic shearing
(ORST) is associated with a drop in g and an increase in v towards tae
limiting values corresponding to point T.

The response of this heavily overconsolidated soil sample indicates that
there is a problem in applying the general procedure for use of the model
outlined at the end of Section 5.2 because, at points such as O, R, and S
in Fig. 5.7, with n> M, plastic strains are associated with contraction
rather than expansion of the yield locus: plastic softening instead of plasic
hardening. A little consideration shows that some uncertainty is associatsd
with a change of stress QR (Fig. 5.8a).-It could be associated with positive
plastic shear strain QR in Fig. 5.8b, as in the previous example. However,
stress state R could also be reached from Q by a purely elastic unloading,
OR' in Fig. 5.8b, with no change in size of the yield locus. This aspect of
the behaviour of the model is discussed further in Section 7.4.

The contrasting patterns of response predicted by the Cam clay model
for conventional drained compression tests on normally compresssd
(Fig. 5.5) and heavily overconsolidated (Fig. 577) sampleés of soil can be
compared with experimental data from tests on normally compressed and
heavily overconsolidated samples of reconstituted Weald clay taken from
Bishop and Henkel (1957) (Figs. 5.9 and 5.10). These experimental data
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are presented as plots of deviator stress against axial strain (q:¢,) (Figs. 5.9a
and 5.10a) and plots of volumetric strain against axial strain (g,:¢,)
(Figs. 5.9b and 5.10b). These plots are broadly comparable with the plots
used for the Cam clay predictions in Figs. 5.5¢c, d and 5.7¢, d.

The responses of the model and of the real soil are similar. The normally
compressed sample shows a steady increase in deviator stress g with strain

Fig. 5.8 (a) Change in stresses QR associated with (b) irrecoverable plastic

shear deformation QR or elastic unloading QR’.

Q o
=" R_ T~ ~ F;\. R
- ~N
z N
7
/ \
\
\
\
P \ P
; ‘ €
. -4 q‘
@) (b)

) Fig. 5.9 Conventional drained triaxial compression test on normally
compressed Weald clay [0, = 207kPa (30 bf/in?)]: (a} deviator stress ¢ and
axial strain ¢,; (b) volumetric strain ¢, and axial strain ¢, (after Bishop and
Henkel, 1957).
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(Figs. 5.9a and 5.5c) and a steady decrease in volume (or increase in
compressive volumetric strain) (Figs. 5.9b and 5.5d). The heavily over-
consolidated sample shows a rise in deviator stress to a peak followed
by a drop with continued shearing (Figs. 5.10a and 5.7c), and an initial
decrease in volume (positive volumetric strain) followed by volumetric
expansion (negative volumetric strain) (Figs. 5.10b and 5.7d). It is perhaps
not surprising that the real soil has smoothed off the sharp peak proposed
by the model in Fig. 5.7¢; but apart from this detail, the features of the
response predicted by the Cam clay model are those that are seen in the
response of real soils and are features that ome would wish to see
incorporated in a successful model of soil behaviour.

54 Cam clay predictions: conventional undrained

triaxial compression

The way in which counterbalancing, equal, and opposite elastic
and plastic volumetric strains could combine to give zero nett change in
volume was described in Section 4.3 for the general elastic—plastic model
for soil. Since the elastic volumetric strain increment is

op' ’
de, =K _p_, (5.1bis)
vp .

Fig. 5.10 Conventional drained triaxial compression test on heavily
overconsolidated Weald clay [o; = 34kPa (51bffin.2)]: (a) deviator stress g
and axial strain g,; (b) volumetric strain ¢, and axial strain ¢, (after Bishop and
Henkel, 1957).
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and the plastic volumetric strain increment is

5 ’
568 = (A — K) =22 (5.9bis)
v vpo . .
the condition for the two to cancel out is
'58; + 58‘; =0 . : . ’ (5.16)
or
o 1)
Kp—p——(l— K) p° (5.17)

which forces a link between changes in mean effective stress p’ and changes
in the size of the yield locus, controlled by p,. The geometry of the yield
locus provides a link between changes in p’ and 7 (or q) which are causing
yielding and the resulting changes in P, as indicated by (5.4). Thus, (5.17)
provides a constraint on the changes of p’ and 5 (or gq) which lead to
constant volume deformation of the soil. From (5.4a) and (5.17),

—8p _(i=x) 2

= é 5.18
4 L M) 18
This expression can be integrated to give .
L MEP+ A )
£;=,<.____2 ”2> (5.19)
p M* +n; .
where il
A= " (5.20)

and p; and », define an initial effective stress state. Expression (5.19) specifies
the shape of the undrained effective stress path in the p’:g(=np’) plane
(Fig. 5.11), provided yielding and plastic volumetric strains are occurring.

If the effective stress state lies inside the current yield locus, then there
is no possibility of plastic volumetric (or-shear) strains being generated,
and the only way that (5.16) can be satisfied is for the elastic volumetric
strain also to be zero, which implies, from (5.1), that for isotropic elastic
soil the mean effective stress remains constant. Consequently, for any
initially overconsolidated sample that is subjected to an undrained test,
the effective stress path must rise at constant p’ until the current yield .
locus is reached (4B in Fig. 5.12) and the elastic—plastic effectlve stress
path of (5.19) can be joined (BC in Fig. 5.12). )

It is clear from (5.17) that the changes in p’ and p] must always be of
opposite sign. The sign of Jp, is linked with the sign of the plastic
volumetric strain increment, which is linked with the slope of the yield



128 5 Elastic-plastic model: Cam clay

curve (or, strictly, plastic potential) at the current stress state. If the soil
is in a state where n <M (4B in Fig. 5.13), then the yielding takes place
with a plastic strain increment vector directed to the right, implying plastic
volumetric compression. The soil wants to harden plastically, and the
current yield locus must increase in size, op, > 0. The mean effective stress
" must fall, ép’ <0, so that elastic expansion can balance the plastic
" compression (Fig. 5.13). '

If the undrained increment of deformation is being applied with > M
(QR in Fig. 5.14), then the yielding takes place with a plastic strain
increment vector directed to the left, implying plastic volumetric expansion.
The soil now wants to soften plastically, and the current yield locus must
decrease in size, 6p, < 0. The mean effective stress must now rise, ép’ > 0,
so that elastic compression can balance the plastic expansion (Fig. 5.13).

If the undrained increment of deformation is being applied at the top
of the yield locus (plastic potential) with n=M (G in Fig. 5.13), then
yielding takes place with a plastic strain increment vector directed parallel

Fig. 5.11 Effective stress path for constant volume deformation,
Equation (5.19).

Fig 5.12 Effective stress path for constant volume, undrained, deformation of
lightly overconsolidated soil.
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to the g axis, implying zero plastic volumetric strain,'éeﬁ = 0. Shearing
now continues indefinitely without change in size of yield locus, ép, =0
and hence, from (5.17), also without change in mean effective stress, 6p' = 0.
This particular stress ratio 7 =M thus acts as a limit to the undrained
effective stress path which cannot pass through this particular stress ratio
(Fig. 5.11), though it can approach it from either direction.

The prediction of the effective stress path followed by a sample in an
undrained test requires no knowledge of the total stress path that is being
imposed. The same effective stress path is followed for any triaxial
compression total stress path: the only difference to be seen in tests

Fig. 5.13 Increments of constant volume deformation: (2) p":q effective stress
plane; (b) v:p’ compression plane. :

q . n:M
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performed with different total stress paths is in the pore pressure that
develops. If an increment of the effective stress path indicates a change in
mean effective stress op’, and the corresponding increment of the total
stress path indicates a change in total mean stress dp, then the change in
pore pressure éu is (Fig. 5.14)

du=06p—op' (5.21)

In Section 1.6, a pore pressure parameter a was introduced to link pore

pressure changes with changes in applied total stresses:

ou=0op+adg : ~ (1.65bis)
Comparison of (1.65) and (5.21) shows that aindicates the currcnt slope
of the undrained effective stress path:

-5
a=07 ) (5.22)(cf. 1.64)
éq

In conventional undrained triaxial compression tests conducted with
constant cell pressure, the total stress path is given by [cf. (5.13)]
6qg=36p (5.23)
If the soil is deforming purely elastically, with effective stress states lying
inside the current yield locus, then
op'=0
and ’

As previously noted in Section 2.2, this implies that the pore pressure
parameter a is zero for such an elastic process.

If the soil is deforming plastically, then the value of a can be deduced
from (5.18). Recall that

éq=nop +p dn | : (5.25)

Fig. 5.14 Change in pore pressure ou = ép — dp’.
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The resulting expression for a is then -
2(A—x)n
a= -
AM? + n%) = 2(4 — k)

131

(5.26)

An undrained test on an initially normally compressed sample is shown
in Fig. ’5.15. Because the path of the test is constrained in the p':v
compression plane to lie at constant volume, év =0, the progress of the
test can be followed in graphical construction by choosing a sequence of
points in the compression plane (Fig. 5.15b). Each point 4,B,C, D, E, and
F lies on a new unloading-reloading line and hence on a new yield locus.

Fig. 5.15 Conventional undrained triaxial compression test on normally
compressed soil: (a) p':q effective stress plane; (b) v:p’ compression plane;

(c) g:¢, stress:strain plot; (d) u:e, pore pressure:strain plot.
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The path in the p':q effective stress plane can then be generated graphically
by projecting up from points 4,B,C,D,E, and F to the corresponding
yield loci (Fig. 5.15a). At each point the direction of the plastic strain
increment vector can be plotted, and the ratio of components of plastic
shear strain increment to plastic volumetric strain increment is thus
specified. The magnitude of the plastic volumetric strain increment can
be calculated from the vertical separation (6v°) of successive unloading-
reloading lines in the compression plane (Fig. 5.15b),

Sy

58 = (5.27)
v :

and hence the magnitude of the plastic shear strain increment can be

determined. By adding the elastic shear strains, we can build up the deviator

Fig. 5.16 Conventional undrained triaxial compression test on lightly
_overconsolidated soil: (a) p":q effective stress plane; (b) v:p’ compression plane;
() g:¢, stress:strain plot; (d) u:e, pore pressure:strain plot."
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stress:shear strain relationship (Fig. 5.15c). The pore pressure at each stage
can be deduced from the horizontal separation of the effective and total
stress paths in the p’:q plare (Fig. 5.15a), and this can be plotted against
the shear strain (Fig. 5.15d) to show the steady increase in pore pressure
in this conventional undrained test on a normally compressed sample.
The pore pressure has been separated into two parts, indicating the pore
pressure due to change in total mean stress p, over which the soil has
no influence, and the pore pressure resulting from the suppressed volume
change of the soil, —Jp’. As discussed earlier, the test cannot proceed
beyond the stress ratio 7 =M, and the implied values of deviator stress

Fig. 517 Conventional undrained triaxial compression test on heavily
overconsolidated soil: (a) p’:q effective stress plane; (b) v:p’ compression plane;
(c) q:¢, stress:strain plot; (d) u:e, pore pressure:strain plot.
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q and mean effective stress p’ impose asymptotes towards which the stress:
strain curve (Fig. 5.15¢) and pore pressure:strain curve (Fig. 5.15d) tend.

An undrained test on an initially lightly overconsolidated sample is
essentially similar (Fig. 5.16) except that it begins with an elastic phase
AB at constant p’ until the stress state reaches the initial yield locus yl B.
A graphical“deduction of this initial path is as follows. The test is
constrained to lie along a constant v line in the compression plane; the
test path cannot escape from its initial unloading-reloading line url B
(Fig. 5.16b) unless plastic volumetric strains occur; plastic volumetric strains
can occur only if the effective stress state lies on the current yield locus;
hence the test path must lie at the intersection of the initial unloading—
reloading line and the constant volume line; in other words, it must retain
the initial value of p’ until the value of deviator stress ¢ has increased

Fig. 5.18 Conventional undrained triaxial compression test on normally
compressed Weald clay [o; = 207 kPa (30 Ibf/in.2)]): (a) deviator stress g and
triaxial shear strain ¢ (b) pore pressure change Au and triaxial shear strain ¢,
(after Bishop and Henkel. 1957). ’
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sufficiently to bring the effective stress state to the yield locus and allow
plastic volumetric strains to occur. ‘

The elastic stage AB (Fig. 5.16a) is associated only with elastic shear
strains (5.2) (Fig. 5.16¢c) and with changes in pore pressure equal to the
change in total mean stress (5.24) (Fig. 5.16d). When yielding begins at B,
extra plastic shear strains occur and there is a sharp drop in stiffness
(Fig. 5.16c). Also, when yielding begins, the effective stress path turns
towards the left, p’ < 0, and there is in general a kink in the pore pressure:
strain relationship (Fig. 5.16d). ' ’

In an undrained test on an initially heavily overconsolidated sample
(Fig. 5.17), the first phase of loading is purely elastic PQ with no change
in mean effective stress p’ = 0 until the initial yield locus yl Q is reached
(Fig. 5.17a). The shear strains are purely elastic (Fig. 5.17¢) and the pore
pressures equal to the changes in total mean stress (Fig. 5.17d). Yielding,
with n > M, is associated with shrinking of the yield locus (Fig. 5.17a) and
with increase in mean effective stress. In the compression plane (Fig. 5.17b),
the path moves across progressively higher unloading-reloading lines as
plastic volumetric expansion occurs. The 'stress:strain curve (Fig. 5.17c)

Fig. 5.19 Conventional undrained triaxial compression test on heavily
overconsolidated Weald clay (o, = 34kPa (5Ibffin.2)}: (a) deviator stress g
and triaxial shear strain ¢,; (b) pore pressure change Au and triaxial shear
strain ¢, (after Bishop and Henkel, 1957).
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can be built up as before. The pore pressure (Fig. 5.17d) reduces from its
maximum value, reached at the moment of yield (Q), and may actually
have become negative by the time the end of the test is reached with n = M.

Experimental data of conventional undrained triaxial compression tests
on normally compressed and heavily overconsolidated samples of
reconstituted Weald clay are shown in Figs. 518 and 5.19, taken from
Bishop and Henkel (1957). These can be compared with the predictions
of the Cam clay model (Figs. 5.15¢c,d and 5.17c,d). Again, the responses
of the model and of the real soil are similar. The principal feature of both
the predicted and the observed behaviours is the contrast between the
steady increase of pore pressure in the undrained tests on the normally
compressed soil (Figs. 5.15d and 5.18b) and the initial increase followed
by a steady decrease of pore pressure in the undrained tests on the heavily
overconsolidated soil (Figs. 5.17d and 5.19b). It is not surprising that the
real soil has smoothed out the peak proposed by the modelin Fig. 5.17d.

The features of the response predicted by the model correspond to the
features observed in the response of real soil; as in Section 5.3, these are
features that one would wish to see incorporated in a successful model of
soil behaviour.

5.5 Conclusion

Note that the distinguishing features of either -drained or
undrained tests on normally compressed and heavily overconsolidated
soil arise from the same aspect of the model: the assumption about the
plastic potential, which controls the relationship between the magnitudes
of increments of plastic shear strain and plastic volumetric strain. If the
effective stress state is in a position in which strain hardening with plastic
volumetric compression occurs in a drained stress increment, which for
Cam clay means n< M, then a decrease in mean effective stress (and
increase in pore pressure) must necessarily occur in a corresponding
undrained stress increment. Similarly, if the effective stress state is in a
position in which strain softening with plastic volumetric expansion occurs
in a drained stress increment, which for Cam clay means n > M, then an
increase in mean effective stress (and decrease in pore pressure) must
necessarily occur in a corresponding undrained stress increment.

The use of this simple model to predict response of soil samples in
conventional triaxial drained and undrained compression tests has been
discussed “in the previous sections, and it has been shown that these
predictions match several of the characteristics observed in conventional
triaxial tests on Weald clay. Equations (5.11) and (5.12) (or their
generalisations) can be readily applied to the prediction of the response
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of soil samples to any other changes of effective stress or of strain. The
model is in fact complete; and although it is likely that the values of the
parameters of the model x [in (5.1)], G’ [in (5.2)], M [in (3.3)], and N
and A [in (5.8)] will be deduced from experimental data obtained from
triaxial or oedometer tests, the model is quite capable of being used for
making statements about all possible increments of stress and strain even
with this small number of parameters. The extent to which such predictions
provide a satisfactory description of actual response is discussed in
Chapters 11 and 12. °

ES.1L

E5.2.

Exercises

A sample of clay is set up in a triaxial apparatus and anisotropically
compressed, without allowing radial strains, to a vertical effective
stress ¢/, = 156 kPa. It is found that the value of the-earth pressure
coefficient (ratio of horizontal to vertical effective stresses)
measured in this process is K, = 0.65. The sample is then unloaded
to a vertical effective stress of 100kPa (point A) and allowed to
reach equilibrium with zero pore pressure. It is found that K| is
now equal to 1.0.

The deviator stress is now increased to 60 kPa without allowing
drainage (point B). Without changing the total stresses, drainage
is now permitted, and the pore pressure is allowed to dissipate. It
is observed that yield occurs during this process (point C) and that
the final equilibrium state at zero pore pressure is point D.

Estimate the axial and radial strains occurring on each stage
AB, BC, and CD of the test. Assume that the behaviour of the clay
can be described by the Cam clay model with values of soil
parameters M =0.9,1=0.19, x =0.06, N =2.88,and G' = 2500k Pa.

Compare the strengths that would be measured in conventional
drained and undrained triaxial compression of the ciayv starting
from state D.

A saturated sample of clay in a triaxial cell is isotropically normally
compressed under a cell pressure of 1000 kPa at 20°C with a specific
volume v=3.181. Investigate the effects of a sudcen fall of
temperature of 10°C on the subsequent undrained streagth of the
clay. Assume that the temperature change occurs so rapidly that
no water is able to enter or leave the sample, but that pore pressures
arising from the temperature change are allowed toaissipate before
the sample is tested in undrained compression at the lower

“temperature.

Assume that the coefficients of thermal expansion for water
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and for the soil particles are about 20 x 107¢per°C and
200 x 10~ per °C, respectively, and that the bulk modulus of water
is 2.2 GPa. Assume that the behaviour of the clay can be described
by the Cam clay model with Z=0.25, Kk =0.05, N=3.64, and
M =009.

A sample of Cam clay is in equilibrium in a tnaxxal cell under
effective stresses o’ = 200kPa and ¢ = 300kPa. The sample was
deforming plastically just before this effective stress state was
reached.

The sample is now subjected to changes in effective stresses

50, = —1kPa, c, = +4kPa. Estimate the increments in axial and
radxal strain that will result. Take values for the soil parameters
1=0.26, k=007, N=23.52, M =0.85, and G’ = 1500kPa.
A sample of Cam clay under an isotropic effective stress
p’ = 200kPa is found to have a specific volume v = 2.06. Indicate
possible histories of (i) isotropic compression and unloading, (ii)
conventional drained compression and unloading, (iii) conventional
undrained compression and unloading, and- (iv) constant mean
effective stress compression and unloading which would be
compatible with the observed state of the sample. Take values of
soil parameters 4 =0.19, k =0.045, N =3.12, and M =0.93.
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Critical states

6.1 . Introduction: critical state line .

All of the tests in the previous chapter, for which the simple
elastic-plastic model, Cam clay, was used to predict the response, -
eventually tended towards an ultimate condition in which plastic shearing
could continue indefinitely without changes in volume or effective stresses.
This condition of perfect plasticity has become known as a critical state,
the attainment of which can be expressed by

o _%a_2o _, _ (6.1)

de, O¢, Og, - '

These critical states were reached with an effective stress ratio

It t=M (62)
cs !

In drained or undrained tests on normally compressed (or lightly
overconsolidated) soil (4B and AC in Fig. 6.1; cf. Figs. 5.5 and 5.15),
yielding first occurs with stress ratio 7 < M. Continued loading, whether
drained or undrained, is associated with plastic hardening, expansion of
yield loci, and increase of stress ratio until ultimately the effective stress
state is at the top of the current yield locus (yl B or yl C), the plastic strain
increment vector is directed parallel to the g axis, Jeb/0ef =0, and a
perfectly plastic critical state is reached with n = M. ,

In drained and undrained tests on heavily overconsolidated soil (PQ
and PR in Fig. 6.1; cf. Figs. 5.7 and 5.17), yielding first occurs with 1> M.
Continued deformation is associated with plastic softening, contraction
of yield loci, and decrease of stress ratio until ultimately the effective stress
state is at the top of the current yield locus (ylQ or ylR), and a critical
state is again reached with n= M.
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A moment’s consideration shows that this stress ratio n = M produces
an ultimate limiting condition, a critical state, in all tests, provided plastic
deformations are occurring, because with 7 = M the effective stress staiz is
at the top of the current yield locus, and so indefinite plastic shearing can
occur without further expansion or contraction of the yield locus. The
caveat “provided plastic deformations are occurring” is important because,
with the shape of yield locus assumed in the Cam clay model, it is quite
possible for stress ratios equal to M to be reached elastically within the

Fig. 6.1 Conventional drained and undrained triaxial compression tests or
normally compressed and heavily overconsolidated samples.

B . n1=M

(b)
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current yield locus (e.g. at X in Fig. 6.2) and withoutthe—ssricus
consequences of a critical state developing.* ;

The locus of critical states in the p’:q stress plane is the line joining the
tops of yield loci (Fig. 6.3a), =M or ' ’

. 9es = Mp, S (6.3)
this line is called the critical state line (csl). The proportions of the Cam
clay yield loci are independent of their size. The general equation for the

Fig. 6.2 Points X and Y inside current yield locus and not at critical state.

-3 56;

ul \ )
iso-ncl

(b)

*Although it is usually convenient to contemplate changes in effective stress in relation to
yield loci, these conclusions about the existence of critical states for n =M result because
the plastic potentials in the Cam clay model have normals parallel to the q axis, implying
dep/def =0, for n= M. It so happens that these plastic potentials have the same shape as
the yield loci, so the critical state is reached with the effective stress state at the top of the
current yield locus. For other elastic-plastic models of the more general form discussed in
Chapter 4, the plastic potentials and yield loci can be distinct, and there is then no necessity
for the condition §¢5/5¢? = 0 to be associated with the top of the yield loci. Compare Exercise
E4.4.
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yield loci 1s

!

MZ .
P _ — (6.4} (5.3bis)
. py (M*+n7%)
The size of a yield locus is controlled by p;, and the top of the yield locus,
where n = M (Fig. 6.3a), has
p =P | (6.5)

2

Fig. 6.3 Critical state line (csl) and intersection of yield loci with line g/p" =n.
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Each yield locus (yl) is associated with an unloading-reloading line (url)
in the compression plane p’:p (Fig. 6.3b) which has its tip at p' = p, on
the isotropic normal compression line (iso-ncl). This normal compression
line has the equation -

‘v=N-—1lnp : (6.6) (5.8bis)
and is straight in the semi-logarithmic compression plane v:In p’ (Fig. 6.3c).

The unloading-reloading lines are also straight in this form of the
compression plane, with general equation

=0, —Klnp’ | . (6.7)(4.3bsis)
Thus, the particular unloading-reloading line which corresponds to the
yield locus with size p/ is

v=N—2ilnp, +xln’e | (68

’

- p
At a mean stress p’=p| = p./2, the specific volume is then
UVes=N—-AIn2p +kln2
or ,
Vs=N—(1—x)In2— Alnp,, (6.9)

Each critical state combination of p, and 4., in the effective stress plane
is associated with a critical state combination of P, and v in the

Fig. 6.4 Three-dimensional view of normal compression line (ndl), critical state
line (csl), and series of Cam clay yield loci. ’

csl 4 q
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compression plane (Figs. 6.3a,b). The line joining these critical states has
the expression (6.9), which can be rewritten as

v, =T —4ilnp, (6.10)
where |

r=N—-(A—k)In2 (6.11)
This is a line in the compression plane at constant vertical v separation,

(—x)In2, from the normal compression line (parallel to the normal
compression line in the v:inp’ plane of Fig. 6.3c) which links the

combinations of p., and v, corresponding to the effective stress states in
which plastic deformations are occurring with n = M. The constant I'is
the specific volume intercept at p.. = 1. Like N, its value, unfortunately,
depends on the units of stress. Throughout this book the unit of stress
is the kilopascal (kPa), so v, = I for p,, = 1 kPa. The two expressions (6.3)
and (6.10) provide a complete specification of the critical state line.
 Combinations of p.,,q.,» and v, which simultaneously satisfy (6.3) and
(6.10) are critical states. Again, it is possible to discover combinations of
p', g, and v which satisfy one but not both (6.3) and (6.10). Point X in
Fig. 6.2a has g= Mp’; it appears to be on the critical state line in the
stress plane but lies inside the current yield locus, so its position on the
current unloading-reloading line in the compression plane (Fig. 6.2b) is
not on the critical state line. Point Y in Fig. 6.2b, reached perhaps by
isotropic compression and unloading, appears to lie on the critical state
line in the compression plane but also lies inside the current yield locus,
so its position in the stress plane (Fig. 6.2a)is not on the critical state line.
If p', g, and v are thought of as three orthogonal axes, the combinations
of stresses and volume can be plotted in the three-dimensional space
defined by these axes. The critical state line becomes a single curved line
(Fig. 6.4) of which (6.3) and (6.10) are projections onto the p':q plane (v=0)
“and p’:v plane (g =0), respectively. Only combinations of p’, ¢, and v lying
on this curved three-dimensional line are critical states.

6.2 Two-dimensional representations of p':q:v information

Display of information about (triaxial) states of stress p’:q and
about specific volumes v requires two two-dimensional plots — the stress
plane and the compression plane — or one three-dimensional plot such as
that shown in Fig. 6.4. The Cam clay model can point the way to two-
dimensional devices for displaying this information.

The equation of the Cam clay yield locus is
p___M

p—; = m (6.4bis)
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and involves only ratios of stresses. For a given ratio of deviator stress
to mean stress (g/p’ = 1), there is a certain ratio of mean stress to tip stress
(p/p,). Constant ratios become constant separations in logarithmic plots.
Therefore, just as the stress ratio n = M which defines the tops of the yield
loci produces the critical state line parallel to the normal compression
line in the compression plane v:Inp’ (Fig. 6.3c), so any other stress ratio
which defines a series of geometrically similar points on a series of yield
loci produces a line which is particular to that stress ratio and also parallel
to the normal compression line (Fig. 6.3c).
Each of these lines has an equation of the form

v=v;,—Alnp’ ‘ _ (6.12)
A way of converting specific volume and mean effective stress information
to a single variable is to use _ o

v,=v+Alnp’ ' 1 (6.13)
or, in other words, to project the information of v and In p’ parallel to the
normal compression line up to the line p’ = 1. The value of v, for soil
which is deforming plastically (yielding) depends only on .the stress ratio
n = q/p’; thatis, the pair of variables 5:v, can be used to display information
about the three quantities p’:q:v defining the state of the soil. Evidently,
by comparison with (6.6), for isotropic normal compression,

n=0, v;=N i

(N in Fig. 6.5); and by comparison with (6.10), at the critical state,
n=M, ;=T )

(C in Fig. 6.5). The values of v, corresponding to other values of 5 can

be found by combining the expression for the specific volume at a point
on an unloading-reloading line,

p=N—Alnp,+xinfe (6.8bis)
p

'

with the definition of v; (6.13) to give

v;=N—(A—x)n’e (6.14)

r

This, with the equation of the yield locus (6.4), gives
M?+n?
M2 -

v,;=N—(A—x)ln (6.15)

or

2 ' .-
7] N—vl
-]\_/_[_2‘=CXP(A_K>—1 (6.16)
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This relationship is plotted in Fig. 6.5 as curve NCX. Any stress state
which is on a current yield locus lies on this curve.

The path of any conventional drained or undrained compression test
on isotropically normally compressed soil starts at N and moves along
~curve NC to end at a critical state at C. The path of an undrained test
on an isotropically overconsolidated soil starts at a point such as P (lightly
overconsolidated) or R (heavily overconsolidated) in Fig. 6.5 with n=0.
Loading within the yield locus occurs at constant mean stress p’. Since v
is also constant in an undrained test, from (6.13) v; remains constant until
the yield locus is reached (PQ or RS in Fig. 6.5). The path then moves
along the yield locus untila critical state is reached (QC-or SC in Fig. 6.5).

The path of any conventional drained test on an isotropically overcon-
solidated soil also starts at a point such as P or R. Initial loading within the
yield locus is associated with increase in p’ and decrease in v down an
unloadiing-reloading line. The slope x of the unloading—-reloading line is
lower than the slope 4 of the normal compression line, and, hence, this
initial loading produces an increase in v; (PF and RG in Fig. 6.5) until
the yield locus is reached. Then the yield locus is followed up or down to
a critical state (FC and GC in Fig. 6.5).

The quantity v, converts data of p’ and v to a constant mean stress
section. An aliernative which is equivalent to converting these data to a

Fig. 6.5 Paths of conventional drained and undrained triaxial compression
tests plotted in terms of normalised volume v, and stress ratio 1.

X
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constant volume section is to normalise the effective stresses p’:q with
respect to the so-called equivalent consolidation pressure p.. This
equivalent consolidation pressure is the pressure which, in isotropic normal
compression, would give the soil its current specific volume (Fig. 6.6). The
isotropic normal compression line is

v=N-—21lnp | ' (6.6bis)
and hence p. is

P =exp N —° (6.17)
With a mean stress p’ inside a current yield locus of size j

v=N—2lnp,+xin? (6.8bis)
and hence, after some manipulation,

’ I\ A - '
2 ( 5,) (6.18)

P. \p, )
where

A=tZE (6.19) (5.20bis)

Fig. 6.6 Equivalent consolidation pressure p..
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For stress states on the current yield locus,

; M2
'lp;; = m (6.4bis)
and
P M2 \A .
)

which is-essentially the same as (5.19), the equation of the undrained
effective stress path. Evidently,

a_mw (621)

and the pair of expressions (6.20) and (6.21) can be used to generate the
curve in the p’/p.:q/p, plane corresponding to the Cam clay yield locus
(Fig. 6.7). There is a point N (p'/p, = 1:9/p, = 0), corresponding to 1sotrop1c
normal compression, and a point C (p /p.=2""q/p,=M2" Ay, corres-
ponding to the critical state.

Because p, remains unchanged during a constant volume undramed
test, undrained effective stress paths scale directly into the p’/p_:q/p,
diagram. So an undrained test on an overconsolidated sample which shows
no change of mean effective stress p’ until the current yield locus is reached
rises at constant p’/p. until the yield locus is reached (PQ and RS in -Fig.
6.7) and then moves round the yield curve in the p'/p;:q/p, plane to a
critical state (QC and SC in Fig. 6.7).

A conventional drained test on a normally compressed sample follows

Fig. 6.7 Paths of conventional drained and undrained triaxial compression
tests plotted in non-dimensional effective stress space p'/p,:9/pe

q/p.
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the path NC in the compression plane shown in Fig. 5.5b. The mean stress
p' increases because of the imposed stress path, but the equivalent
consolidation pressure increases more rapidly as the soil compresses and
the ratio p’/p, falls. In fact, the test follows round the curve NC in the
p'/p.:q/p, plane (Fig. 6.7). (The point C is not at the top of the curve
NCX for precisely the same reason that the effective stress path followed
in an undrained test does not have zero slope, dq/dp” #0, at the critical
state, which is a consequence of the non-negligible elastic volumetric
strains that are assumed to occur in the model. If there are no elastic
volumetric strains, k =0 and A = 1, and the pomt C is then at the summit
of the curve in Fig. 6.7.)

A conventional drained test on an overconsolidated sample begins with
a small volumetric compression down the current unloading-reloading
line as the stress path rises to the current yield locus (Figs. 5.6b, 5.7b).
The equivalent consolidation pressure p, increases slightly with this
volumetric compression, but not as rapidly as the mean stress; p'/p.
increases, until the yield locus is reached (PF and RG in Fi ig. 6.7). Yielding
- of the lightly overconsolidated sample is associated with plastic volumetric
| compression to a critical state, p '/p, decreases (FC in Fig. 6.7; compare
Fig. 5.6b). Yielding of the heavily overconsolidated sample is associated
with plastic volumetric expansion to a critical state, p’/p. increases (GC
in Fig. 6.7; compare Fig. 5.7b).

These two-dimensional representations bring together drained and
undrained response into a single diagram and help to emphasise the fact
that, considered in terms of effective stresses, different modes of testing
are merely probing different parts of a single unified picture of soil
behaviour.

6.3 Critical states for clays

Data from four conventional triaxial compression tests on samples
of reconstituted Weald clay (taken from Bishop and Henkel, 1957) were
used in Sections 5.3 and 5.4 to demonstrate that the simple Cam clay model
was reproducing commonly observed features of soil response. These data
were presented in the form of the standard plots that are used to display
‘triaxial test results: plots of deviator stress ¢ and volumetric strain g, OF
pore pressure change Au against axial strain ¢, (Figs. 5.9, 5.10, 5.18, and
5.19). Axial strain is a quantity which can increase without limit, subject
only to restrictions imposed by the apparatus. In the Search for experi-
mental evidence of critical states, it is more helpful to look at data in
terms of quantities which are limited in their variation and to plot the
paths of tests in the effective stress plane p’:q and the compression plane
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p':v, or in the combined two-dimensional representations of these two
planes that have been discussed in the previous section.

Enough information is usually available to achieve the conversion. The
deviator stress g is given directly. The constant cell pressure at which a
test is conducted is the initial mean effective stress p; (assuming zero pore
pressure and zero deviator stress at the start of the test). At subsequent
stages of the test,

pP=p+ g— - Au : | (6.22)

where Au is the measured change in pore pressure, which is zero for
drained tests. Conversion of volumetric strains to specific volumes requires
a value of a volumetric variable at some stage of the test, usually the
initial water content w; for saturated clays. The initial specific volume is
then
v =1+Gw; . : . (6.23)
where G, is the s_peciﬁc gravity of the soil particles; at subsequent stages
of the test,
v=r;(1—¢,) (6.24)
For the reconstituted Weald clay, G, =275, and data of isotropic
compression and unloading are reported by Henkel (1959) (Fig. 6.8). The
- two normally compressed samples (1 and 2) were compressed isotropically

to a mean effective stress p’ = 207 kPa (30 pounds force per square inch,
Ib_f/inz) before being sheared. The two overconsolidated samples (3 and

Fig. 6.8 Isotropic compression and unloading of Weald clay (after Henkel,

1959).
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Table 6.1 -
&, q Au - p .

Test Point w ) v (kPa) (kPa) (kPa) Remarks
1 A 0.232 0 1.640 0 207

B 20 1.607 138 , 253

C 35 1.583 - 221 ) - 281

D 4.5 1.566 248 290 Failure
2 E 0.232 1.640 0 0 207

F 1.640 90 69 167

G 1.640 114 96 148

H 1.640 119 . 114 133 Failure
3 K 0.224 0 1617 - .0 34

L 0.3 1.612° 28 43

M -13 1.638 55- 53 Failure

N —-27 - 1661 45 50
4 P 0.224 1.617 0 0 34 )

0 1.617 24 ‘ 7 36

R 1.617 83 -21 83

S 1.617° 93 —45 110 Failure

4) were compressed isotropically to a mean effective stress p’ = 827 kPa
(1201bf/in?) and then allowed to swell back isotropically to a mean effective
stress p’ = 34 kPa (51bf/in?), resulting in an overconsolidation ratio of 24.

To illustrate the conversion of the experimental data to the stress plane
and the compression plane from the conventional plots of Figs. 5.9, 5.10,
5.18, and 5.19, four points have been marked for each test, and values of
P’:q:v have been computed for each point. These values are tabulated in
Table 6.1.

The paths of these tests are plotted in the p’:q effective stress plane and
the p’:v compressioni plane in Fig. 6.9. The effective stress paths of the
drained tests (1 and 3) both have to rise at gradient 621/51)’ =3 (Fig. 6.9a).
However, whereas test 1 rises steadily, ABCD, test 3 rises to a peak KLM
and then falls, MN. Test 1 shows a steady fall in specific volume (Fig.
6.9b) whereas test 3 shows an initial drop in volume KL, followed by
expansion LMN.

The effective stress paths for drained tests 1 and 3 form the total stress
paths for the undrained tests 2 and 4: the pore pressure at each stage is
the horizontal (p’) separation in the stress plane between the two corres-
ponding paths. The effective stress path for test 2 lies to the left of its
corresponding total stress path (test 1): positive pore pressures build up,
and the mean effective stress falls. The effective stress path for test 4 lies
initially to the left and then to the right of its corresponding total stress
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path (test 3): the pore pressure is initially positive but then becomes
negative. The initial pore pressure variation in this test is slightly deceptive.
Looking at the tabulated values for points P and Q, we can see that the
mean effective stress p’ is initially almost constant (as expected for
undrained constant volume shearing of isotropic elastic soil, and Cam
clay would predict that soil with this history of overconsolidation is
initially elastic) in spite of the initial positive pore pressures. The pore

T Fig. 69 Conventional drained and undrained triaxial compression tests on
Weald clay: (a) p":q effective stress plane; (b) v:p’ compression plane (data from
Bishop and Henkel, 1957).
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pressure more or less balances the increase in total mean stress imposed
in this constant cell pressure test: ou =~ 6p = 6q/3, as shown in Fig. 5.19b.

It was noted in Chapter 5 that there is a parallelism between volume
changes in drained tests and pore pressure changes in undrained tests on
samples with the same consolidation history. Pore pressures develop in
undrained tests only because the soil wants to change in volume as it is
sheared but is prevented from doing so by the test configuration. The
normally consolidated soil wants to collapse as it is sheared (test 1, Figs. 5.9
and 6.9b): positive pore pressures build up in the undrained test to reduce
the mean effective stress carried by the soil particles. The resulting
expansion just balances the collapse that.could not occur (test 2, Figs. 5.18
and 6.9a). The heavily overconsolidated soil ultimately shows negative
pore pressures in the undrained test (test 4, Figs. 5.19 and 6.9a): the soil
skeleton is having to be held back by the pore pressure to prevent it from
exploding (compare the drained test 3, Figs. 5.10 and 6.9b).

Do these test data support the existence of critical states for Weald
clay? In the effective stress plane (Fig. 6.9a), a straight line can be drawn
through the origin and through, or close to, the end points D, H, N, and
S of the four tests. In the compression plane (Fig. 6.9b), these four tests
do not define a line or curve of end points particularly closely. However,
a curved zone can be indicated towards which the tests appear to be
heading: test 1 by decrease in volume, test 2 by decrease in mean effective
stress, test 3 by increase in volume, and test 4 by increase in mean effective
stress. : _

To draw conclusions about general patterns of behaviour from the
results of just four tests would be risky. Roscoe, Schofield, and Wroth
(1958), however, gathered data of end points of a large number of drained
and undrained triaxial compression tests on reconstituted Weald clay.
Data from undrained tests are shown in the stress plane and the
compression plane in Fig. 6.10, and data from drained tests in Fig. 6.11.
In both cases, data from tests with overconsolidation ratios greater than
8 at the start of shearing have been excluded because there is a tendency
for non-uniformities to develop in these tests, as is explained in Section 7.4.
(Thus, the end points of tests 3 and 4 from Fig. 6.9 do not appear in Figs.
6.10 and 6.11.) , ,

The end points from undrained tests on normally compressed samples -
have been used to define a locus of end points in both the stress plane
(Fig. 6.10a), in which this locus is a straight line through the origin, and
in the compression plane (Fig. 6.10b), in which the points lie on a smooth
curve. It is clear, however, that the end points from all the undrained tests
lie on or close to these lines.
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These same lines have been drawn again in Figs. 6.11a, b for comparison
with the data of end points from drained tests on Weald clay. It is clear
that the same relationships match both sets of data. This does not, perhaps,
now seem a surprising result. The response in drained and undrained tests
can be predicted with a single model of soil behaviour based on effective
stresses, such as Cam clay, and these tests are expected to fit into a single

Fig. 6.10 End points of conventional undrained triaxial compression tests on
Weald clay (o normally compressed samples; o overconsolidated samples):

(2) p’:q effective stress plane; (b) v:p’ compression plane; (c) v:p’ compression
plane (p’ plotted on logarithmic scale) (after Roscoe, Schofield, and Wroth,
1958).
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pattern of effective stress:strain response. Other drained tests could be
conducted with other effective stress paths, so there is nothing particularly
significant about the division between drained and undrained response.
This finding should, however, be seen in the historical context of the state
of soil mechanics thought in the 1950s when there was a tendency to
regard the results of drained and undrained tests as quite unrelated and
incompatible. ‘
The collection of data in Figs. 6.10 and 6.11 presents more convincing -

evidence for the existence of a line of values of p’, g, and v towards which
all the tests have headed, irrespective of the type of test (which controls

Fig. 6.11 = End points of conventional drained triaxial compression tests on
Weald clay (o normally compressed samples; o overconsolidated samples):
(a) p':q effective stress plane; (b) v:p’ compression plane (after Roscoe,
Schofield, and Wroth, 1958). N
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to some extent the path of the test) and irrespective Qf the consolidation

history (which controls the position of the starting points of the tests

relative to the line of end points). This line is described in the p’:q effective
stress plane (Figs. 6.10a and 6.11a) by an equation,

g=0.872p' - (6.25)

. Drawing the line in a semi-logarithmic compression plane v:1ln p’ together

with the isotropic normal compression line (Fig. 6.10b), we can see that

the two lines are parallel and essentially straight and that the line of
ultimate states can be described by an equation,

v=2.072-0.091Inp’ (6.26)

The form of this line thus matches the form of the critical state line that
emerged from the Cam clay model, (6.3) and (6.10); it is convenient to
refer to it as the critical state line for Weald clay.

The critical state line operates as a limit on the changes of p’,q, and v
‘that occur in a test. The formal definition of a critical state requires that

=21=2"=0 (6.1bis)

Arrival at the condition described by (6.1) may require very large strains
since, for states close to true critical states, the derivatives dp’/d¢,, 0q/0¢,,
and dv/de, (which include the tangent shear stiffness dg/de,) are close to
- zero. Test conditions may not permit sample uniformity to be retained to

Fig. 6.12 (a) Conventional'draincd and (b) conventional undrained triaxial
compression tests ending off the critical state line bit still trying to head

towards it.
v
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these large deformations and critical states may not actually be attained.
Nevertheless the critical state line is still important as a line towards which
tests are heading. : _ ' :

Parry (1958), for example, subjected the results of his triaxial tests on
Weald clay to close scrutiny and concluded that when the quoted end
points of tests did not seem to lie on the previously determined critical
state lines, the states of the soils were in fact still moving towards critical
states at the end of the tests. Schematically, certain drained tests ended
to the right of the critical state line (at points such as W in Fig. 6.12a).
The value of mean effective stress p; recorded at failure (or at the end of
the test) was greater than the value of mean stress p’, on the critical state
line at the same value of specific volume that the sample had at the end
of the test. In such tests, the volume of the sample was observed to be
decreasing at the end of .the test and the state of the soil to be moving
downwards towards the critical state line in the compression plane. That
is, for p,/p; <1, (dv/3e ), < 0.

Conversely, when drained tests ended to the left of the critical state line
(X in Fig. 6.12a), so that p../p; > 1, then the volume of the sample was
observed to be increasing at the end of the test, (3v/d¢,); > 0, and the state
of the soil to be moving upwards towards the critical state line in the
compression plane.

When undrained tests ended to the right of the critical state line (Y in
Fig. 6.12b), so that p’./p; < 1, then the pore pressure was observed to be
increasing at the end of the test, (du/d¢,); > 0, and hence the mean effective
stress to be falling, (9p’/d¢e,) <O, and the state of the soil to be moving
leftwards towards the critical state line in -the compression plane.
Conversely, when undrained tests ended to the left of the critical state line
(Z in Fig. 6.12b), so that p_ /p; >0, then the pore pressure was observed
to be decreasing at the end of the test, and hence the mean effective stress

Fig. 6.13 End points of conventional triaxial tcs{s on Weald clay: (a) rate of
volume change in drained tests; (b) rate of change of pore pressure in
undrained tests (after Parry, 1958).
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to be rising, (Ep’/d¢,); > 0, and the state of the soil to be moving rightwards
towards the critical state line in the compression plane. _

The data assembled by Parry (1958) are shown in Fig. 6.13 in terms of
values of (e,/0¢,); for drained tests (Fig. 6.13a) and of (Ou/p’ O¢,); for
undrained tests (Fig. 6.13b). The way in which the critical state line
separates these contrasting modes of behaviour at the ends of the tests is
clear.

6.4 Critical state line and qualitative soil response

The critical state line emerged in Section 6.1 as a consequence of
the elastic—plastic model of soil behaviour which was constructed in
preceding chapters. Now experimental evidence has been produced for
such a line of states towards which triaxial compression tests tend to head.
The acceptance of a critical state line permits an assessment to be made
of the expected qualitative response in any triaxial compression test on a
soil with any consolidation history. Although this section may appear
repetitive when read in conjunction with Sections 5.3 and 5.4, we make
this assessment here without reference to (or acknowledgement of) any
detailed: elastic-plastic model, building only on an acceptance of the
existence of critical state lines and not on an understanding of all the
details of Cam clay. Demonstration of how this can be achieved illustrates
the importance of considering soil-response in the effective stress plane
and in the compression plane concurrently.

Two pairs of tests are considered: firstly, a pair of tests on samples
which have been isotropically normally compressed (4 in Fig. 6.14), and
secondly, a pair of tests on samples which have been isotropically over-

_consolidated but have the same initial mean stress as samples A4 (B in
Fig 6.14). All four tests thus start at the same point on the p axis, in the
p’:q effective stress plane (Figs. 6.14a, b), but their initial positions 4 and
B in the p':v compression plane are on opposite sides of the crmcal state
line (Fig. 6.14c).

In an undrained test on a normally compressed sample starting from
point 4, the end point U on the critical state line (Fig. 6.14c) is dictated
by the constant volume condition in the p’:v plane. Hence, the end point
U in the stress plane p':q can be deduced on the critical state line at the
corresponding value of mean stress p’ (Fig. 6.14a). The route in the effective
stress plane from 4 to U is not known, but a sxmplc curve can be sketched.

.In a conventional triaxial compression test with constant cell pressure,
the total stress path has gradient 3q/6p = 3. This line AW lies to the right
of the effective stress path, and hence positive pore pressures are expected
in the undrained test.
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The total stress path of the undrained test, from A towérds W, becomes
the effective (and total) stress path of a drained test on the other normally
compressed sample. The end point of this test is governed by the
intersection W of this stress path with the critical state line in the P:q
stress plane (Fig. 6.14a). The end point W in the p’:v compression plane

Fig. 6.14 Expected behaviour in conventional drained and undrained triaxial
compression tests deduced from inmitial state of soil and location of critical state
line: (a), (b) paths in p’:q effective stress plane; (c) paths in v:p’ compression
plane.
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is then fixed on the critical state line at the samie value of mean stress p’
(Fig. 6.14c): volumetric compression is expected. Again, the shape of tze
path in the compression plane from 4 to W.is not known, but a simpie
curve can be sketched. ‘
The overconsolidated samples starting at point B (Figs. 6.14b,c) have
the same initial effective stresses as the samples starting at-point 4. It 2
drained test, therefore, the effective (and total) stress path is the same, and
consequently the critical state reached in this test is at W just as for tae
normally compressed sample. Point B lies well below-point W in e
compression plane (Fig. 6.14c), so this drained shearing must be associazad
with volumetric expansion. That much can be stated with knowledge orly
of the position of the critical state line. Other experience of soil behaviour
could be incorporated to suggest that the stress path might overshoot W

Fig. 6.15 Triaxial compression tests on normally compressed soil : applied
total stress path such that drained strength is lower than undrained strengti=
{a) paths in p':g effective stress plane; (b) paths in v:p’ compression plane.
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in the p’:q plane (Fig. 6.14b) (so that the stress:strain curve would show
a peak), and that the sample might compress initially before expanding.

The end point reached on the critical state line in the undrained test
on the overconsolidated sample is quite different from that reached in the
undrained test on the normally compressed sample. The history of over-
consolidation has left the soil at B with a much lower specific volume
(Fig. 6.14c) and hence a much higher undrained strength. The position of
the critical state point' Vrelative to the starting point B in the compression
plane (Fig. 6.14c) and the corresponding points in the effective stress plane
(Fig. 6.14b) shows that an increase in mean effective stress p’ has occurred
during the test; in other words, a negative pore pressure is to be expected -
when the critical state is reached.

Fig. 6.16 X, tests on lightly overconsolidated samples with drained strength
greater than undrained strength; Y, tests on heavily overconsolidated samples
with drained strength lower than undrained strength: (a), (b) p':gq effective stress
plane; (c) v:p’ compression plane.

(b)
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It is important to note that the critical state line must not be considered
as a rigid dividing line in the compression plane between a region in which
positive pore pressures and volumetric compression occur (for samples
'such as 4 in Fig. 6.14) and a region in which negative pore pressures and
volumetric expansion occur (for samples such as B in Fig. 6.14). The precise
response always depends on the total stress path which is applied. For
example, an initially normally compressed sample subjected to a total
stress path AT (Fig. 6.15), which .has a considerable component of
unloading of mean normal stress, shows negative pore pressures in an
undrained test (4U) and volumetric expansion in a drained test (AT). The
drained or long-term strength in this case is lower than the undrained
strength. :

However, it is correct to say that if normally compressed or lightly
overconsolidated clays, which start above the critical state line in the
compression plane, are subjected to total stress paths in which the mean
stress p is kept constant (or increased) (X in Figs. 6.16a, c), then the undrained
strength is lower than the drained strength. Short-term stability of geo-
technical structures for which such stress paths are relevant would be a
prime consideration since dissipation of the positive pore pressure set up
during undrained shearing leads to volumetric compression and hardening
of the soil. If heavily overconsolidated clays, which start below the critical
state line in the compression plane, are subjected to total stress paths in
which the mean stress p is kept constant (or reduced) (Y in Figs. 6.16b,¢),
then the undrained strength is higher than the drained strength. Long-term
stability of geotechnical structures for which such stress paths are relevant
would be a prime consideration since dissipation of the negative pore
pressures set up during undrained shearing leads to volumetric expansion
and softening of the soil. Actual stress paths associated with some typical
geotechnical constructions are discussed in Chapter 10.

6.5 - Critical states for sands and other granular materials

The qualitative picture that emerges from the discussion around
Fig. 6.14 in the previous section, based only on experimental observation
of the existence of a critical state line for clays, is that in dramed tests

Fig. 6.17 (a) Loose patking of spherical particles compressirig as it is silcared;
(b) dense packing of spherical particles expanding as it is sheared.
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conducted at a given effective stress level, normally compressed clays,
which have an initially high specific volume, contract when they are
sheared whereas overconsolidated clays, which have an initially low
specific volume, expand when they are sheared. It is a truth
universally acknowledged that loose sands contract and dense sands
expand when they are sheared. The similarity between these two statements
suggests that the existence of critical states may be a rather general feature
of soil béhaviour.

The significance of the general phenomenon of dilatancy (the change in
volume associated with distortion of granular materials) emerges in the
writings of Osborne Reynolds (1885, 1886), but he himself notes (1886)
that ‘dilatancy has long been known to those who buy and sell corn’. The
need for volume changes to occur when regular packings of spherical
particles are deformed is clear. The loose packing of spheres in Fig. 6.17a
is clearly unstable and will collapse as soon as any shear deformation is
imposed; the dense packing in Fig. 6.17b can deform (neglecting the elastic
stiffness of the spheres) only if spheres in each layer rise up over the spheres
in the layer below. The arrangements of particles in a real granular material
are much more irregular than the packings suggested in Fig. 6.17, but the
modes of deformation are essentially the same. 7

Reynolds performed many experiments with granular materials and was
able to ascribe the phenomena that occurred to the dilatancy of the
materials, but he did not make any measurements of the strengths of
materials with various densities of packing. Casagrande (1936), however,
does describe the stress:strain curves which are expected when dense and
loose samples of sand are sheared: for example, in a shear box (Fig. 6.18).

During the shearing test on the dense sand, ‘the shearing stress reaches
a maximum Sp, (point B on the curve) and if the deformation is continued,
the shearing stress drops again to a smaller value, at which value it remains
constant for all further displacement. During this drop in shearing stress,
the sand continues to expand (curve EG), finally reaching a critical {void
ratio} at which continuous deformation is possible at the constant shearing
stress S’

When a loose sample of sand is subjected to a shearing test under
constant normal pressure, however, ‘the shearing stress simply increases
until it reaches the shearing strength S;, and if the displacement is
continued beyond this point the resistance remains unchanged. Obviously,
the volume of the sand in this state must correspond to the critical {void
ratio} which we had finally reached when performing a test on the same
material in the dense state. Therefore the curves representing the volume
changes during shearing tests on material in the dense and the loose state
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must meet at the critical {void ratio} when the stationary condition is
established’.

Casagrande concludes that ‘every cohesionless soil has a certain critical
{void ratio}, in which state it can undergo any amount of deformation
or actual flow without volume change’. (Casagrande actually writes critical
density but notes in an addendum that critical void ratio gives a more
correct meaning.) :

Some quantitative results in support of Casagrande’s notion of critical
void ratios are shown for the shearing of 1-mm diameter steel balls in
Fig. 6.19. Samples of steel balls were prepared by Wroth (1958) at various
initial void ratios and then sheared in an early simple shear apparatus.
Just as for the Weald clay (Figs. 5.9 and 5.10), the results of shearing tests
can be shown in terms of the change of volume or volumetric strain which
occurs with deformation of the samples, indicated by relative displacement
x. Such diagrams, Fig. 6.19a, show the pattern of changing volumetric

Fig. 6.18 Effect of shearing on the volume of dense and loose sands (after
Casagrande, 1936).
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Fig. 6.19 Simple shear tests on 1-mm diameter steel balls with normal stress
138 kPa (20 1bf/in®): (a) volume change Av and shear displacement x; (b) specific
volume v and shear displacement x; (c) end points of tests in o] 7 effective
stress plane; (d) end points of tests in v:g’, compression plane (after Wroth,

1958).
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Fig. 6.20 Drained triaxial compression tests on Chattahoochee River sand
with constant mean effective stress. Dense samples: A (o), p' = 98 kPa,

v, = 1.69; C (o), p"=2.07MPa, v,= 1.72; D (=), p' = 344 MPa, v, = 1.69. Loose
sample: B (x), p'=98kPa, v, = 2.03; (a) stress ratio g/p’ and triaxial shear
strain ,; (b) volumetric strain ¢, and triaxial shear strain &,; (c) specific volume
v and triaxial shear strain ¢, (data from Vesi¢ and Clough, 1968).
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response as the initial void ratio of the sample changes: the initiélly dense
samples with low void ratios expand, and the initially loose samples
contract, as they are sheared. However, such diagrams do not help to
demonstrate the existence of a critical void ratio. For this, absolute values
of void ratio are required (Fig. 6.19b). In this figure, it is apparent that
irrespective of the initial void ratio of the samples, at large shear
displacement all samples are deforming at the same critical void ratio. All
the tests shown in Figs. 6.19a,b were performed with a normal stress of
201bf/in? (138 kPa), and for this stress level a critical void ratio of about
0.64 would be deduced.

A similar pattern of response can be observed in the results of triaxial
tests on samples of sand. The triaxial apparatus produces more complete
information concerning the stress state in-a soil sample than does the
simple shear apparatus (or shear box); but as is seen in Section 7.4, it can
be difficult to follow reliably the post-peak softening which is a feature
of the response of dense samples. The results in Fig. 6.20 for Chattahoochee

~River sand (from Vesi¢ and Clough, 1968) are typical. Note that these are
not standard triaxial tests performed with constant cell pressure but are
tests with constant mean effective stress p’. In Figs. 6.20a,b,c (curves A
and B), results from tests on initially dense and initially loose samples with
-amean effective stress of 98 kPa are shown. It is clear that testing difficulties
have prevented the dense sample from attaining an ultimate condition
with shearing continuing at constant volume (curve A in Fig. 6.20c);
however, from the test on the loose sand, a critical void ratio of about
0.9 can be estimated. (The attainment of this critical void ratio would
imply a volumetric expansion of about 17 per cent for the initially dense
sample.)

The results of triaxial tests performed by Vesi¢ and Clough at other
constant mean effective stresses are also shown in Fig. 6.20. The effect of
increasing the stress level on the volumetric strains which develop in
samples prepared at essentially the same dense initial void ratio can be
seen in Figs. 6.20a,b (curves A, C, and D). The effect of increasing the
stress level is to eliminate the peak observed in the conventional response,
seen in the test at the lowest stress level. The pattern which is observed
is essentially the same as that in Fig. 6.19a. There, however, the response
changed as the initial void ratio was varied at constant stress level; now,
the response is changing as the stress level is varied at approximately
constant void ratio. )

Casagrande (1936) remarks that ‘static pressure is relatively ineffective
in reducing the volume of a sand; for example, it is not possible to change
a loose sand into a dense sand by static pressure alone’. What is shown
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here is that it is possible to change a dense sand into a ‘loose’ sand by

“static pressure alone. Accepted notions of what constitutes a loose sand
or a dense sand are rendered valueless unless accompanied by a statement
about the stress level of interest. (The mean stress level at which the dense
Chattahoochee River sand in Fig. 6.20 ceases to expand on shearing is
about 2000 kPa. If a ratio of horizontal to vertical effective stress of about
0.4 is assumed, then this stress corresponds to a depth of about 200m in
dry sand or 330m in submerged sand.)

A confirmation of this feature is provided by the test results shown in
Fig. 6.20. The expected contrast appears between the responses of the
initially dense and the initially loose samples when tested at the same low
mean effective pressure (p' =98 kPa) (curves A and B in Figs. 6.20a,b).
However, the responses of the initially dense sample tested at a high
mean effective stress (p’ = 34,433kPa) and of the initially loose sample
tested at the low pressure are qualitatively the same (curves B and D in
Figs. 6.20a, b). )

Initially dense samples of sand sheared at low stress levels expand.
Initially dense samples of sand sheared at high stress levels contract. The
act of increasing the stress level reduces the volume or void ratio of the
sand; consequently, the critical void ratio attained when the sand is sheared

- Fig. 6.21 (a) Isotropic compression of dense and loose Chattah6ochee River
sand; paths of triaxial compression tests with constant mean effective stress
(end points: e dense, o loose); and possible location of critical state line;

(b) end points and critical state line in p':q effective stress plane; (c) end
points and critical state line in v:p’ compression plane (data from Vesi¢ and
Clough, 1968).
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at a high stress level must be significantly lower than the critical void
ratio attained when the sand is sheared at a low stress level. Casagrande’s
(1936) conclusion that ‘Every cohesionless soil has a certain critical {void
ratio}, in which state it can undergo any amount of deformation or actual
flow without volume change’ is seen to be too simple. Just as for clays
critical void ratios for sands are stress level dependent.

The paths followed in the tests on Chattahoochee River sand conducted
by Vesit and Clough (1968) can be plotted in the compression plane v:Ilnp’
(Fig. 6.21a), with the mean effective stress plotted on a logarithmic scale
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to accommodate large ranges of pressure. The paths of tests on loose and
dense samples head towards a somewhat diffuse, but clearly pressure
dependent, zone of critical void rat_ios.

Mathematical description of such a diffuse band is not particularly .

helpful. Upper and lower constraints on critical void ratios may be noted.
The absolute minimum value of void ratio must be zero, implying a
minimum specific volume of unity. For sand to shear at constant
volume at a near-zero void ratio, a mechanism other than the rolling and
sliding of grains, which is associated with low-pressure shearing, has
to be available. Grading curves are shown by Vesi¢ and Clough for
Chattahoochee River sand (Fig. 6.22) in its initial condition, after isotropic
compression to 62.1 megapascals (MPa), and after shearing in a
conventional triaxial compression test at that constant cell pressure. A
considerable increase in the proportion of material finer than 0.1 mm
occurs both during isotropic compression and during shearing, indicating
that particle crushing is a primary mechanism of deformation at high
stress levels. Thus, the material that emerges from the test at a high stress
level is very different from the material that went into the tests at low
stress levels. :

At the other extreme, at extremely low pressures, reliable data are

difficult to obtain because of the inevitable gravitational variation of stress
in a sample, though this could be avoided by performing experiments on
board an crbiting space laboratory. Indirect measurements made as part of
hopper flow experiments by Crewdson, Ormond, and Nedderman (1977)
appear to-indicate a levelling off of the zone of critical void ratios to a
roughly constant void ratio.at very low pressures. This region of the
compression plane may be of importance in studies of liquefaction of soils,
in which flow of soil under effective stresses which are near zero, because
of the presence of high pore pressures, is of importance.

Also plotted in the compression plane (Fig. 6.21a) are the average
isotropic compression'curves for dense and loose Chattahoochee River
sand. These curves illustrate the difficulty of exploring the compression
plane using only isotropic stresses: the loose structure of loose sand is not
disturbed by isotropic compression. Considerable particle rearrangement
is required for the initial structures of loose and dense sands to become
the same, and this rearrangement can occur readily only in the presence
of shear stresses. It is only at high isotropic pressures that the compression
curves for loose and dense samples start to converge. Isotropic
compression is, at these high stresses, associated with particle crushing,
but still the original structure of the sand is not completely eliminated.

Rockfill can be considered as an extreme granular material, but it is a
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material which shows the same pattern of response that has been
demonstrated for finer granular materials. Problems of obtaining good
quality test data from tests on rockfill arise because of the large specimen
which is needed in order that the complete grading of particle sizes will
be included and that the particles will not be unduly restrained by the
proximity of the boundaries. Some triaxial tests on rockfill materials are
reported by Marachi, Chan, and Seed (1972), and paths in the compression

Fig. 6.22 Grading curves for Chattahoochee River sand (1) before testing, (2)
after isotropic compression to 62.1 MPa, and (3) after conventional drained
triaxial compression to failure with cell pressure g, =62.1 MPa (after Vesi¢
and Clough, 1968). )
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plane are shown in Fig. 6.23 for the tests on one of these materials: rockfill
from the Pyramid Dam quarry. For the tests shown, the samples were
0.91 m (3 ft) in diameter and 2.29 m (7.5 ft) high. The change in the character
of the response that occurs as the confining pressure of the triaxial tests
is increased is apparent. Dilation at low pressure becomes marked
compression at higher pressures. For this material, the transition from
‘dense’ to ‘loose’ response occurs at a stress level of about 1000kPa
corresponding to a depth of the order of 100 m in a dry mass of the rockfill.

In presenting data of critical states for clays, parallel use was made of
the p':q stress plane and the p':v compression plane. The critical state
lines predicted by the Cam clay model (Fig. 6.3) and deduced for the
Weald clay (Fig. 6.10) show an ultimate critical state deviator stress which
is proportional to the ultimate critical state mean effective stress. The
parameter M introduced into the Cam clay model implies an ultimate
purely frictional strength.

The ultimate failure and flow of sands.and other granular materials are
governed almost entirely by frictional factors. If a critical void ratio is
reached and shearing continues at constant volume and constant stress
level, then the shearing resistance is linked to the stress level by a coefficient
of friction. This frictional relationship can be illustrated by plotting results
in a stress plane: shear stress:normal stress for simple shear or shear box
tests and deviator stress g:mean normal stress p’ for triaxial tests. The
conditions associated with critical void ratios observed in simple shear .
tests on steel balls (Wroth, 1958) are shown in a stress plane (Fig. 6.19¢)
and a compression plane (Fig. 6.19d). For this ideal material, a fairly
well-defined line of critical void ratios is obtained in both the stress plane
and the compression plane. The data concerning the critical void ratio
for a single normal stress level (Figs. 6.19a,b) provide one point on this
line of critical void ratios.

Critical void ratios are not so well defined for the Chattahoochee River
sand tested by Vesi¢ and Clough (1968), but some of the relevant data
are collected in similar plots in Figs. 6.21b,c.

The term critical state was used in Section 6.1 to describe a combination
of effective stresses and specific volume at which shearing of soil could
continue indefinitely, and the idea of a critical state line linking critical
states was introduced. The lines of end points (Figs. 6.19 and 6.21)
corresponding to attainment of critical void ratios for various granular
materials can be thought of, similarly, as critical state lines. It is apparent
that the pattern of critical states which is observed is equivalent to that
which emerged from the Cam clay model in Section 6.1 and which was
discovered for Weald clay in Section 6.3.
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6.6 Conclusion
This chapter has shown that there emerges from the Cam clay

model a set of combinations of effective stresses and specific volume p’:g:v
at which indefinite shearing (perfect plasticity) occurs. These critical states
emerge merely because the plastic potentials assumed in the model
have a slope in the stress plane dq/6p’ =0, at a particular stress ratio
g/p’=n=M. Critical states emerge automatically from this elastic—
plastic soil model and do not require any further assumptions to be made.

When data from shear tests on geotechnical materials are examined in
terms of ‘limited’ quantities such as effective stresses and specific volume
(as opposed to the ‘unlimited’ quantity shear strain), it is found that all
tests tend towards such critical states. Critical states are a major feature
of observed response. ‘ - /

In some cases, rather simple relationships exist between the combinations
of effective stresses and specific volume at which critical states are attained:
it is then possible to make powerful quantitative statements about expected
patterns of soil behaviour without recourse to the complexities of Cam
clay or other elastic-plastic models.

Exercises
E6.1. Fora particular soil, the critical state line is defined by the following
soil parameters: M =0.9, 1 =0.25, " = 3.0. .

Find the end states in terms of p’:q:v for conventional drained ~
and undrained triaxial compression tests (Ag, =0) on soils with
the initial states tabulated. For the undrained tests, find also the
pore pressure at failure.

p; 4; v;
(kPa) (kPa)
100 0 2049
100 0 1.700
100 0 1849
200 0 1.875
100 50 1875
50 30  2.000

o QAo o

E6.2. A stress-controlled compression test is carried out on a sample of
normally compressed clay with a total confining stress of 490 kPa,

~ which is held constant throughout the test. Each load increment

is left on for sufficient time to allow the sample to reach a new

state of equilibrium, as recorded in the table below. For the first

three increments AB, BC, and CD, the sample is undrained. The
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drainage connection is then opened, and the sample reaches
equilibrium again at E. Further load increments are applied, with
drainage allowed, until the sample reaches failure at F, and the
sample is then in a critical state.

Plot the progress of the test in the p:q effective stress plane and
in the p’:v compression plane and estimate the position of the
critical state line for this clay.

Two additional samples of this-clay (X and Y) are normally
compressed under an isotropic pressure p'=350kPa. If a con-
ventional drained triaxial compression test is performed on X,
predict the values of p',q, and v at failure. If a conventional
undrained triaxial compression test is performed on Y, predict the
values of p’,u, and ¢ at failure.

q u v
(kPa) (kPa)

0 0 2270
392  28.0 2270
784 700 2270

1540 2009 2270
154.0 0 2205
623.0 0 1.990

Study the models described in Exercises E4.3, E4.4, E4.5, and E4.6
to discover whether or not each model predicts the existence of a
unique critical state line.
Obtain data for a natural clay from oedometer and triaxial tests
performed as part of a site investigation. Plot the oedometer data
in the compression plane, and estimate values for 4 and x for the
soil. From the ends of the triaxial tests, estimate the slope M of
the_critical state line in the effective stress plane and its position
I in the compression plane. From the initial stages of the triaxial
tests, estimate a value for the shear modulus G'.

Use the Cam clay model to estimate the complete stress:strain

Wy Ow >

- response for one of the triaxial tests, and compare the.estimated

response with the observed response.



Strength of soils

7.1 Introduction: Mohr—Coulomb failure
To most geotechnical engineers the phrase ‘strength of soils’

conjures up images of Mohr-Coulomb failure criteria. This chapter
presents strength of soils in a rather more general way to show how
classical notions of Mohr-Coulomb failure can be reconciled with the
patterns of response that have been developed in earlier chapters. For
convenience, discussion of the link between dilatancy and strength is
deferred to Chapter 8; however, it is one of the messages of critical state
soil mechanics that these two aspects of soil behaviour are inextricably
entwined. ) - : o

Mohr-Coulomb failure is concerned with stress conditions on potential
rupture planes within the soil. The Mohr—Coulomb failure criterion says
that failire of a soil mass will occur if the resolved shear stress 7 on any
plane in that soil mass reaches a critical value. It can be written as

1=+ (c' +d' tan¢’) : (7.1)

This defines a pair of straight lines in the ¢’:7 stress plane (Fig. 7.1). If
Mohr’s circle of effective stress touches these lines, then failure of the soil
will occur. It is assumed that, for sliding to occur on any plane, the shear
stress has to overcome a frictional resistance ¢’ tan ¢’, which is dependent
on the effective normal stress ¢’ acting on the plane and on a friction
angle ¢’, together with a component ¢’, which is independent of the normal
stress. This component ¢’ is often called cohesion but is more usefully
regarded merely as an intercept on the shear stress axis which defines the
position of the Mohr—-Coulomb strength line. [Wroth and Houlsby (1985)
prefer to use the symbol s rather than ¢ in order to escape from the physical
associations of the ‘cohesion’ intercept.] ‘ '
Mohr-Coulomb failure can also be defined in terms of principal stresses.
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From Fig. 7.1 the limiting relationship between the major and minor
principal effective stresses o and oy, is .
oy +ccotg’ - 1+sing’
oy +c cotd’ "~ 1—sing’

(Previously, principal stresses have been written with subscripts 1,2,
and 3 without any declaration about the relative magnitudes of the three
principal stresses. Where it is important to specify the major, intermediate,
or minor principal stress, then the subscripts 1,11, and III, respectively,
will be used.)

Mohr-Coulomb failure, because it deals with conditions on a plane, is
opaque to the value of the intermediate principal effective stress oy, which
plays no part in (7.2). Thus, in Fig. 7.1, this intermediate principal stress
can be equal to the minor principal stress oy, = oy, (Fig. 7.1a), equal to

(7.2)

Fig. 7.1 Mohr-Coulomb failure. Intermediate principal stress (a) squal to
minor principal stress, (b) truly intermediate, and (c) equal to major principal
stress.

(a) (b)

(c)
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the major principal stress o}, =0} (Fig.7.Ic), or take some truly
intermediate value ¢ > o}, > gy, (Fig. 7.1b) without affecting the position
of the largest Mohr circle, containing the major and minor principal
stresses, which controls the attainment of failure.

The stress conditions illustrated in Fig. 7.1a with ¢ = oy correspond
to triaxial compression in which the cell pressure provides the minor (and
equal intermediate) principal stress. Expression (7.2) can be rewritten in
terms of triaxial stress variables p’:gq, where '

,_ o1+ 20y,
= 7.3
3 (7.3)
g=o0—oy (7.4)
and becomes (Fig. 7.2)
q _ 6sing (1.5)

p’+c’cot¢’—3—sin¢
The stress conditions illustrated in Fig. 7.1c with oy = o; correspond to

triaxial extension in which the cell pressure provides the major (and equal
intermediate) principal stress. The triaxial stress variable p’ then becomes

2 )
,_ 20 ‘3*' i (7.6)

and (7.2) can be written as
g . —6sing 1.7

p’+c’cot¢’—3+sin¢’ ’
This is also plotted in Fig. 7.2, where, for convenience, a negative sign has

- been assigned to values of g in triaxial extension.
The critical states described in Chapter 6 and produced in triaxial

Fig. 7.2 Mohr-Coulomb failure criterion.
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compression tests defined lines given for many;soils by

n= _‘l’ =M (7.8)
p ,

Comparison of (7.8) and (7.5) suggests that soils are failing in a purely
frictional manner at the critical state, that is, with ¢’ =0. The deformations
have been so large that the soil has been thoroughly churned up, and any
bonding between particles which might have led to some cohesive strength
has broken down. With ¢’ =0, comparison of (7.8) and (7.5) shows that
for triaxial compression,

_ 6sin ¢’ . . (1.9)
3—sin¢’ )
or
M :
sin ¢’ = —— 7.10
¢ Y, | (7.10)

Comparison of (7.7) and (7.5), however, shows that if the soil knows
about a particular angle of friction ¢’, and if this soil reaches the critical
states given by (7.8) in both triaxial compression and triaxial extension,
then it is not possible for the value of M to be the same in triaxial
compression and extension. In triaxial extension,

6 sin ¢’
. 7.11)
3+sing’ (7.11)
or )
sin¢g’ = 3M” (7.12)
66— M* '

Conversely, if the soil knows about a particular value of M at the critical
state, by whatever mode of deformation that critical state may have been
reached, then with M = M*, the corresponding angles of friction must,
from (7.10) and (7.12), be different. However, experimental evidence (e.g.
from Gens, 1982) suggests that the critical state angle of friction is the
same under conditions of triaxial compression and triaxial extension (and
plane strain), and it would therefore be inappropriate to force M = M*
in (7.10) and (7.12) to describe these ultimate failure conditions. -
Expressions (7.9) and (7.11) have been plotted in Fig. 7.3. Although the
concern here is with ultimate failure conditions, it will be useful
subsequently to interpret them aiso as relationships between values of
stress ratio n =g/p’ and mobilised angles of friction ¢’ at any stage of
triaxial compression or extension. Expression (7.9) for triaxial compression
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can be written approximately as

¢ ‘ :
M=~ : 7.13
T (7.13)
and (7.11) can be written rather less accurately as
me=? | (7.14)
35

where, in each expression, ¢’ is measured in degrees.

7.2 Critical state line and undrained shear strength

So far, discussion of the Mohr—Coulomb failure criterion has
been in terms of effective stresses. If a soil sample is not allowed to drain,
then the Mohr circle of effective stress at failure (E in Fig. 7.4) can be
associated with an infinite number of possible total stress circles (T, T5, ...
in Fig. 7.4) displaced along the normal stress axis by an amount equal to

Fig. 7.3 Relationship between stress ratio n = g/p’ and mobilised angle of
shearing resistance ¢’ in triaxial compression and extension.
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Fig. 7.4 Mohr's circles of total stress and effective stress.
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the pore pressure. The pore pressure does not affect the differences of
stresses or shear stresses, so all these total stress circles must have the
same size. Clay soils are often loaded sufficiently fast for drainage of
shear-induced pore pressures to be impossible. It is then convenient to
perform analysis of the stability of clay masses in terms of an undrained
-shear strength c,, which is the radius of all the Mohr circles in Fig. 7.4,
whether effective stress or total stress circles. This undrained strength is
the maximum shear stress that the soil can withstand, and the failure
criterion for undrained conditions becomes [compare (7.1)]:

=z, (7.15)

A unique undrained shear strength for a given specific volume has here
been presented as a consequence of the principle of effective stress. A
critical state line provides a unique relation between specific volume (or
void ratio or water content, for a saturated soil) and the ultimate value
of deviator stress g, for soil sheared in a particular mode, for example,
triaxial compression. This ultimate value of deviator stress is the difference
between the axial and radial total or effective stresses at the end of the
test, which is the diameter of the Mohr circle of effective or total stress
(Fig. 7.4) and is hence twice the undrained shear strength ¢,. The simple
form of experimentally observed critical state lines implies a similarly
simple mathematical description of the relationship between undrained

F.igr 7.5 Conventional undrained triaxial compression test on
overconsolidated soil: (a) p’:q effective stress plane (ESP, effective stress path;
TSP, total stress path); (b) v:p’ compression plane.

q
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strength and specific volume and also permits the undrained strength of
soil subjected to any specified consolidation history to be estimated.

A soil with a specific volume v (Fig. 7.5), no matter how that volume
was arrived at, will end on the critical state line at a mean effective stress
p; when tested in undrained triaxial compression. From (6.10),

r—
pr= exp/( 7 v) ) (7.16)
This implies an ultimate value of deviator stress :
9= Mp; (7.17)
and hence an undrained shear strength
Mp;, M ( r-— v)
cu = —= X 7.1 8
2 2 P71 (7.18)

To link undrained shear strength with consolidation history, some
idealisations concerning compression and unloading of clays must be
made. It was suggested in Chapter 6 that both the critical state line and
normal compression lines could be assumed, from experimental evidence,
to be reasonably straight and parallel in a semi-logarithmic compression
plane v:ln p’ (Fig. 7.6) over a reasonable range of mean effective stress. A
normal compression line, not necessarily for isotropic normal compression,
can be written as

v=v,—Ailnp’ (7.19)(4.2bis)

[For isotropic normal compression, v, would be equal to N; compare (5.8).]
‘The critical state line can be written as

v=0—-Alnp ] (7.20)(6.10bis)
It is convenient to assume that the unloading and reloading of soil are
described by a similar expression,

v=v,—xlnp  (7.21)(4.3bis)

Fig. 7.6 VNormal compression line (ncl), unloading-reloading line (url), and
critical state line (csl).
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giving straight unloading-reloading lines in the v:ln p’ compression plane
(Fig. 7.6). \

The volume separation of the normal compression and critical state
lines is v, — I (Fig. 7.6). It will be useful to describe the separation of these
lines also in terms of the ratio r of the pressures on any particular
unloading-reloading line between the normal compression and the critical
state lines. Referring to Fig. 7.6, one has

7

r=rteo (7.22)
pCS
or
T
r =exp <U‘ ) (7.23)
A—K

This pressure ratio r can be regarded as an extra soil parameter. In the
description of elastic—plastic models for soil in Chapter 4, the value of r
is implicitly fixed by the relative geometry of yield loci and “plastic
potentials. In particular, for the Cam clay model described in Chapter 5,
if isotropic normal compression is being considered, so that v; = N, then
r is the ratio of tip pressure to critical state pressure for any yield locus
and is fixed at r=2.

Now consider an undrained test on a sample whxch has been normally
compressed to O (Fig. 7.5) with p’ = p and them unloaded and allowed
to swell to I with p’ = p}. Even if this loading and unloading history is
not isotropic, an isotropic overconsolidation ratio n, can be defined as
the ratio of these two mean effective stresses:

np =2 ‘ | (7.24)
The specific volume of the sample at I is

v,=v;—Alnp, +«lnn, (7.25)
Hence, from (7.18), the. undrained strength reached at point F on the
critical state line (Fig. 7.5) is

Cu =%exp[<r;v‘)+ln pﬁ,—-(%) In np] . (7.26)
which, from (7.23) and (7.24), can be written as \
G M(ﬁe)“ - L)
pi 2\r
where
A—k

A=~— (7.28)(6.19bis)
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In (7.27), the undrained strength is made non-dimensional by dividing
it by the mean effective stress which the soil experienced at the end of
compression (or unloading) just before the undrained test was begun. This
strength ratio is linked with the isotropic overconsolidation ratio n,. the
other parameters in (7.27), M, A, and r, are all soil constants describing
different aspects of the effective stress response of the soil. Expression
(7.27) links a total stress characteristic of soils, the undrained shear
strength, with effective stress parameters and the consolidation history of
the soil. o

The parameter A describes the relative slopes of the normal compression
and unloading-reloading lines for the soil. For a typical clay with A = 0.85,
r=2, and M =1 [implying ¢’ ~25° from (7.13)], the variation of c./p;
with n, is shown in Fig. 7.7. When both c,/p; and n, are plotted on
logarithmic scales, a straight-line relationship emerges with slope A.

For normally compressed samples, n,=1 and

DRCE

The ratio of the values of ¢,/p; for overconsolidated and normally
compressed samples is independent of M and r:

Gl _ | (7.30)
(€u/Piac

This analysis has been presented only in terms of the isotropic
overconsolidation ratio n, = p_/p!. A conventional overconsolidation ratio
n=o0,/0,;, defined in terms of the ratio of past and present vertical effective
stresses, would be more familiar to practising engineers. The relationship
between n, and n, of course, depends on the type of past loading. If the
soil has known only isotropic stresses through laboratory testing, then
n=n,. If the soil has a history of one-dimensional loading and unloading,

Fig. 7.7 Ratio of undrained strength to initial mean effective stress (c./P)
varying with isotropic overconsolidation ratio.
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Fig. 7.8 Ratio of undrained strength to initial vertical effective stress (c,/};)
varying with overconsolidation ratio n: (1) Drammen clay (I, =0.30) (after
Andresen, Berre, Kleven, and Lunne, 1979); (2) Maine organic clay (I, = 0.34);
(3) Bangkok clay (I, = 0.41); (4) Atchafalaya clay (/; =0.75); (5) AGS CH

clay (I, = 0.41); (6) Boston blue clay (I, = 0.21); (7) Connecticut Valiey varved
clay (I, = 0.39/0.12) (after Ladd, 1981).
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then the link between n and n, is more complex (it is discussed in
Section 10.3). Written in terms of vertical effective stresses instead of mean
effective stresses, (7.30) becomes. ' '

R cu/o"vi = l A
(cu/0%),c (n,)n" : ] - (7.31)

Data of the strength ratio ¢,/o’, from undrained simple shear tests on
six clays, reported by Ladd and Edgers (1972) and Ladd, Foott, Ishihara,
Schlosser, and Poulos (1977), are shown in Fig. 7.8a. The samples in these
tests were initially one-dimensionally compressed, and the strength ratio
is plotted against the overconsolidation ratio n. The same data are
presented in Fig. 7.8b in the form of the ratio (cu/o )(cy/0,;)ne Plotted
against n. Ladd et al. remark that all the data then fit into a narrow band
which is reasonably well defined by the expression o

% _ (7.32)
(Cu/ a:ri)nc

where u = 0.8, though a better fit is obtained if u reduces from 0.85 to
0.75 with increasing overconsolidation. X

Although the expressions (7.30) and (7.31) were deduced with reference.
to undrained strengths in triaxial compression tests, the ratio of strengths
of overconsolidated and normally compressed soils contained” in this
expression should not depend on the type of test used to measure the
strengths (the same test being used for all strengths). It will emerge in
Section 10.3.2 that the values of n® and (n/n,)nd are typically fairly close
for values of n, less than 16. That the empirical expression (7.32) has the
same form as (7.30) provides support for the analysis presented in this
section. The value of the exponent A depends on the soil being investigated;
it may be coincidence that the seven clays studied by Ladd et al. provide
such a narrow band of data in Fig. 7.8b.

It will be seen in Section 9.4.5 that there is a problem in determining
reliable values of «, the slope in the v:Inp’ compression plane of -
unloading-reloading lines. Consequently, Mayne and Swanson (1981)
have made use of (7.30) [or, strictly, expression (7.32) with u set equal to
A, since they have analysed data from 95 clays subjected to a variety of
tests on isotropically and one-dimensionally consolidated samples] to
deduce the average value of A of which each soil is aware. They report a
large range of values of A (see Section 9.4.5). The value of A thus deduced
can in principle be used in other analyses using models based within the
framework of critical state soil mechanics.
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7.3 Critical state line and pore pressures at failure

In Section 1.6, a pore pressure parameter @ was introduced to
link pore pressure changes with changes in applied total stresses:

du=0dp+adq (7.33)(1.65bis)
It was shown in Sections 1.6 and 5.4 that a is an indication of the current
slope of the undrained effective stress path. Since undrained effective stress
paths will not usually be straight, the value of a will certainly not be a
soil constant but will depend on the current effective stress state in the
soil, as well as on the history of consolidation of the soil. The link between
effective stress and total stress descriptions of soil strength requires some
knowledge of the pore pressure at failure. Even though the pore pressure
parameter a may not be a constant, an average value a; can be defined
as the average slope of the effective stress path during the undrained
loading:

a; = —4r | (1.34)

Ag
It has already been shown (Section 7.2) that the mere proposal of the
existence of a critical state line permits an estimate to be made of the
undrained triaxial compression strength of overconsolidated samples. The
pore pressure that- would be observed when a critical state was reached
in a conventional undrained test, and the corresponding value of a;, can be
calculated by an extension of the same analysis. :
Consider a sample with initial isotropic overconsolidation ratio n, at

I (Fig. 7.5):

n,="2e L (7.24bis)

p; 7 :
When subjected to an undrained compression test, the path in the
compression plane moves from I to F, on the critical state line (Fig. 7.5b).
The end point of the test is thus fixed in the stress plane too (Fig. 7.52),
though the shape of the effective stress path between I and F is not known.
The value of deviator stress g; at F is given from (7.27) as
A .
gr=M p2(1’3> | (7.35)
r

For a conventional triaxial compression test, the total stress path (TSP
in Fig. 7.5a) has a gradient Ag/Ap =3. Thus, when the undrained test
reaches failure, the total stress changes will be - ) '

Agq=q; : (7.36a)

Ap = %‘ o (7.36b)



7.3 Critical state line: pore pressures : 187

The effective mean stress at the end of the test, p; is

N v
pé=:—;=p£(%> : : ‘ (7.37)

and the pore pressure chahge during the test will be (Fig. 7.5a)
Au=p;+Ap—p;

. (1 1)
=p;+4qs 3T M
[1em(me) (1 L
ol i) ()] 78

Then, from (7.34),
=~ (pe—p ) v
9. -
(ny/r) " —1 :

Data of pore pressures at failure in triaxial compression tests on samples
of Weald clay tested at different isotropic overconsolidation ratios are
given by Bishop and Henkel (1957) and shown in Fig. 7.9 in terms of the
Pore pressure parameter a;. Values of a, have been calculated and plotted
for comparison, using (7.39), with the soil parameters A1 =0.091 and

-

Fig. 7.9 Dependence of pore pressure parameter a, at failure on
overconsolidation ratio for isotropically overconsolidated Weald clay (after

Bishop and Henkel, 1957).
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M = 0.95 (as found in Section 6.3), k = 0.034 (from an average slope of the
unloading lines in Fig. 6.8), and r = 2.0 (according to the Cam clay model).
Then, from (7.28), A =0.63. Agreement is good, particularly at lower
overconsolidation ratios. '

For isotropically normally consolidated Weald clay (n, = 1), a; = 2 This
value is typical of many clays and indicates, from comparison of (7.34)
and (7.36), that for the conventional triaxial compression test in which
the deviator stress is increased at constant cell pressure, the pore pressure
at failure is approximately equal to the deviator stress at failure (Fig. 7.10).
It follows that the average slope of the effective stress path from I to F
is about — 3. For other total stress paths, the pore pressure at failure would
be quite different even if the values of deviator stress and pore pressure
parameter a, were the same, because the contribution to the pore pressure
of the change of total mean stress Ap would be quite different.

For n,=2, the value of a; in Fig. 7.9 is calculated and observed
to be zero. For this overconsolidation ratio, the Cam clay model predicts
a purely elastic response all the way from the initial state to failure at a
critical state, and there is no tendency for dilatancy of the soil to contribute

to the observed pore pressure. .

7.4 Peak strengths
In the previous two sections, the strength of soil has been
associated with conditions at the critical state. At a critical state, shear
deformations can continue at constant effective stresses and constant
volume: the soil is being continuously churned up or remoulded. This is
in principle an ultimate state, and a critical state strength should be an
ultimate strength. (Practical exceptions will be discussed in Section 7.7.)
According to the Cam clay model described in Chapter 5, all tests

Fig. 7.10 Particular case of conventional undrained triaxial compression test
with pore pressure u equal to deviator stress g at failure.

q
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eventually reach the critical state line. However, it was seen in Section 5.3
and Fig. 5.7 that-drained tests on heavily overconsolidated samples pass
through a peak value of deviator stress followed by a subsequent drop in
deviator stress to a critical state. This occurs because the yield locus in
the p’:q stress plane lies above the critical state line at high values of
overconsolidation ratio. If conventional drained triaxial compression tests -
were performed on a large number of samples, each subjected to the same
maximum past isotropic consolidation pressure but unloaded to different
overconsolidation ratios, then the locus of the maximum values of deviator
stress reached in these tests would be as shown in Fig. 7.11a. This locus
of peak points is made up of two sections: '

1. Normally compressed and lightly overconsolidated samples (up
to an overconsolidation ratio of about 2 according to the Cam

Fig. 7.11 Points of peak deviator stress g in conventional drained triaxial
compression tests on isotropically overconsolidated samples having same past
maximum preconsolidation pressure: (a) p’:q effective stress plane; (b) v:p’
compression plane.
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clay model) end up on the critical state line between C and A4,
and the critical state condition represents the maximum value of
deviator stress that they have experienced.

2. For more heavily overconsolidated samples, the peak deviator
stress comes at the intersection of the applied stress path
(6q/8p = 3 for conventional drained compression) with the initial
yield locus between C and B. (The point B would be reached for
a sample tested at zero cell pressure.)

Clearly, it would be inappropriate to try to fit a single Mohr-Coulomb
strength equation such as (7.5) to this set of data.

These data represent soil samples with a single past maximum con-
solidation pressure. Similar sets of tests on soil samples with different past
maximum consolidation pressures would produce similar loci of peak
deviator stresses, with normally compressed and lightly overconsolidated
samples still ending on the critical state line, but with more heavily
" overconsolidated samples reaching a peak on distinct segments of different
critical yield loci (Fig. 7.12). Conventional drained tests on samples with
all possible histories would produce peak points lying in the fan-shaped
region TOC (Fig. 7.12), and it would not be rational to try to pick a single
Mohr—Coulomb strength line to represent an average of all these data.

One way in which the peak strength locus BCA in Fig. 7.11 could be
made to apply to all soils would be to make the axes non-dimensional
by dividing by the maximum past consolidation pressure p,. All the results
of Fig. 7.12 would then become a single locus BC4 in the p'/p,:q/p; plane
(Fig. 7.13). Given a particular sample of soil, it is not easy to deduce what
the past maximum consolidation pressure might have been. However, it
is feasible to measure the water content (for saturated soil) and thus, with

Fig. 7.12 Loci of points of peak deviator stress g in conventional drained
triaxial compression tests on isotropically overconsolidated samples having
different past maximum preconsolidation pressures.
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knowledge of the normal compression characteristics of the soil, to deduce
the equivalent consolidation pressure p. (Fig. 6.6 and Section 6.2).

The data of peak deviator stress were discussed in F ig. 7.11a without
reference to paths in the compression plane. The tests that reach their
peak on-the critical state line between C and 4 in the stress plane will,
at that peak deviator stress, be on the critical state line between C and
A in the compression plane (Fig. 7.11a, b). The tests that reach their peak
on the initial yield locus between B and C in the stress plane will, at that
peak, be on the initial unloading-reloading line between B and C in the
compression plane (Fig. 7.11a,b). The two-part nature of this locus of
peak points is again clear. The specific volume (or water content) of each
sample changes during these drained tests. When the stresses p’:q at the
point of peak deviator stress are divided by the value of the equivalent
consolidation pressure p, appropriate to the volume of the sample at that
point, the data of p/p,:q/p, again lie on a single, curved segment (CBin
Fig. 7.14). As described in Section 6.2, the critical state line becomes a
single point C in this plot. All the tests that reach their peak on the critical
state line, on OC in Fig. 7.12, plot at point C in Fig. 7.14. All the tests
that reach their peak within the fan TOC in Fig. 7.12, plot on the curve
CBin Fig. 7.14. The use of the non-dimensional stress quantities p’/p’:q/p.,
takes account of differences in water content at failure in different samples
and makes apparently incompatible information compatible.

In the predictions of the response of heavily overconsolidated soil in
drained triaxial compression made using the Cam clay model, the peak
deviator stress was followed by a drop of deviator stress (towards a critical
state) as deformation was continued (see Figs. 5.7 and 7.15). Such a falling
stress:strain curve can only be followed to the critical state (FC) in a test

Fig. 7.13 Data of peak deviator stress normalised with respect to past
maximum preconsolidation pressure p..
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in which the axial compression ¢, of the sample is steadily increased, a
strain-controlled test. In a test in which the deviator stress g is steadily
increased (a stress-controlled test), catastrophic failure occurs as soon
as the peak deviator stress is reached (FG in Fig. 7.15). Even in a
strain-controlled test, uniform deformation of the sample is unlikely
beyond the peak. Theoretical treatment of the development of non-uniform
deformations in test specimens is complex (e.g. see Vardoulakis, 1978;
Vermeer, 1982), but a qualitative discussion is possible with reference to
conditions on a potentially critical plane within the specimen.

Just as the critical state line in the p’: g plane can be equated with a purely
frictional strength criterion OC in the normal stress:shear stress ¢’:t plane
(Fig. 7.16a), so the peak strength envelope for heavily overconsolidated
samples, BC in Fig. 7.11, can be converted into a strength criterion BC
in the ¢': plane (Fig. 7.16a). If behaviour in terms of ¢’ and 7 is thought
of as being broadly equivalent to behaviour in terms of p’ and g, then the
response expected on this potentially critical plane is as follows. The initial
stresses are isotropic, so the initial shear stress at P is zero. As the drained

Fig. 7.14 Data of peak deviator stress normalised with respect to equivalent
consolidation pressure p,.

Fig. 7.15 Strain softening response after peak.
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Fig. 7.16 Bifurcation of response as deformation becomes concentrated in thin
region: (a) 1:0’ effective stress plane; (b) v:¢’ compression plane; (c) shear stress
7 and specific volume v; (d) shear stress t and shear displacement x;

() distribution of specific volume before formation of failure plane;

(f) distribution of specific volume after formation of failure plane.
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compression test proceeds, the shear stress and the normal stress on this
plane increase, PQ (Fig. 7.16a). This is associated.with essentially elastic
changes in specific volume (Fig. 7.16b, ¢) and elastic deformations between
points on opposite sides of the plane (Fig. 7.16d). After the peak strength
envelope BC has been reached at Q, then softening to the critical state at
R requires increase in specific volume or water content of the soil. As the
water content or specific volume of the soil increases, the corresponding
strength curve changes (compare Fig. 7.12), and the soil becomes weaker.
This will be an unstable process because it is extremely unlikely that the
soil sample will be absolutely homogeneous; it only requires that some
parts of the sample should start this post-peak softening fractionally ahead
of other parts for further deformation to become concentrated in the
weaker parts of the sample. Shearing then occurs almost solely on critical
planes in the soil. In Fig. 7.16, the soil in the critical plane (which is likely _
to be a thin zone of failure) may continue to deform towards the critical
state QR. If the soil is saturated, then the expansion in volume in this
failure region may occur at the expense of a decrease in volume of the
adjacent soil, which will unload stiffly, 0S. There is a bifurcation of the
response similar to that which occurs when a strut buckles and similar
to the uncertainty of response illustrated in Fig. 5.8. The expected spatial
distribution of water content in a saturated soil before and after this
bifurcation of response and localisation of deformation is shown in
Figs. 7.16e, f. A field observation of just such a distribution of water content
will be discussed in Section 7.7.

A nice example of the contrast between soil which deforms steadily to
a critical state and soil which develops failure planes after a peak strength
is shown in Fig. 7.17, taken from Taylor (1948). The loose sample of sand

Fig. 7.17 Failed samples of (a) dense and (b) loose Fort Peck sand tested in
conventional drained triaxial compression (from Taylor, 1948).
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(Fig. 7.17b) hardens as it is sheared and bulges symmetrically at large
‘deformations. No critical failure planes are being mobilised in this sample;
and although the restraint provided by the end platens is producing some
axial non-uniformities, variables based on principal stresses and strains
such as p’:q and ¢,:¢, will be appropriate for describing the behaviour to
large deformations. The dense sample of the same sand tested under similar
conditions (Fig. 7.17a) develops a failure plane. Although variables such
as p':q and ¢,:¢, may be appropriate for describing the behaviour before
the failure plane develops, once it has developed, it is only logical to
describe subsequent response in terms of the normal and shear stresses
acting on the plane and the components of strain within the thin failure
zone, or the deformations across the failure plane.

Such a study of stress and deformation conditions obtaining in a failure
zone formed in a dense sand sample has been carried out by Vardoulakis
(1978); some typical results are shown in Fig. 7.18. In Fig. 7.18a, the friction
mobilised on the failure plane is plotted against the relative sliding

Fig. 7.18 (a) Mobilfscd friction and (b) Qolume change of thin failure zone
shearing to critical state (medium grained Karlsruhe sand, v, = 1.57) (after
Vardoulakis, 1978).
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movement x that occurs across the plane. The friction is initially high but
drops to a steady value as deformation continues. In Fig. 7.18b, dy/éx,
the rate of change of separation y across the failure plane with sliding
movement X, is plotted against x. This ratio is a measure of the volume
change occurring in the failure zone and is high as sliding begins but falls
to zero as deformation continues. At larger deformations, the dense sand
has actually reached a critical state at which it deforms at constant volume
and constant mobilised friction. )

7.4.1  Peak strengths for clay

Once localisation of deformation occurs in a test sample
(Fig. 7.16), then statements about deformations and specific volumes made
on the basis of boundary measurements will no longer be reliable. Hvorslev
(1937) studied the strength of clays using a direct shear box. He was aware
of the localisation of deformation that occurred and took care to dismantle
his apparatus rapidly after each test so that samples of soil could be
obtained from the region of failure, for water-content determination. He
was then able to plot his data of failure in both a stress plane and a
compression plane. '

In the shear box (Fig. 1.24), the stress components that are measured
are the average normal effective stress, ¢/, = P/A, and the average shear
stress, 1, = Q/A, acting on the horizontal plane of failure. Typically, shear
box tests are performed with the normal stress o/, held constant. The stress
plane in which data from shear box tests can be plotted has axes of normal
stress o, and shear stress 7, and the compression plane also has abscissa
o.. One set of results obtained by Hvorslev (1937), for Vienna clay, is
shown in Fig. 7.19. The peak shear stresses that were observed are shown
in the o,:7, stress plane in Fig. 7.19a. The data were obtained from

- specimens sheared from various one-dimensionally normally compressed

states or at various overconsolidation ratios on a single unloading-
reloading loop. The pattern found is broadly similar to that shown for
the Cam clay model in Fig. 7.11a. '

The water contents measured in the thin failure zone of the shear box
are plotted in the o :w compression plane in Fig. 7.19b. Again, the pattern
can be related to that shown for the Cam clay model. Normally compressed
samples, 1 and 2, show equal drops in water content from the one-
dimensional normal compression line to the critical state line; such equal
drops are implied by the parallelism of these lines assumed in the Cam
clay model. Overconsolidated samples reach failure at points in the
compression plane below the critical state line; compare Figs. 7.19b and
7.11b.




Fig. 7.19 Shear box tests on normally compressed and overconsolidated
Vienna clay: (a) t,:0, effective stress plane; (b) w:o, compression plane;

(c) equivalent consolidation pressure ¢/, and vertical efective stress o, (after
Hvorslev, 1937). C .
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Since complete information about stress states is not available from this
apparatus, it is not possible to calculate values of mean effective stress at
any stage of a test, and hence it is not possible to calculate values of the
equivalent consolidation pressure p,. However, an equivalent one-
"dimensional consolidation pressure .. can be defined as shown in Fig. 7.20
(compare Fig. 6.6). Values of the equwalcnt consolidation pressure ¢/,
relevant at failure in these shear box tests are shown in Fig. 7.19¢. It i 1s
immediately apparent that the pattern of variation of ¢, at failure is .
essentially the same as the pattern of variation of 7, at failure.

By plotting the ratios o/ /g’ and t,/o", at failure, the data are brought
together into a single picture which is equivalent to that shown in Fig. 7.14
for Cam clay. The data for Vienna clay are shown in Fxg 7.21. The data
lie on a straight line of the form

I

Th

=c,. +——tan¢, (7.40)
o’

ve ve

where ¢, and ¢ are soil parameters. Comparing this with the conventional

Fig. 7.20 Equivalent consolidation pressure ¢, on one-dimensional normal
compression line (1-D ncl).
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Fig. 7.21 Failure data from shear box tests on Vienna clay (after Hvorslev,

1937).
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Mohr-Coulomb failure criterion, \
t=c"+o'tan¢’ ' (7.1bis)

we see that

d=c,0,, . (741
and __— \

$=9. - (142)

In other words, the apparent cohesion to be used in the Mohr-Coulomb
strength equation depends linearly on the equivalent consolidation
pressure; hence, if a linear relation is assumed between water content and
logarithm of pressure during normal compre551on the cohcsxon Increases
exponentially as the water content decreases. ‘ ‘

This provides a good illustration of the need to' consider a volumetric
quantity as well as effective stress variables when trying to assemble
strength data. If strength data follow the relationship found by Hvorslev
(7.40), then it is only samples which fail at the same water content or
specific volume —and hence at the same equivalent consolidation
pressure — that will lie on a single, simple Mohr-Coulomb line (7.1). A
series of samples which have been unloaded from a single maximum past
pressure, or a series of samples taken from a single profile in the ground,
can have quite different water contents and hence can produce failure
points which lie each on a quite different strength line.

The normally compresséd and lightly overconsolidated samples tested
by Hvorslev did actually fail and reach their greatest strength on what,
in the light of discussions in Chapter 6, can be called a critical state line.

At the critical state, the strength seen in the shear box should be purely

frictional and of the form '
T, = 0, tan ¢, o S S (743)
This critical state condition imposes a limit on the range of validity of
(7.40), and Fig. 7.21 shows that there is a cluster of points at the right-hand
end of the line. The values of the strength quantities ¢/, ¢, and ¢., in
(7.40) and (7.43) for Vienna clay are given in Table 7.1, together with values
for the Little Belt clay, also tested by Hvorslev. '
The significance of the limited extent of the Hvorslev failure line (7.40)

may become clearer when peak strength points from triaxial tests are

considered and a diagram which is directly comparable with Fig. 7.14 can
be obtained. For triaxial tests on isotropically normally compressed and
overconsolidated samples, the equivalent consolidation pressure to be used
to normalise the stress results is p., as defined in Fig. 6.6 and Section 6.2.

" The peak strength data obtained by Parry (1956) in a large number of
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Table 7.1. Hvorslev strength parameters

Soil | <., e bldeg) @l (deg)
Vienna clay , 0.100 0.141°¢ 17.5 26.0
Little Belt clay - 0.145 0.187° 9.9 19.6
Weald clay 0.034¢ 0.046 18.8 224

aThese values have been calculated assuming that pl/o, =(1+ 2Kon)/3 =
(3 —2sin . ))/3, where K, is- the ratio of horizontal to Vertical effective stress
dunng one-dimensional normal compression.

triaxial tests on Weald clay are shown in Fxg. 7.22 in the dimensionless
stress plane” p'/p.:q/p.. These tests include drained and undrained,
compression and extension tests with various total stress paths, but the
failure points lie closely around two straight lines: one for compression
tests and one for extension tests. (Extension tests, having axial stress less
than radial stress, are plotted with negative values of g = o, — ¢,.) Although
these lines have slopes of different magnitude in the p'/p}:q/p, plane, they
are in fact matched by a single set of Hvorslev strength parameters [refer
to Section 7.1 and expressions (7.5) and (7.7)], as shown by Schofield and
Wroth (1968). Expression (7.40) is now slightly modified to

I

l=c +Ztand, | (7.44)

P p.

Fig. 7.22 Failure data from triaxial comﬁression and extension tests on Weald
clay (data from Parry, 1956). '
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so that (7.41) becomes

¢’ =cpeP. - , (7.45)
In triaxial compression, the failure data lie on the line
q_ hc<g + p—) , (7.46)
pe pe / -
and in triaxial extension the failure data lie on the line
L=- he'(g + B—) (7.47)
P, P, )
with |
g=c,cote, \ ' ) S (7.48)
and, by comparison with (7.5) and (7.7,
. 6si ' -
LU . - (7.49)
3—sing, - ‘
and
. . 6 s , ] . v ‘ T
LTS ~ (7.50)
3+sing,

The values of the strength parameters Cpes P.» and @, for Weald clay are
also given in Table 7.1. The final figure, for ¢, comes from (6.25) via (7.9).
The critical state condition again provides a limit to the line, just as the
critical state point C provided a limit to the peak strength line predicted
by the Cam clay model in Fig. 7.14. Normally compressed and lightly
“overconsolidated samples are expected to proceed stably toa crmcal state
without a premature peak.

There will be a limit to the extent of the Hvorslev failure line also at

" low values of p’ p’.p.. 1f, for example, it is supposed that the soil can withstand
no tensile effective stresses, then the condition of zero effective radlal stress
defines a limiting line in triaxial compression OA in Fi 1g 7.22,

q=3p ’ : (7.51)
and the condition of zero effective axial stress defines a limiting line in
triaxial extension OB in Fig. 7.22,

qg= — ;T | ‘ , (7.52)
The Hvorslev lines then span between the critical state” points and the

no-tension lines. )
Comparison of Fig. 7.14 with Fig. 7.22 (and indirectly with Fig. 7.21)
suggests that although the Cam clay model as formulated in Chapter 5
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is correctly indicating that peak strengths are to be expected for heavily
overconsolidated samples, the peak strengths that are being predicted by
the model look too high. :

A complete picture of the triaxial compression response of the Weald
clay can be produced in the dimensionless p'/p.:q/p. plane, as shown in
Fig. 7.23a. The constant volume locus of the Cam clay model (Fig. 6.7)
has been drawn between the isotropic norinal compression point N and
the critical state point C, using the same values of soil parameters as in
Section 7.3 (M =0.872, 2 = 0.091, and x = 0.034). The Hvorslev line from
Fig. 7.22 has been drawn through C to meet the no-tension line OT at T.

~ Fig. 7.23 "Triaxial test paths and Hvorslev failure for Weald clay ( +, drained 7
tests; x, undrained tests): (a) p'/p.:q/p.; (b) n:v, (data [rom Bishop and
Henkel, 1957). -

051
P e
[ 2+
'////)
g
l =
oY W
0. .0
2.—
NT ,
) \
\
AN
N\
N
~
~
\\
i 7T NIl E
/ x -
y AN
1/ A\
1
| \
1
' -
! N
oL 4 " 1 1 3
1.9 2.0 2.1
U

(b)



7.4 Peak strengths 203
The data of the two drained and two undrained tests on Weald clay that
were replotted in the stress plane and compression plane in Fig. 6.9 have
also been included in Fig. 7.23a.

It is clear that in this two-dimensional plot the data of drained and
undrained tests are brought together. The two tests on the normally
compressed samples lie close to the Cam clay curve NC. The two tests
on the heavily overconsolidated samples rise towards the Hvorslev line
TC and curl over towards the critical state point, which they fail to reach
before the tests are terminated.

This two-dimensional diagram can be used, following Schofield (1980),
to illustrate the regions of different expected characters of response. At
high values of p'/p;, the soil yields stably according to an elastic—plastic
soil model such as Cam clay and eventually reaches a critical state C. At .
values of p’/p, less than about £ for Weald clay (the values for other clays
depend on the relevant values of M, 4, and k), rupture of the soil can
occur on critical planes according to a Hvorslev strength criterion (7.44),
CTin Fig. 7.23 - or Mohr-Coulomb strength criterion (7.1) with strength
parameters given by (7.45) and (7.42). At very low values ofp/pe (perhaps
less than about -), fracture of the soil may occur as the soil fails in tension,
TO in Fig. 7.23.

Writing the Hvorslev expression for the peak strength using the form
(7.46) or (7.44) suggests an apparent cohesion dependent on current water
content, through an equivalent consolidation pressure p.. Equation (7.46)
can be rearranged as

’-7=2;=hc(1 +gp—7> : - (133)
p - P

which suggests a peak stress ratio, or peak mobilised angle of friction,
which is dependent on mean effective stress. The alternative two-
dimensional plot of Section 6.2 uses stress ratio n and the volumetric
variable v;:

v,=v+Alnp (6.13bis)

If the equivalent consolidation pressure p’, is determined on the isotropic
normal compression line, then from (6.13) and (6.17),

0,=N+ilnZ | ' (7.54)

p. .
and (7.53) becomes ' ) :

— ”‘) (1.55)

Then, since at the critical state v; =I" and 1 = M, the four soil parameters

N
n=_hc(l + gexp
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M,T,g, and h_ are related through

N-T\
M= hc(l +gexp — ) ' / (7.56)
, A

and only three of the four parameters are in fact independent.

"The Weald clay data of Fig. 7.23a have been replotted in terms of #
and v; in Fig. 7.23b, and the coalescence of data of drained and undrained
“tests is again apparent. (The value of I' implied in Fig. 7.23b is different
from that deduced in Section 6.3. The separation N — T of the critical
state line and isotropic normal compression line is found experimentally
to be greater than that deduced from Cam clay with 1=0.091 and
%= 0.034. This value 6f ¥ was deduced from the average slope of the
unloading curves in Fig. 6.8. The observed value of N —T is consistent
“with a much lower value of k, perhaps corresponding to the initial slope
of the unloading curves where they leave the normal comprcssibn line.)
~ The two-dimensional plots p'/p.:q/p.. or n:v, were presented in
Section 6.2 as convenient ways of displaying information about three
variables: p’,q, and specific volume v. The two-dimensional diagrams of
Fig. 7.23 can be transformed back into a three-dimensional surface in
p’:q:v space (Fig. 7.24). The segments NC, CT, and TO now become
surfaces corresponding to Cam clay yielding, Hvorslev rupture, and tensile
fracture; these essentially limit the combinations of stress and specific
volume that can be reached in triaxial compression tests. This composite

- surface can be called a state boundary surface. ' ‘

Fig. 7.24 Limiting states for soil plotted in three-dimensional space p’:g:v.
Cam clay ol ‘ _ q
yielding
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7.4.2  Interpretation of peak strength data

This section discusses some strength data from triaxial tests on
42 samples (3 samples from each of 14 locations and depths) of London
clay to illustrate how the Hvorslev strength equation (7.44) can help to
focus attention on the factors controlling the strength of the soil. These
data have been discussed also by Wroth and Houlsby (1985).

All the tests were consolidated drained triaxial compression tests. A
standard procedure was adopted of taking sets of three samples from a
single depth and testing them with three cell pressures. A traditional way
of interpreting the failure data is to draw a straight line touching as nearly
as possible the three Mohr circles of effective stress at failure (Fig. 7.25a).
This line is then treated as a Mohr-Coulomb strength criterion of the
form (7.1), giving values of apparent cohesion ¢’ and friction angle ¢’ for

Fig. 7.25 Selection of strength parameters from drained triaxial tests on
London clay: (a) Mohr-Coulomb failure line fitted to Mohr's circles of effective
stress: (b) range of values of cohesion ¢’ and angles of friction ¢’; (c) failure
points in p':q effective stress plane. C .
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this trio of samples. The range of Mohr—Coulorijb strength values deduced
from the 14 sets of samples is shown in Fig. 7.25b; the range of apparent
cohesions is from 6.9 to 56.2kPa with an average of 30.8kPa, and the
range of angles of friction is from 16.2° to 25.0° with an average of 21.2°.

An alternative, fairly traditional way of interpreting the failure data is
to plot the failure values of mean effective stress p’ and deviator stress g
for all 42 samples (Fig. 7.25¢) and then to fit the best straight line through
all these points. The slope and intercept of this line can be converted,
from (7.5), te values of apparent cohesion ¢’ = 27.4 kPa and angle of friction
¢ =21.3° - v

Neither of these methods of interpretation makes allowance for the
fact that the various sets of samples may be different even though they
are samples from one geological stratum and one locallty, so that the
different strengths seen in Fig. 7.25 may be related to differences in the
past histories of the soil. One manifestation of differences in the past
history of the soil is the different values of water content of the various _

~samples. If information about the normal compression of the clay is
available, then water content differences can be accommodated’ through '
the equivalent consolidation pressure p’. The 42 failure points are plotted
in Fig. 7.26a as values of p’/p.:q/p., and again the best line can be fitted
throuah these data. Using (7.48) and (7. 49) produces Cpe =0.031 and
¢, =19.7°

The angle of friction has dropped a 11tt1e from the previous averages,
but the value of ¢, can be converted to a relationship between apparent

... Fig. 726 Failure data for London clay (a) plotted in normalised effective
stress plane p’/p:q/p.; (b) implied dependence of cohesion on water content.
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cohesion ¢’ in (7.1) and water content (Fig. 7.26b). On -the one hand, this
suggests that a little of the scatter of the strength data can be ascribed to
variations in water content, though the variatipns of water content between
the various samples were not great, and the amount of scatter is perhaps
not significant; a case could probably be made for supporting either
interpretation. On the other hand, whether or not this final interpretation
is the preferred interpretation, the discussion of Section 7.4.1 should serve
to emphasise the importance of controlling water content if peak cohesive
strengths are to be replied upon. :

7.4.3 = Peak strengths for sand

The message that has emerged from Section 7.4.1 is that peak
strengths of clay can be properly understood. only if account is taken of
both the effective mean stress p; and the specific volume v; at failure, since
both of these will influence the failure value of deviator stress g;. The
interdependence of these three quantities was explored in two ways. The
first exploration was in a plot of p']‘p’e:q/p’;, using the Hvorslev analysis
and interpreting the data as an indication that clays have an apparent
cohesion that is dependent on water content. The second exploration was
in a plot of n:v;. In this plot, since n=g/p’ is equivalent to mobilised
friction, the data can be interpreted to indicate an angle of friction
dependent on the failure state, as summarised by the variable
v;e = v + A1n p;, which combines the information of mean effective stress
and of specific volume. The two interpretations are entirely equivalent,
and it may ultimately be personal preference which will guide the choice -
of variable apparent cohesion or of variable friction as a means of
describing the failure conditions. Sands are usually thought of as frictional
‘materials, and it is an adaptation of this second approach that appears
to lead to the most convenient description of the strength of sands. The
picture will be built up in stages.

‘Loose sands and gravels are known to have less resistance to shear
than the same soils in a dense state’ (Winterkorn and Fang, 1975). A first
estimate of the peak angle of friction of a sand might be obtained from
charts such as those produced by Winterkorn and Fang (1975) or the U.S.
Department of the Navy (1971), which require knowledge only of the
packing of the sand (and some basic information about particle shape
and size). The packing of the sand is 1nd1cated by its relative
density Ip:

Ip=—"2— : ~ (7.57)
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where v, and v,;, are so-called maximum and minimum values of specific
volume, determined by standard procedures (e.g. see Kolbuszewski, 1948).
This dependence on relative density is illustrated for Chattahoochee River
sand in Fig. 6.20, where the dense samples were prepared with Ip =0.84
and the loose sample with I =0.14. :

It is evident from Fig. 6.20, however, that relative density on its own is
not sufficient since the dense sample tested at a high stress level shows a
much lower strength, close to that of the loose sample. The data shown
in Fig. 6.20 were obtained from tests in which the mean stress was kept
constant. Most test data for soils have come from conventional triaxial
compression tests in which the cell pressure is held constant, with the
consequence that in a drained test the mean stress level increases from
the start of the test until failure occurs. If only the strength of sands in
conventional triaxial compression tests is of concern, then it may be
acceptable to seek correlation of strength with initial densities and
confining stresses.

The steady decrease in the peak angle of friction of dense Chattahoochee
River sand as the mean effective stress at failure increases is shown in
Fig. 7.27 (from Vesi¢ and Clough, 1968). At high stresses, the dense sand
shows no peak strength and proceeds to a critical state angle of friction
¢.,. as the loose sand does at all stress levels. The character of this response
has been examined for many sands b\ Bolton (1986), and he has produced
the expression

¢ — L= 31.,(10 —Inp)-3 o (7.58)

" Fig. 727 Variation of peak angles of shearmg resistance ¢’ with mean
effective stress p’ for initially dense (o) and initially loose (o) samples of
Chattahoochee River sand (after Vesi¢ and Clough, 1968) with expressnon (7.58)
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as a best fit to a wide range of data. In this expréssion, mean stress has
to be measured in kilopascals and ¢’ in degrees. Bolton suggests that it
should be used only where it leads to values of ¢’ in the range
12° > (¢" — ¢.,) > 0. The resulting chart is superimposed on the data in
Fig. 7.27. :

The problem with the use of relative density as an index of sand
behaviour is that it is conventionally computed using the specific volume
of the sample as it has been prepared, with no confining pressure.
Consequently, it does not reflect the changes in volume that may occur
either as an initial stress state is applied or as the sand is sheared. For
clays, the composite volumetric variable v; was used to reflect the current
volumetric and stress state. The data in Fig. 7.23b can be described by
the expression ' o ‘ )

¢’ — ¢, =Sle;=T) ‘ - (7.59)
If a critical state line for a sand of the same form : ’

v="—4ilnp’ S (7.20bis)
can be locafed in the | p’:v compression plane, then the difference »

v,—~T=r+ilnp —T ' o (7.60)

can be calculated at any stage of a test.

An extensive study of the use of the quantity (v, — I') to characterise
the s'tren‘gth (and dilatancy) of sands has been made by Been and Jefferies
(1985,1986). They have managed to locate straight critical state lines in
the v:lnp’ compression plane for many sands and sandy silts and have
calculated values of (v;; —I'), which they call ghé ‘state parameter’, from
the volume and mean stress obtaining when the sand is about to be sheared

/in a triaxial test. Thus, they include the effect of the volume change that
“"has occurred as the sample is compressed but not the effect of dilatancy

during shear. The strength data for sand that they have accumulated
reveal a fairly narrow spread (Fig. 7.28). As a result, if the initial value of
the “state parameter (v; —I') is known, then the peak strength to be

“expected in triaxial compression tests can be estimated to an accuracy of

+ 2.5°. Subsequent work (Been, Crooks, Becker, and Jefferies, 1986; Been,
Jefferies, Crooks, and Rothenburg, 1987) has indicated that this state

" parameter (v; —T) is useful also in understanding results of cone

penetration tests in sands and sandy silts. - ‘

However, the use of initial values of (v; —I') is not satisfactory if a
rational picture of sand response is to be built up bécause, in general,
volume changes and stress changes on relevant field stress paths (which
may bear little resemblance to triaxial compression stress paths) will lead
to continuous and major variations in v;.
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Consideration of the data for the Chattahoochee River sand in Fig. 6.21a
shows that the critical state line that has been estimated for this sand can
be considered only locally straight in the v:In p’ compression plane. If the
specific volume v, on the critical state line, of whatever actual shape, at
the current mean effective stress can be determined, then the quantity
(v —v,;) beeomes a more general state variable which has wider application
than (v, — I'). If the critical state line is straight in the v:In p’ compression
plane, then ' .

V= —A4Inp" - _ (7.61)

" Fig. 7.28 Variation of peak anglm of sheanng remstance of sands with state
paramcter (after Been and Jefleries, 1986). |
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Fig. 729 Isotropic compressnon and conventional triaxial compression tests
- (e+) on Sacramento River sand (after Lee and Seed, 1967).
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and, from (7.60),
v—v,=0v,—T (7.62)
Examples of the use of v; to show the progress of triaxial and simple
. shear tests on sand have been given by Stroud (1971) and Atkinson and
Bransby (1978). The use of the state variable (v — v,,) to produce a diagram
for a sand similar to Fig. 7.23b for Weald clay will now be described,
using data for Sacramento River sand reported by Lee and Seed (1967).
Lee and Seed report results of conventional triaxial compression tests
performed at constant cell pressures between 98 kPa and 12 MPa. They
report triaxial tests on samples prepared at two initial densities and

isotropic compression tests on samples prepared at four initial densities. -

All the available compression plane information is shown in Fig. 7.29,
where the arrows indicate the progress from initial state to failure of the -
triaxial tests. The steady reduction in dilatancy of the dense samples is
apparent. The loose samples also show some dilatancy when tested at the
lowest stress level.

An approximate location for a curved critical state line in the
compression plane is suggested in Fig. 7.29; a straight line would not fit
well with these data. The isotropic compression tests have a smaller slope
than the critical state line at the same stress level. Major volume changes
only occur in isotropic compression at very high mean stress levels, when
particle crushmg becomes a major feature of the response (compare
Fig. 6.22). At very high stress levels, greater than about 10 MPa for this
Sacramento River sand, the isotropic compression and critical state lines
may be becoming approximately parallel, and the behaviour starts to
resemble the compression behaviour of clays. At lower stress levels, the
- changing-slope of the critical state line is significant; and in this detail the
behaviours of sand and clay dxvergc though the general pattern is broadly
similar. ,

The curved crmcal state line in Fig. 7.29 has been used to calculate
values of v, for particular values of mean effective stress. The failure data
reported by Lee and Seed are presented in Fig. 7.30 in terms of peak angle
of friction as a function of v; — v, calculated from the failure values of
specific volume. An approximate description of these failure data is

-~ —55v;—v,) foruv, > (7.63a)
¢ —¢. =0 forv,<v, : (7.63b)
where ¢ is measured in degrees'and ¢, is the critical state value. The
expectation from the work of Been and Jefferies (1985, 1986) is that these

relationships should hold for samples of this sand prepared at any initial
density.
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Complete test paths for two tests on initially dense and two tests on
initially loose samples are shown in a (v — ¢,):n plot in Fig. 7.31, which
is equivalent to Fig. 7.23b for Weald clay. The loose sample tested at low
pressure and the dense sample tested at a moderately high pressure show
essentially no change in state variable (v —v.,) as they are sheared; they
start and remain very close to the critical state line in the v:lnp’ plane.
The dense sample tested at low pressure rises to 4 peak and then heads
down towards the critical state. The loose sample tested at high pressure

Fig. 7.30 Dependence of peak angles of shearing resistance on state variable
at failure for Sacramento River sand: e. dense, v, = 1.61; o, loose, v, = 1.87
(data from Lee and Seed, 1967).

~ 45f
N @
~ 2
~
o\\\ , -
~ . © 40
~
~_ e
~
~ .
~
~_ oL
e~ °
NS ==
308 ° o
e 1 M 1
© =02 -0:1 0 0.1 -

state variable (v; — v_,)

Fig. 7.31 Triaxial test paths for Sacramento River sand: (1) v, = 1.609,
g, =98.1kPa; (2) v, = 1.576, o, = 293.3kPa; (3) v, = 1.870, o, = 98.1 kPa;
(4) v, = 1.769, o, = 393.4kPa (data from Lee and Seed, 1967).
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rises steadily towards the critical state. In effect, (7..63b) is redundant
because samples with v> v, are not expected to show a peak before the
critical state is reached.

Plotting information in terms of # and (v —v,), where v, is deduced
from a curved critical state line, amounts toa geofnetric distortion of the
n:v, plot used as a two-dimensional representation of effective stress and
specific volume information for clays but serves the same purpose in
bringing together data from samples with widely differing densities
(corresponding to samples of clay with widely differing histories of
overconsolidation). The state variable (v — v,,) introduces mean effective
stress in a rational way, and a hmltmg relatlonshxp such as (7.63a) (shown -‘

~ as curve A4 in Fig. 7.31) could be converted back into a limiting surface
" in p":q:v space for the sand, very similar to Fig. 7.24 for a clay. -

Relative density is not a sufficient quantity for characterising sand
behaviour.. It might be suggested that (v —v,,) should be normalised by " -
dividing it by (vVnax — mm) to produce a composite state variable which
can bring together data for sands of differing mineralogy, angularity, and
particle size (compare Hird and Hassona, 1986; Been and Jefferies, 1986).
The specific volume range (vpmax — Umia) gives an indication of the range of
packings available at low stress levels but does not appear to relate directly

- either to the slope of the critical state line at low stress levels or to the.

slope of isotropic compression curves at higher stress levels, where particle
crushing starts to become 1mportant these are both factors that, through
the state variable (v — v,,), appear to have a controlling influence onsand
behaviour in general and on the strength of sands in particular.

15 Status of stability and collapse calculations” _ _

Values of strength parameters for soils are required for analysxs
of the stablhty and collapse of geotechnical structures. There are essentially
three principal approaches to the estimation of the loads that cause
collapse‘of _geotechnical structures; they have been well described and
applied by Atkinson (1981) and are only briefly summarised here. The
first two, stress fields and collapse mechanisms, are well founded in the

' theory of plasticity; the third, limit equilibrium, has no such theoretxcal

basis but has been found to provide plausible results in many applications
and is widely-used.

1. Stress fields. If a distribution of stress within the soil can be found
which is in equilibrium with the applied loads and which does
not violate the failure criterion for the soil, then the applied loads
will not cause collapse. It may be supposed that the soil will
always be cleverer in distributing its stresses and hence that a



24 7 Strength of soils

human estimate of safe applied loads will always be a lower bound
to the actual collapse load of the soil mass.
2. Collapse mechanisms. If a mechanism of collapse for the soil can
“be postulated, then the corresponding applied loads can be
calculated as the loads necessary to drive the collapse mechanism,
that is, to provide a work input which just balances the work
absorbed by the collapse mechanism in the soil. However, the
soil will always be cleverer in finding other, more efficient modes
of collapse than those that we postulate, and hence a human
estimate of collapse loads will always be an upper bound to the
actual collapse load of the soil mass.
3. Limit equilibrium. In the limit-equilibrium method the soil is
" typically divided into a number of blocks separated by failure
planes. It is assumed that the stresses on these failure planes
cannot violate the failure criterion for the soil. Calculations-of
equilibrium of the blocks are linked together to estimate, from
" equilibrium considerations alone, the collapse loads.- The
mechanism of collapse - the . arrangement of the failure
planes ~can be varied and optimised to obtain the most
pessimistic estimate of the collapse load. There is no attempt to
generate distributions of stress within the sliding blocks and no
_attempt to satxsfy any kinematic constraints in choosmg the
mechanisms.

That the first two methods‘,do indeed provide lower_’and hpper bounds
to collapse loads can be readily proved (e.g. see Calladine, 1985; Davis,

1968),-but the proof is subject to the condition that the plastic deformations

of the soil that occur at collapse should be associated with the failure
criterion. The concept of normality or associated flow was discussed in
Section 4.4.3. It was noted that to postulate associated flow for soils is
often convenient but is not always justifiable; an example of a sliding
frictional block which did not follow a rule of associated flow was
introduced in Section 4.4.1. Normality was incorporated into the
elastic—plastic models for soil in Chapter 4 in terms of normality of plastic
strain increment vectors to yield loci.

The critical state line provides a locus of failure points, states of stress
at which indefinite shearing can occur, but the plastic deformations that
‘occur at failure are associated not with.this eritical state line, which
provides the failure criterion, but with the yield loci. Normality to the
critical state line would imply very high rates of dilation, volumetric
expansion, at failure (Fig. 7.32a). (The rates of dilation that might be
associated with peak strengths rather than ultimate critical state strengths
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will be discussed in Chapter 8.) In general, therefore, there is a difficulty
in applying the theorems of plastic collapse to justify the designation of
estimates of collapse loads for soil structures as upper or lower bounds.

One exception exists, however, in the analysis of the undrained collapse
of clay masses. Analyses of undrained failure are usually conducted in
terms of total stresses. It was shown in Section 7.2 that a consequence of
the principle of effective stress is that the undrained strength of soil is
independent of the applied total stresses. In the p:g total stress plane, the
undrained failure criterion becomes a straight line parallel to the p axis
(Fig. 7.32b). When the critical state is reached in undrained shearing, plastic
shear deformation continues at constant effective stresses and constant
volume. Thus vectors of plastic strain increment plot normal to the failure
criterion (de? =0, Fig. 7.32b), and the condmon of associated flow is
satisfied. For this case only, techniques of collapse analysis based on study
of stress fields and collapse méchanisms do indeed lead to demonstrable
lower or upper bounds to the collapse loads. -

7.6 Total and effective stress analyses -

Although it has been emphasised throughout previous chapters
that the response of soils should be studied in terms of effective stresses,
it is often easier to analyse equilibrium of geotechnical structures in terms
of total stresses. For example, at depth z in a soil deposit (Fig. 7.33), the
“total vertical stress will be

o=z | : (7.64)

where y is the unit weight of the overlying soil. However, the effective
vertical stress cannot be known w1thout some mformatlon about the pore

Fig. 7.32 (a) Normality of plastic strain increment vectors to critical state line
(csl) implies continuing large volumetric expansion at failure; (b) total stress -
strength criterion for undrained failure and correspondmg plastic strain
increment vectors.
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pressure, and the pore pressure may consist of separable parts due to the
presence of a water table or a steady seepage flow regime, and due to
the shearing of the soil.

Stability analyses can be carried out in terms of either total stresses or
effective stresses. Clearly, a geotechnical structure that is on the point of
collapse should appear critical whether the stability analysis is carried out
in terms of total stresses or effective stresses. For the effective stress analysis
to be correct, it is necessary that the distribution of pore pressures should
be correctly known; for this reason, the idea of pore pressure parameters
linking changes in pore pressure with changes in applied total stresses was

introduced in Section 1.6. For the total stress analysis to be correct, it is -

necessary that the variation of soil strength should be correctly known.

~ Total stress analyses are usually performed for situations-in which
undrained loading or response is of interest and a single undrained shear
strength can be assigned to the soil. Then. at different points within the
soil mass, different total stress Mohr circles may be operating at failure,
but they will all have the same radius and will be displaced by appropnate
pore pressures from a single effective stress Mohr circle, as shown in
Fig. 7.4. Once some drainage has been ‘permitted, then changes of water

content or specific volume will have occurred, and it may no longer be

reasonable to argue that the total stress Mohr-circles should all have the
same size: where the water content has fallen, the strength will have
increased and vice versa. ‘ '
An example of parallel total and effective stress stablhty calculations is
provided by back-analysis of a slope failure which occurred at Jackfield,
Shropshire after a perfod of heavy rain, during the winter 1952-3 (Henkel
and Skempton, 1955) A plan and section of the landslide are shown in
Fig. 7.34. About 300,000 tons of overconsolidated clay soil slid between
10 and 20m down a plane slope inclined at 10.5° to the horizontal.
Investigation revealed the existence of a thin but extensive plane of failure
parallel to the plane of the slope and at a uniform depth of about Sm.
An element of clay of depth z from the surface of an infinite slope of
angle B, width b, unit thickness, and weight W = ybz, where 7 is the total
unit weight of the clay, is shown in Fig. 7.35a. Consideration of

Fig. 7.33 Element at depth = below ground surface.
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equilibrium of the forces acting on the element shows that the total normal
stress o and shear stress t acting on a plane at depth z parallel to the
slope (Fig. 7.35a) are -
o =yzcos? B ’ o (7.65)
T=1yzcos fsinf : (7.66)
A total stress approach to the analysis of the stability of the slope would
say that failure would be expected if the shear stress (7.66) reached the
* undrained strength of the clay. '
The clay at Jackfield had liquid limit wy = 0.45, plastic limit wp = 0.2,
and natural water content, away from the failure zone, w=02. The
undrained strength -of this clay was 76.6 kPa. The saturated unit weight
R of the clay was 20.4kN/m?. At a depth of 5m the ‘shear stress would have
' been v = 18.3 kPa, giving an apprarent factor of safety of 4.2 by comparison
with the strength of the bulk of the clay. -

Fig. 7.34 Landslide at'Jackfield, Shropshire (after Henkel and Skempton,

1955).
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Tests on specimens of clay from the failure zone showed that the soil
there had a water-content w=0.30 and an undrained strength 21.5kPa.
Using this strength, we obtain an apparent factor of safety of 1.17, which
is sufficiently close to unity to confirm concern for the stability of the slope.

Drained triaxial tests gave effective stress data from which Henkel and
Skempton deduced that the clay failed according to a Mohr—Coulomb
failure cntenon

=¢ +0o'tan¢’ (7.1bis)

with ¢’ = 7.2kPa and ¢’ =21° The shear strength on any plane depends
on the effective normal stress o', where

¢ =c—u. ' :  (7.67)

and u is-the pore pressure. The total stress on the failure plane can be
calculated from (7.65) as. ¢ = 98.6kPa, and the necessary pore pressure to
precipitate failure according to the failure criterion with these strength
parameters is then u = 69.7kPa, correspondmg to a head of 7.1 m of water
on the failure surface. :

High positive pore pressures are unlikely to result from the sheanng of
an overconsolidated clay (see Section 7.3). The maximum steady in situ
pore pressures occur when there is a state of steady seepage parallel to
the slope, down the hillside (Fig. 7.35b). The flowlines for this seepage

Fig. 7.35 (a) Element of soil in infinite slope; (b) seepégc parallel to slope.

(b)
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flow are then parallel to the slope, the equipotentials orthogonal to the
slope, and the total pore pressure at depth z is (from Fig. 7.35b) -

u=7y,zcos’p (7.68)

At a depth of 5m, then, a maximum pore pressure of u =47.4kPa could
be anticipated. ‘

The values of the strength parameters ¢’ and ¢’ quoted above relate to
peak strengths seen in drained tests. It seems from the water content
evidence that in the failure zone the clay had an opportunity to soften
towards an ultimate critical state condition, for which it would be expected
that a failure criterion with ¢’ = 0 would be more appropriate. Accepting
the angle of friction ¢"=21° as a critical state -angle of friction and

-assuming that a pore pressure u=47.4kPa was 'present on the failure

surface, we can calculate a shear strength of 19.6 kPa, giving a factor of

safety of 1.07 by comparison with the shear stress r = 18.3kPa and also

confirming an expectation of instability. (The critical state angles of friction

¢, quoted in Section 7.4.1 are in general somewhat higher than ‘Hvorslev

angles of fnctlon ¢, used to describe peak strength conditions. However \
the strength parameters quoted by Henkel and Skempton have not been

deduced from a plot in which water conteht differences have been taken

into account, and the angle of friction quoted is probably intermediate

between ¢, and @)

Thus total and effective stress analyses of this slope failure both give
sensible results, provided the appropriate undrained strength is used in
the former and the appropriate strength parameters and apprdpriate pore
pressures are used in the latter. A moral from the effective stress analysis
is that peak strengths may not be reliable for design purposes: their
existence relies on softening of the soil not occurring or being prevented...

7.7 Critical state strength and residual strength

When a cutting is excavated in a stiff, heavily overconsolidated
clay and a retaining wall is constructed to support the remaining soil,
negative pore pressures are left in the clay behind the wall as a result of
the reduction of the lateral stress and the associated shearing (and repressed

- dilation, assuming the construction process to be rapid) of the soil. A

negative pore pressure makes effective stresses higher than total stresses
and contributes beneficially to the strength of the clay. However, with
time, these negative pore pressures tend to cause water to be drawn in
from the nearby soil at a rate dependent on the swelling and permeability
characteristics of the clay and on the structure of the soil. The water
content or specific volume of the clay increases and its strength decreases.
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If the design of the wall has not taken this potential softening into account,
then failure is likely to occur some time after the construction of the wall.

An example is provided by the failure in 1954 of a retaining wall built
in 1912 on a London underground railway line, described by Watson
(1956) and quoted by Schofield and Wroth (1968). A section through the
wall is shown in Fig. 7.36a. Investigations indicated the presence of
discontinuous slip planes behind the wall, and water content studies
reported by Henkel (1956) showed significant increases of water content

Fig. 7.36 Failure of retaining wall near Uxbridge: (a) section (after Watson, _
1956); (b) water content variations around slip zone (after Henkel, 1956).
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in the slip zone (Fig. 7.36b), of a form similar to those proposed on

theoreti

cal grounds in Fig. 7.16 and Section 7.4. Just as for the slope at -

Jackfield, described in the previous section, calculations of the stability of
the wall that do not allow for the softening of the soil to a critical state
in the failure region do not lead to sensible conclusions.

Data

gathered by Skempton (1970b) for a number of slope failures in

London clay in general confirm this picture (Fig. 7.37): failures are

con51ste

50

Ty, kPa

nt with a critical state angle of friction ¢/, = 20° and zero cohesion

Fig. 7. 37 Peak strength envelope, critical state line, and residual strength
envelope for London clay (adapted from Skempton, 1970b).
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¢’ = 0. Exceptions are provided, however, by slope failures which turn out
to be reactivations of previous slope instabilities within historic or geologic
. past. For these, the angle of friction mobilised is considerably lower than
the critical state value.

Such low angles of friction can be reproduced in the laboratory if ring
shear tests are carried out in which very large displacements between two
parts of a clay sample are applied. The ring shear apparatus is rather like
a long shear box in which the two ends of the box have been bent round
and joined together (Fig. 7.38a) so that, like the shear box, failure is forced
~tooccurina thin central region but, unlike the shear box, the failure surface

_ through the soil specimen has no ends to it. Typical results of a ring shear
test on Kalabagh clay taken to large displacement are shown in Fig. 7. 38b
from Skempton (1985): after a displacement of 100-200 mm, the angle of
friction has dropped from a peak value of about 22° to a residual value
¢, ~9° Skempton notes that water content changes in the shear zone
seem generally to have ceased after displacements of 5~10 mm. Skempton

(1970b) notes that although sections of failure planes were found at the

" retaining wall failure in Fig. 7.36, there was no continuous failure surface;

movements prior to failure had been small and insufficient to produce a
deterioration of friction to the residual value.

'~ When the mechanisms of residual shearing and shearing to a critical

.~ state are compared, it becomes clear that they are very different. When

soil is at a critical state, it-is being continuously remoulded and churned -

up, and its structure remains random. When a clay is sheared to a residual
state on a failure surface, the deformations have been so large that the
clay particles on both sides of the failure surface have become oriented
~ parallel to the failure (Fig. 7.38c), so it is not surprising that the friction
generated on such polished, slickensided surfaces is much lower than the
friction mobilised when soil particles are still being stirred up.

The critical state strength is thus not always a lower bound to the
strength of the soil; but whether residual strength is actually important
depends on whether it is possible for a smooth, continuous failure surface
to form through the soil. This possibility depends on the composition of
the soil. Most soils are made up a range of particle sizes and shapes. The
formation of a smooth failure surface requires the presence of an adequate
proportion of clay particles: platelike particles which are capable of
realignment. A soil with only a small proportion of clay particles is not
able to form a continuous failure surface beciuse the dominant rotund
particles get in the way. -

Lupini, Skinner, and Vaughan (1981) suggest that the most satisfactory
correlation is with a volumetric variable, granular specific volume v,,
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where, for saturated soil [compare (1.6)],

volume of water + volume of platelike particles

vp=1+

7.
volume of rotund particles (7.69)

This variable is broadly equivalent to plasticity or clay content; but, unlike
these quantities, granular specific volume can make some allowance for
the change in volume occupied by clay particles that may occur when the
stress level is changed. A plot of residual friction against granular specific
volume for a number of soils — some natural soils and some artificial sand
and clay or glacial till and clay mixtures - is shown in Fig. 7.39a. Low
residual angles of friction are expected for granular specific volumes in
excess of about 3. To confirm this observation, Lupini et al. performed
microscopic examinations of thin sections of the ‘soil samples which had
been sheared to large displacements. They were able to distinguish the
different modes of failure that are illustrated in Figs. 7.39b, c. With a low
clay content and low granular specific volume, no preferred orientation
of clay particles developed, and the structure showed evidence of ‘turbulent’
flow to a critical state (Fig. 7.39b). With a high clay content and high
granular specific volume, slickensided failure surfaces were found with
strong orientation of clay particles (Fig. 7.39¢). The observations of
turbulent, transitional, or sliding behaviour are noted on Fig. 7.39a.
Residual strength is of particular importance where a new geotechnical
structure is likely to load sml which has been previously sheared to very

Fig. 7.39 (a) Angles of shearing resistance and modes of failure related to
granular specific volume v, (o, turbulent; x, transitional; e, sliding); (b and
(c) mixtures of London clay and Happisburgh till; (b) clay fraction 0.2;

(c) clay fraction 0.4 (after Lupini, Skinner, and Vaughan, 1981).
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large deformations; frequently this will be the result of landslides which
have occurred in the geological history of a deposit, but it may also result
from solifluction, erosion, or other more recent processes. An engineer
will need to d¢ careful to look out for possible existing shear surfaces
during the site investigation and need to study the geological record in
detail. _ ' - ’

Residual strength may not control the occurrence of first-time failures
in previously intact clay, but the movements that occur when a slip takes
place may be all the larger because the strength that can be mobilised on
a failure plane drops dramatically as deformations develop.

7.8 Conclusion , ,

‘ Various aspects of the strength of soils have been discussed. The
existence of a critical state line and its relationship to a normal compression
line allow statements to be made about the variation of undrained strength
with overconsolidation ratio. It has been shown that the form of the
elastic-plastic models of soil behaviour developed in Chapters 4 and 5
leads to the existence of peak strengths. The need for strain softening to
occur as the soil weakens from a-peak strength to a critical state makes
it very likely that localisation of deformation in thin rupture zones will
occur, and this will tend to obscure overall observation of attainment of
critical states. The critical state represents in many ways a lower bound
to the strength of soils, but a lower, residual strength may be séen if it is
possible for orientation of particles parallel to a failure plane to develop.
It is, however, very important to distinguish between the drop of strength
which arises because of particle reorientation and the drop of strength
which occurs in overconsolidated soils as they suck in water and soften
on shearing. That softening emerges naturally in an elastic—plastic model
of soil behaviour such as Cam clay. Once a localised plane or thin zone
of failure has developed, then such continuum models of soil behaviour
lose their attraction; subsequent response must be described in terms of
stresses on and displacements across that thin zone. All of this discussion
indicates the importance of a volumetric variable as well as stresses: it
makes little sense to obtain a single set of strength parameters from test
data which are not comparable because the specific volumes or water
contents of various samples are widely different. Apparent scatter of
strength data may be understood when variations of volume are
recognised. i _

Exercises
E7.1. A set of samples of Weald clay, for which the compression
parameter 4 =0.091 and the specific gravity G, = 2.75, have been
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E7.3.

Exercises 225

isotropically normally compressed under a pressure p’ = §27kPa
(1201bf/in2), and the samples have been allowed to swell to a

number of pressures along the lowest swelling line in Fig. 6.8.

The samples have been subjected to conventignal drained or
conventional undrained triaxial compression tests, and their
conditions at failure have been examined. Failure has been defined

as the condition when the deviator stress reaches its maximum

value g,; this is found experimentally for Weald clay to be related
to the mean effective stress at failure p; by the expression

g =0.72(p, + 0.13p.)

where p., is the equivalent pressure on the normal compression line

" corresponding to the water content of the sample at failure.

Plot a diagram showing the variation, with overconsolidation
ratio, of the ratio of strengths in conventional drained and

undrained triaxial compression tests. What implications does this-

diagram have for the design engineer? Does the point at wh1ch the
ratio of strengths is equal to 1 have any. special sxomﬁcance"
A soil fails according to a Hvorslev surface described by parameters

’

¢, and ¢,. For soil which has been isotropically normally
compressed. to a maximum pressure p, and then unloaded
isotropically to-a given overconsolidation ratio n, derive an -
expression for the deviator stress g, at failure in a conventional
undrained triaxial compression test, in terms of the current mean
effective stress p; (assumed constant during the undrained test), n,
A =1=x/1, and the Hvorslev strength parameters. ‘
For ¢, = 0.046, ¢, = 18.8°, and A = 0.63, calculate values of g,
for p., = 400kPa and values of n = 2,4, 8, 16, and 32. Compare these
values with peak values obtained using the Cam clay model,
taking M =0.87. Plot the two strength envelopes in the shear

stress:effective normal stress plane (t:0”).
A sample of saturated clay is normally compressed in a triaxial

cell by increasing the cell pressure and holding the axial length
constant. The axial effective stress is K, times the radial effective
stress, and the specific volume v is given by

v=v,—Alnp’

where v, and 4 are soil constants and p’ is the mean normal stress.
The samples are then subjected to undrained compression tests
with the cell pressure held constant. Derive an expression for the
normalised pore pressure at failure (4/q,), in terms of K,, v, 4,
and the soil constants M and I’ which define the positions of the
critical state line for the clay.



Stress—dilatancy

8.1 Introduction , _

A general framework on which to create elastic—plastic models
of soil behaviour was set up in Chapter 4. The basic features of this
framework included yield surfaces, which bound elastically attainable
states of stress, and plastic potentials, which control the mode or
mechanism of plastic deformation that occurs when the soil }’ICldS‘
Although examples of yield loci deduced from triaxial tests on soils were
presented in Chapter 3, few data were produced to guide the choice of
plastic potentials because, it was noted, it is often convenient to make
plastic potentials and yield surfaces coincident. Indeed in the Cam clay
model described in detail in Chapter 5, we assumed that the plastic
potentials and yield surfaces were identical, so that plastic deformation
of this model soil obeys an associated flow rule.

In this chapter, the forms of the plastic potentials which emerge from
various models of material response are presented; and some of the factors
controlling the modes of plastic deformation are discussed with reference
to various sets of experimental data.

8.2 Plastic potentials, flow rules, and stress—dilatancy diagrams
Plastic potentials were introduced in Section 4.4.2 as curves in
the p':q effective stress plane to which, by definition, the vectors of plastic
strain increment deb:Jef are orthogonal (Fig. 8.1). Many of the models of
soil behaviour that have been proposed make the mechanism of plastic
deformation, the value of the ratio oef /6P, dependent only on stress ratio
n=gq/p’ and not on the individual values of g or p'. The ratio 58"/55" is
by definition in the direction of the normal to the plastic potentlal and
if this is a function only of stress ratio #, all plastic potential curves for
a soil, drawn in the p':q effective stress plane, can be collapsed onto a
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single curve. Any particular plastic potential curve can be obtained from
any other one by radial scaling from the origin of the p’:q plane.
An alternative way of presenting information about plastic potentials
is to plot stress ratio n against the plastic strain increment ratio e/ e}
or del/deb. However, use of the ratios 0eb /o€l or dep/deb themselves is
inconvenient if situations are to be included which involve yielding with
no plastic shear strain (def =0) or with no plastic volumetric strain
(0¢b =0), respectively. A quantity which expresses the ratio between
increments of plastic volumetric strain and shear strain but which always
remains finite is the angle B between the strain increment vector and the
p’ axis (Fig. 8.1), where - :
tanf=20 - (8.1)
oep : ’
The relationship between plastic strain increment ratio and stress ratio is
known as a flow rule governing the mode or mechanism of plastic

deformation or flow of the soil. The ratio d&P/d2? is the plastic dilatancy -

Fig. 8.1 Stress ratio n = 4q/p’ and dilatancy angle 8 =tan~! ¢} Je2.
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Fig. 8.2 (a) Plastic strain increments for isotropic compression zad critical
states plotted in p’:q effective stress plane; (b) stress—dilatancy dizgram 7:8;
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of the soil, and the resulting plots in terms of § and stress ratio n (Fig. 8.2b)
are called stress—dilatancy diagrams.

This method of presentation links strain increments with stresses, a
familiar feature of plastic behaviour, but something which is alien to usual
notions of elastic behaviour. It would not be appropriate to plot an elastic
strain increment ratio on such a diagram because at any given stress ratio
n, the ratio of elastic strain increments depends on the applied ratio of
stress increments, which can take any value. It is not appropriate, either,
to plot a ratio of total strain increments since this includes both plastic
and elastic elements. Frequently, however, separation of elastic and plastic
. components of strain is not straightforward, and total strain increments_

Flg 83 (a) Plastlc potential and (b) stress—dilatancy relationship for Cam clay
model (drawn for M =1).
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are plotted in a stress—dilatancy diagram. For many situations the
contribution of elastic strains to total strains may be negligible when
yielding is occurring, and the difference between a plastic strain increment -
ratio and a total strain increment ratio may be small. However, though
this may seem attractive, it is necessary to view total strain increment
plots ‘with caution: an undrained or constant volume test has 0¢,/0g,=0
throughout; but if the soil is yielding, elastic and plastic volumetric strains
are of opposite sign and, in general, are certamly not zero in magnitude,
so that deP/def # 0.

For 5011 whxch is being sheared without plastic volumetric strain,
corresponding to the attainment of a critical state according to the Cam
- clay model, n =M and &ef/ée? = 0. The plastic strain increment vectors

are directed parallel to the g axis (Fig. 8.2a) and, from (8.1), B =m/2 (point
C in Fig. 8.2b). A soil which has experienced only isotropic stresses in its
past and is now being compressed isotropically (g = 0) changes in volume

- without changmg in shape, 6¢? = 0. The plastic strain increment vectors
are directed parallel to the p’ axis (Fig. 8.2a), and since 0e? =0, B =0 (point
I in Fig. 8.2b). A plastic potential for isotropic soil can be converted into
a flow rule which links points C and I in the B:5 diagram, but the precise

form of the curve between C and I is a matter for assumption m any.
partlcular soil model.

The Cam clay model described in Chapter 5 is a model of particular .
relevance for isotropically compressed soil. The shape of the plastic -
potentials assumed in that model (identical to the elhptlcal yleld loci)

- (Fig. 8. 3a) leads to a flow rule
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This flow rule is plotted i in Fig. 8.3b.

83 Stress—dilatancy in plane strain-

The Cam clay model has been applied so far only to the
description of the behaviour of soils in triaxial tests. Models which
illustrate the interconnection between stress ratios and rates of dilation
can be described more simply for conditions of plane strain. Parallels can
then be drawn to devise related flow rules for triaxial conditions.

A simple analogy of dilating soil is provided by the interlocking saw
blades shown in Fig. 8.4. Because the soil is expanding as it is sheared, it
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is supposed that sliding within the soil takes ‘place, not on horizontal
planes, but on planes inclined at an angle of dilation ¢ to the horizontal
(Flg 8.4a). Sliding between adjacent soil particles occurs on these planes.
Looking at the forces involved in this sliding process (Fig. 8.4b), if the
angle of friction resisting sliding on the inclined planes is ¢, then the
apparent externally mobilised angle of friction on horizontal planes, ¢, is

Pu=0,tV¥ - . @4
If it is supposed that the angle of friction resisting motion between layers
of soil particles is always ¢, then ¢, can be seen as a soil constant, and
(8.4) becomes a stress—dilatancy relation linking the mobilised friction ¢/,
with an angle of dilatien . [Equation (8.4) is-not a rigorous statement
about the equilibrium of the saw tooth shown i in Fig. 8.4 because it results
from an argument based on forces when an argument based on stresses
would be more appropriate. However, it does immediately suggest that
some relationship between mobilised friction, or stress ratio, and dllatancy
is to be expcctcd]

The saw-tooth failure or sliding surface of Fig. 8.4 could be imagined
forming across a direct shear box test on a soil sample (Fig. 8.5). The.
quantities measured in such a test are the normal load P, the shear load
0, and the corresponding displacements y and x of the boundaries of the
shear box. The work done by the applied loads P and Q on the 5011 sample
during mcremental dlsplacements dy and éx is

6WT—P5y+Q5x - o (8.5)
The term Q x represents the work done in shearing the sample. The term
P 5y represents the work that-is done because the soil sample is changing

in yblume as it is.sheared. For a soil such as dense sand that is dilating
as it is sheared, 6y <0 and the normal load P is being lifted up as the

Fig. 8.4 (a) Sliding of interlocking saw blades on inclined rough surfaces;
(b) resultant force on inclined surface. -
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soil is sheared. The soil expands because of the interlocking of the particles:
deformation can proceed only if some particles are able to ride up over
other particles. Because of this interlocking, not all of the shearing work
Q éx is absorbed by the soil; some of it is required to lift the normal load
and overcome the interlocking of the soil particles. The remainder, the
nett work input Wy goes into the sample; some may be stored in elastic
deformations of the soil particles, but most is dissipated in frictional
resistance between the grains as they roll and slide on each other.

Following Taylor (1948), a simple stress—dilatancy equation can be
obtained if it is assumed that all of this nett work input is dissipated in
friction (no energy is stored in elastic deformations) and if it is also assumed
that this frictional dissipation is controlled by the normal load P and a
frictional constant p, so. that

oWy = uPéx ‘ ‘ , (8.6)
Putting (8.5) and (8.6) together and rearranging giyes/

Q. % ‘

A Ml _ _ . (8.7)
© The first term is the externally mobilised friction on horizontal planes

0 : ‘

—=tan \ : 8.8

5 =tand,, . 63

The second term describes the dilatancy of the sample; by comparison
with Fig. 8.4:

él’= —tany | - (8.9)
6x : o

When the soil particles are sliding and rotating in such a way that the
volume of the soil remains constant, so that the soil has reached a critical’
state, then dy/dx =0 and Q/P = u. Expression (8.7) can be written as

tang, =u +tany ‘ / (8:10)
or, strength equals friction plus dilatancy. (The relationship between pu

Fig. 8.5 Inclined rough surfaces in shear box.
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and a critical state angle of friction ¢, has been left deliberately vague:
the details of the link between the two require a number of assumptions

" to be made; see, for example, Airey, Budhu, and Wood, 1985.)

Relationship (8.10) can be tested on data from direct shear box tests
on dense and loose sands reported by Taylor (1948) (Fig. 8.6). The slope
of the graph of displacement data x:y (Fig. 8.6b) is used to generate values
of 8y/6x, which are plotted with the ratio of shear load to normal load

 Q/P in Fig. 8.7a. The sum Q/P + éy/dx is plotted against horizontal

displacement x in Fig. 8.7b. It is evident that the initial points in Figs. 8.7a,b
do not match the simple expression (8.7) or (8.10). But a flow rule should

Fig. 8.6 Direct shear tests on Ottawa sand with normal stress 287kPa ( x,
dense, v, = 1.562; o, loose, v, = 1.652): (a) moblised friction Q/P on horizontal
plane and shear displacement x: {b) vertical displacement y and shear
displacement x (after Taylor, 1948).
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contain information about plastic deformations rather than total deform-
ations; and in the initial stages of a shear test, some work is probably
being done by the shear load in causing elastic deformation of the soil

particles

, 50 some deviation from (8.7) or (8.10) is to be expected. Beyond

the points of peak load ratio (or peak mobilised friction) the data are

Fig. 8.7 Stress ratio and dilatancy in direct shear tests on Ottawa sand with
expression (8.7) superimposed ( x, dense; e, loose): (a) friction Q/P and
dilatancy 8y/dx; (b) Q/P + dy/dx and shear displacement x (data from Taylor,
1943). '
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more consistent, and a value of = 0.49 might be proposed. Expression
(8.7), with u=0.49, is plotted in Fig. 8.7a and describes fairly well the
softening of the sand as the stress ratio drops from its peak value.

Although external measurements of forces P and Q and displacements
x and y can be made in tests on soils in a direct shear box (Fig. 8.5),
interpretation of these” quantities in terms of stresses and strains is not
feasible because the soil in the shear box is clearly not deforming homo-
geneously. The simple shear apparatus is another plane strain apparatus
which attempts to impose a more uniform deformation on soil samples.
This mode of deformation is shown in Fig. 8.8a: the length of the sample
remains constant, but its height may change as the sample is sheared.
Stress conditions in the simple shear apparatus are not particularly
uniform (see Section 1.4.2), but with suitable instrumentation, measure-
ments of the normal and shear stresses o,, and t,, acting on the soil can
. be made. Measurements of hcrizontal and vertxcal dlsplacements x and
y can be converted to strains:

5 - .
bty = . | (8.11)
~ h ’
and o
ox .
59pn=— o | (8.12)
“h . ,
Fig. 8.8 (a) Simple shear deformatxon and (b) definition of angle of dilation ¥;
(c) mobilised angle of friction ¢,
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where h is the height of the sample. The constant length of the sample
fixes J¢,. =0. The angle ¢, which for the shear box was the direction of
movement of the top platen of the shear box relative to the bottom platen,

now has a particular geometrical significance in the Mohr circle of strain
increment (Fig. 8.8b),

—90 -
tany = ?8” (8.13)
or 5’”‘
sing = —°% (8.14)
El

where e, is the increment of volumetric strain and.de, the increment of
shear strain (that is, the diameter of the Mohr circle in Fig. 8.8b; these
strain variables for plane strain situations were introduced in Section 1. 5).

The angle y is called the angle of dilation; it is also, as seen in Fig. 8.8b,

the slope of the tangent to this Mohr circle at the points where the circle
cuts the line of zero direct strain, d¢ = 0. It is often helpful to think of /i
as a strain increment equlvalent of angle of friction ¢’ (Fig. 8.8¢c). It is,

however, only useful under conditions of plane strain; and- although,
followmg (8.14), an angle # might be defined for triaxial condmons as

—Jg,
o¢

sinf =

'(8.15)

Fig. 8.9 Sum of stress ratio and dilatancy in simple sheér tests on Leighton
Buzzard sand (e, dense, v, = 1.53; x, loose, v, = 1.78) (after Stroud, 1971).
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neither this nor the angle f that was used in Section 8.2 has any geometrical
. interpretation in Mobhr circles of strain increment for conditions of axial
symmetry. :

In terms of the stress and strain quantities that can be determined in
the simple shear apparatus, (8.7) becomes

LSS - @16

a)‘)’ . 6yyx

Data from simple shear tests on dense and loose Leighton Buzzard sand
performed by Stroud (1971) have been plotted in- Fig. 8.9 as values of the
sum 1,,/0,, + 6¢,,/d7,, against measured values of shear strain y,,. This
 plot is equivalent to Fig. 8.7b for the direct shear box data. The simple ~ -
‘shear data seem to support more closely a constant value for p= 0.575,
- though there is a slight tendency for the sum'to increase with increasing
shear strain. The quantity de,,/d7,, has been calculated in terms of total
strain increments with no allowance for elastic recoverable deformations.
Nevertheless, both these examples show that when volume change and
stress:strain data are brought together, the response of initially dense and
‘initially loose samples of sand ‘again falls into a single clear picture.

84 . Work equations: ‘original’ Cam clay .

Equations (8.5) and (8.6) describe the way in which the work don
by the forces acting on the boundaries of the shear box is dissipated as
friction in the soil. The resulting stress—dilatancy equation (8.7) is specific
to the shear box, but it can be used to suggest how a stress—dilatancy
equation might be generated which. is appropriate for the axisymmetric
conditions of the triaxial test. ' ’

The obvious parallels to be drawn are between

normal load P and mean effective stress p’,

shear load Q and deviator stress g, /

shear deformation x and triaxial shear strain g, and

volumetric deformation y and volumetric strain ¢,.
The total work input per unit volume to a triaxial sample supporting
stresses p':q as it undergoes strains J¢,:d¢, is

OW = p'de, + q d¢, (8.17)(1.32bis)
but of this work input, part is stored in elastic deformations of the soil.
The energy available for dissipation is - A

0E =p' 6¢b +q ded ) C o (8.18)
Following Taylor’s (1948) analysis of the shear box, we might assume that
this energy is dissipated entirely in friction according to a simple expression

SE = Mp' ¢8 (8.19)
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Then the combination of (8:18) and (8.19) can be rearranged in a form
equivalent to (8.7) or (8.16):

p’ 0eb + q 0el = M’ oep (8.20)
or ’

q oeP

=+ 5—: = (8.21)

poog

The critical state parameter M is appropriate because at the critical state
0¢;/oef =0 and q/p'=n= M. Expression (8.21) can again be broadly
interpreted as proposing that friction plus dilatancy equals a constant.
Expression (8.21) can be plotted as a stress—dilatancy relationship in a '

n:ﬁ(;tan"éeZ/gSsz) diagram: curve 2 in Fig. 8.10. The corresponding
shape of plastic potentials in the p":q plane can be obtained by integration
since the direction of the strain increment vector, controlled by the ratio
de?/deb, is by definition the same as the direction of the normal to the
plastic potential. The equation to be integrated then becomes

dg \ - |
1 A_u o R (822

pday | |

and the equation of the plastic potential is then
TP | B (¥ X)
M p

where p, merely iridicatés the size of a particular plastic potential curve
and is the value of p’ for n =0. This curve is plotted in Fig. 8.11.

---Fig. 8.10 - Stress—dilatancy relationships: (1) Cam clay, (2) original Cam clay,
and (3) Rowe’s stress—dilatancy (drawn for M = 1).
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If it is assumed that a soil whose plastic flow is governed by (8.21) also
obeys the principle of normality, then yield loci for the soil also have the .
shape given by (8.23). If these yield loci and identical plastic potentials
are then placed in the framework of volumetric hardening elastic-plastic
models of soil behaviour described in Chapter 4, then the ‘original’ Cam
clay model, which was" described by Roscoe and Schofield (1963) and
mentioned in passing in Section 5. 1, is recreated.

The flow rule of the Cam clay model described in Chapter 5,

CSep M?— n? .
—L= 8.2bi
oeb 2;1 (8.2bis)
can also be recast as a plastic dlssxpatlon eqt-x:;—tion
P 0el +qdeb =p'\/(6e7)* + (M 5eP)2 . (824)

though this lacks the simplicity of (8.20). The flow rule and elliptical plastic
potential for the Cam clay model are shown in Fig. 8.10 (curve 1) and
Fig. 8.11 for /compar'ison with original Cam clay. The most obvious
difference appears at low values of stress ratio n: the original Cam clay
flow rule does not pass through the isotropic point (7 =0, 8=0) in
Fig. 8.10. This implies that significant -plastic shear strains will develop
even for isotropic compression at zero stress ratio.

Schofield and Wroth (1968) cover this problem by suggesting that the
plastic’ potentxals in triaxial extension are mirror images of the curves in
triaxial compression (Fig. 8.11) so that the flow rule has a discontinuity
-at n=0 (Fig. 8.10). The soil then makes the theoretically acceptable
decision to adopt the mid-value at the discontinuity, i.e. 8 =0. Roscoe,

Fig. 8.11 Plastic potentials: (1) Cam clay, (2) original Cam clay, and
"~ (3) Rowe's stress—dllatancy (drawn for M =1).
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Schofield, and Thurairajah (1963) propose heterogeneous soil deformations
and suggest that ‘A sample in this state may contain local regions in which
plastic distortion occurs in different directions in such a manner that the
whole sample does not exhibit any overall distortion’. Neither of these
proposals is particularly satisfactory from a homogeneous computational
point of view because the model still implies that for very small but
non-zero stress ratios, significant plastic shear strains will develop. The
discontinuous plastic potential function can also cause computational
difficulties in numerical analyses; careful study of the relevant subroutines
in the finite element program CRISP described by Britto and Gunn (1987)
shows that, for practical use in numerical calculations, the point of the
original Cam clay plastic potential has to be rounded off and the
discontinuity eliminated.

85 Rowe’s stress—dilatancy relation ‘

An alternative justification of a flow rule is'provided by the stress—
dilatancy relation proposed by Rowe (1962). Rowe produces an expression
which states that, for a soil sample that is being sheared, the ratio of the
work done by the driving stress to the work done by the driven stress in
any strain increment should be a constant. This constant K is supposed
_to be the same for triaxial and plane strain conditions:

work put in by driving stress

- =—K (8.25)
work taken out by driven stress :

The constant K is related to an angle of soil friction ¢; by the expression

K =tan? ( ¢f)=1+—sf"_¢f : (8.26)

- 4 2/ l-sing; —- -- - -

Rowe suggests that the angle ¢; lies in the range ' :
¢, <o < P, . (8:27)

where ¢, is the critical state-angle of friction for constant volume shearing,
and ¢, is the angle of interparticle sliding friction. ‘

In triaxial compression, the axial stress o, is the driving stress (with an
associated compressive strain increment de,), and the radial stress ¢’ is
the driven stress (with an associated tensile strain increment — Je,). Rowe’s
stress—dilatancy relation then states that for triaxial compression,

% 08 =K , i (8.28)
—20, J¢, : s

Equation (8.28) can be rewritten in terms of the stress variables p’ and ¢

(which appear only as stress ratio n=g/p’) and the strain increment
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variables 8¢, and Jg, which are preferred in this book:

b K)—9(K —
b, _ 3n(2+K)—9(K -1 5.29)
de, 2n(K—-1)—3Q2K+1) .
Neglecting elastic strains, we can integrate (8.29) to give a plastic potential
’ 3— 1/(K-1) ’
P -3 [——"K] - | (8.30)
p, L(2n+3)

It is convenient to fix the value of ¢; at the ultimate critical state value
... Then, since ¢, and M. are related for triaxial compression by

M ]
sing., = - 8.31)(cf. 7.10
_sing, ciM (8.31)(c )
expression (8.26) becomes
' 3+2M 4
K = 8.32
.Y | (8.32)
and expression(8.29) can be written as
0 oM -
%, _M-n , , o (833)

de, 9+ 3M —2Mn
which has similarities to the original Cam clay flow rule obtained by
rearranging (8.21):
‘ 5£p .
—L2=M—y ) . (8.34)
134
The flow rule (8.33) is plotted in terms of n and B (ignoring the difference
between total and plastic strains) in Fig. 8.10 (curve 3). The plastic potential
curve (8.30) is plotted in the p':q effective stress plane in Fig.- 8.11.

[

For conditions of triaxial extension, the radial stress is now the driving

stress and the axial stress is the driven stress, and (8.25) becomes
20’ 6
i B B , ] - (8.3%)
—0, 0¢, :

The equivalent of (8.29) for triaxial extension is then

2K -
&___3)7( + 1)+ 9(K 1.) _ (8.36)
dg, 2n(1—K)—3(K+2)
and the plastic potential, equivalent of (8.30), is
/ 3 (K- 1) ) .
L 3[ + Z”K] (8.37)
po (3 - '7)

Evidently, the plastic potential and flow rule do not have the same shapes
in triaxial extension and triaxial compression. The corresponding curves,
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with n <0 and q <0, have been plotted in Figs. 8.11 and 8.10 (curve 3 in
each figure). Like original Cam clay, the plastic potential has a vertex and
the flow rule has a discontinuity for n=0.

For conditions of plane strain, provided principal axes of strain

increment and of stress are coaxial, (8.25) becomes

_g,’_éel_ =K (8.38)
-0y Ot

- since the intermediate principal stress does no work. Now, from the Mohr

Fig. 8.12 Conventional drained triaxial compression test on dense
Fontainebleau sand (v, = 1.61, o, = 100 kPa): (a) stress ratio n and triaxial shear
strain ¢ (b) volumetric strain ¢, and triaxial shear strain ¢, (data from Luong,

1979).
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circle of effective stresses (Fig. 8.8c),
oy l+sing
oy l—sing)

(8.39)

where ¢, is the‘mobilised friction in the soil. From the Mohr circle of
strain increments (Fig. 8.8b),

—6e, _1—siny

Rl : (8.40)
oe; 1 +siny

I
cs?

where ¥ is the angle of dilation for the soil. From (8.26) with ¢; = ¢
the critical state angle of friction, we obtain o ..

1 +sin ¢,

K= 8.41
—- - l=sing (8.41)
‘Equation (8.38) can then be rearranged to give
sin g, = S0 Pe SNV (8.42)

1 +sin@ siny

Considerations of dilatancy, volume change on shearing, through the
variables f or y, rather than ratios of principal strain increments such as
d¢,/d¢, in a triaxial test, give a better feel for the way in which the soil is
responding to a particular state of stress; that is, whether it is choosing
to expand or contract as it is sheared. The stress—dilatancy relation in -
the form (8.33) makes it clear that the volumetric strain increments are
_ zero when the stress ratio n = M. Dense sands usually show a peak strength
1 > M before deforming to an ultimate critical state with 5 = M (Fig. 8.12a
and see Sections 6.5 and 7.4.3). The stress ratio has passed through the
value n = M at an early stage of the test before the peak is reached. If the
soil follows the stress—dilatancy relation (8.33) throughout the test (and
the assumption of a certain form of flow rule or plastic potential places
~ no restrictions on the form of the yield locus), then at this stage too
the sand is deforming instantaneously at constant volume, 0¢,/0e, =0
(Fig. 8.12b). :

Studies of the behaviour of sand under cyclic loading such as those of
Luong (1979) and Tatsuoka and Ishihara (1974b) show that this stress
ratio, at which the sand deforms instantaneously at constant volume, plays
an important role in governing the behaviour of the sand, controlling
whether cyclic loading tends to stabilise the soil or leads to catastrophe.
Tatsuoka and Ishihara call this stress ratio the ‘phase transformation
stress ratio’, and Luong calls it the ‘characteristic stress ratio’; but
according to stress—dilatancy ideas, it should be the same as the critical
state stress ratio. (Luong notes that his characteristic stress ratio is easier
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to determine because it is reached at an early stage of tests, whereas the
critical state is usually reached only by extrapolation at a late stage.)
The role played by this stress ratio in controlling response of sand to
small cycles of loading is illustrated in Fig. 8.13. In drained cyclic loading
(Fig. 8.13a), cycling below the critical stress ratio tends to produce
cumulative volumetric compression and densification of the sand; cycling
above the critical stress ratio tends to produce cumulative volumetric
expansion. In undrained cyclic loading (Fig. 8.13b) cycling below the
critical stress ratio tends to produce positive pore pressures, because
volumetric compression is prevented. These positive pore pressures reduce
the effective mean stress and lead to liquefaction or related phenomena
of large deformations. Cycling above the critical stress ratio tends to

~

Fig.8.13 Phenomena observed in (a) dr#ined and (b) undrained cyclic loading
of sand (S, shakedown; /, incremental collapse; C, cyclic mobility; L,
liquefaction of loose sand) (after Luong, 1979).

Fig. 8.14 Inclined toothed plane of separation in triaxial sample (after de
Josselin de Jong, 1976).
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produce negative pore pressures because volumetric expansion is
prevented. These negative pore pressures increase the effective mean stress
and strengthen the soil. , .

Rowe originally deduced his stress—dilatancy relation from minimum
energy considerations of particle sliding. However, de Josselin de Jong
(1976) shows that the relation emerges also from combining considerations
of equilibrium and kinematics of particles sliding -on inclined saw-tooth
surfaces (Fig. 8.14). The important feature is that the relation arises from
analysis of sliding deformations in granular materials and hence that it is
likely to be of most relevance in describing deformations of soils in which
sliding between particles provides the principal contribution to the
deformation. It is thus not surprising that this flow rule gives a paradoxical
prediction of significant shear strains for purely isotropic stresses (n = 0),
‘where particle sliding does not dominate; the flow rule is being stretched
beyond its region of legitimate application. Given the similarity between
the flow rules of Rowe’s stress—dilatancy and original Cam clay, which is
evident in Fig. 8.10, one might suggest that original Cam clay is also out
of its region of legitimate application at low stress ratios, n = 0. The
difference in concept between the two flow rules is that original Cam clay
is based on continuum considerations, whereas Rowe’s stress—dilatancy
is based on -considerations of equilibrium and kinematics of particular
planes of sliding. ‘

8.6 Experimental findings -

So far, the presentation of flow rules has proceeded almost entirely
along theoretical lines,.with a brief interlude for the re-analysis of some
direct shear and simple shear data following Taylor’s (1948) simple flow
rule. In this section, several sets of published data are produced for
‘comparison with these theoretical relationships. It must be emphasised
again that in presentation of data for exploration of flow rules, most
authors either explicitly or implicitly ignore the presence of elastic
deformations and base calculations of dilatancies on total strain increments.
This approach tends to be most in error when the effective stress path
followed in a test is moving most nearly tangentially to the current yield
surface. '

Rowe’s stress—dilatancy relation has met with greatest success in
describing the deformation of sands and other granular _média. Data from
simple shear tests on Leighton Buzzard sand performed by Stroud (1971)
have already been introduced. The apparatus used by Stroud was heavily
instrumented so that he was able to compute values of principal stresses
in his tests. For these tests, an interpretation in terms of sin ¢, and
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siny is possible, where ¢, is the current angle of friction mobilised in the
soil, which is not usually the same as the angle of friction mobilised on
horizontal planes parallel to the top platen. The narrow spread of all his
data on initially loose and dense samples is shown in Fig. 8.15. It is
apparent that the agreement with the stress-dilatancy relation (8.42) is

Fig. 8.15 Range of data from simple shear tests on Leighton Buzzard sand
compared with Rowe’s stress-dilatancy relationship (R) (after Stroud, 1971).
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_— Fig. 8.16 Data (rom drained plane strain compression tests on Mersey River
T ~ quartz sand (e, loose, v, = 1.66; +, dense, v, = 1.54) and feldspar (o, loose, -
v,=1.79; x, dense, v, =1.64) (da!a from Rowe, 1971).
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good, even though the principal axes of strain increment and of stress are
rotating and not coincident during the tests.

Data from plane strain tests in which no rotations of principal axes
occur are reported by Rowe (1971). These have been replotted_ in terms
of sin ¢, and siny in Fig. 8.16. Equation (8.42) has been plotted in this
figure with two values of sin ¢..-(0.5 and 0.7) to show the shape of Rowe’s
stress—dilatancy relationship. The data refer to two sands, each sheared
from two initial densities. The data for each sand lie within a narrow band.
~ Data from triaxial tests on sands are also reported by Rowe (1971).
These have been replotted in terms of n and g in Fig. 8.17. For comparison,
the Cam clay flow rule (8.3) and Rowe’s stress—dilatancy relationship,
deduced from (8.33), have been plotted for M = 1.0 and 1.5; the data seem
to be following a trend which is closer to that deduced from (8.33).
'Although these values of f have been calculated from total strain
increments, it is widely accepted that Rowe’s stress—dilatancy relationship,
suitably interpreted, provides a reasonable description of the plastic flow
of sands, particularly when particle sliding is the dominant mechanism of
irrecoverable deformation.

The Cam clay flow rule has not been included in Fig. 8.16. Rowe's .
stress—dilatancy relationship specifically ignores all elastic deformations.
However, to apply the Cam clay flow rule to plane strain situations, an
assumption about the elastic behaviour of the soil is required. Although
the total strain increments d¢, are zero, these are made up of elastic and

Fig. 8.17 - Data from conventional drained triaxial compression tests (e,
medium sand; +, quartz silt; x, feldspar) (stress—dilatancy relationships:
(1) Cam clay, (3) Rowe) (data from Rowe, 1971).
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plastic components d¢; and ¢8, and there is no reason why these individual
components should also be zero. Looking at the relative shapes of the
Cam clay and Rowe flow rules for triaxial compression in Fig. 8.17, we ~
cannot expect the plane strain version of Cam clay (even if elastic strains
are ignored) to be more successful than Rowe’s stress—dilatancy
relationship in matching the plane strain data in Fig. 8.16.

For clays, the picture is less clear. Roscoe, Schofield, and Thurairajah
(1963) have presented data from triaxial tests on isotropically normally
compressed kaolin (w = 0.7, wp = 0.4) in support of the original Cam clay
flow rule (8.34). Their data have been replotted in terms of n and B in
Fig. 8.18. These data come from conventional drained and conventional
undrained compression tests; elastic volumetric strains but not elastic
shear strains have been taken into account. The elastic shear strains are
likely to be most significant at low stress ratios, where the effective stress
path progresses most nearly tangentially to the initial yield locus, and can
be expected to be more significant in the undrained test than the drained
test. Overestimation of d¢? leads to overestimation of B (8.1). | '

A more direct study of flow rules for clay is reported by Lewin (1973).
Lewin prepared samples of silty clay (wp =031, wp=0.18) in the
laboratory by consolidation from a slurry of slate dust and water. One
group of samples was compressed isotropically (OA4 in Fig. 8.19a), another
group was compressed one-dimensionally (d¢, = 0) (OP in Fig. 8.19b). For

Fig. 8.18 Data from conventional drained (o) and undrained (o) triaxial
compression tests on isotropically normaily compressed spestone kaolin
[stress—dilatancy relationships: (1) Cam clay, (2) original Cam clay] (data from
Roscoe, Schofield, and Thurairajah, 1963).
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each sample the stress ratio n = gq/p’ was then changed at constant mean
effective stress p’ (4B, AC, etc,, in Fig. 8.19a; PQ, PR, etc,, in Fig. 8.19b),
and the strains were measured on a subsequent stress probe at constant
stress ratio (BB, CC’, etc.,in Fig. 8.19a; QQ’, RR', etc., in Fig. 8.19b). Lewin
states that elastic strains were small so that total strain increments could
be assumed to be essentially equal to plastic strain increments. Since the
stress increments with which he was probing the yield surfaces in Fig. 8.19
are not far from being orthogonal to probable yield loci, plastic effects

are likely to dominate.

- - "~ Fig.8.19 (a), (b) Stress paths used to investigate plastic potential and
(c) resulting stress—dilatancy relationships for Llyn Brianne slate dust; (a) and

(c, o) isotropically compressed; (b) and (c, o) one-dimensionally compressed

(data from Lewin, 1973).
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The results are shown in terms of n and B for the two sets of samples
in Fig. 8.19c. For this clay there is a large difference between the results
for the isotropically compressed and the one-dimensionally compressed
clays, and the degree of anisotropy that the one-dimensional history
produces in the flow rule is very significant. For example, from Fig. 8.19c,
non-distortional compression (d¢, = 0, § = 0) corresponds to a stress ratio .
n =~ 0.4, and deformation under isotropic stresses (9 =0,n=0)corresponds
to a value of S~ —20° and a strain increment ratio 0, /¢, =~ —0.36.

Natural soils have certainly experienced non-isotropic stresses in their
past, and although they may show a stress ratio, 1 = M, at which yielding
occurs without plastic volumetric strain, there is no necessity for increases
of isotropic stress in- the absence of deviator stress to cause only
compression without distortion.* Flow rules for hatural soils can thus be
expected to pass through point C(n =M, =n/2) in Fig. 8.2b but not

‘necessarily to pass through the origin /(7 =0,8=0).

Strain increment vectors were -shown in Fig. 4.14a for natural clay
(w,_~077 wp = 0.26) from Winnipeg, Canada. For this clay Graham,
Noonan, and Lew (1983) separated plastic and elastic components of strain
increment and plotted plastic strain increment vectors. These data have
been transferred to a #:8 stress—dilatancy diagram in Fig. 8.20.

The flow rule for this Winnipeg clay is well defined from a large number

Fig. 8.20 Stress—dilatancy relationship n: 8 observed for undlsturbed Wmmpeg
clay (data from Graham, Noonan, and Lew, 1983).
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*The stress ratio at whxch yielding occurs without plastic volumetric. strain can be loosely
termed a critical state in the context of the present models: it is a feature of the initial
yielding of the undisturbed soil. If major changes in the structure of the soil occur as the
soil yields, which is the case for sensitive natural soils, then the basic assumption that yielding
occurs without change of shape of the yield loci or plastic potentials may no longer be
reasonable; and an ultimate critical state is a feature of a subsequent plastic potential rather
than the initial-plastic potential.
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of triaxial compression tests. The data extend well beyond the point of
zero plastic volumetric strain increment 7 = M, § = /2, and J¢}/6ef = oo.
At higher stress ratios, values of § greater than n/2 indicate that shearing
is accompanied by plastic volumetric expansion. Although the data show
a certain amount of scatter, they do suggest that the flow rule does not
pass through the origin. Purely compressive, non-distortional plastic
deformation B =0 occurs for a small positive stress ratio, and yielding
under isotropic stresses # = 0 corresponds to a small negative value of B,
indicating plastic volumetric compression with negative plastic shear strain
(6¢? > d¢P). On the other hand, the Cam clay flow rule (8.3) with M =0.88
is also plotted in Fig. 8.20 and provides a moderately good fit to these -
data; in fact, the margin by which the flow rule defined by the experimental

data misses the origin I.(n =0, # =0) in Fig. 8.20 is really very small. The -

error in assuming that plastic flow could be described by the Cam clay
flow rule would be small. The anisotropy that this implies in the plastic
potentials is smaller than that evident in the yield loci (Fig. 3.22).

These data were used in Section 4.4.3 in support of a framework for
elastic—plastic soil models based on the hypothesis of associated flow,
identity of yield loci, and plastic potentials. Perhaps for clays too an
improved description would be obtained by allowing non-associated
flow — but the departure from normality does not seem to be as great as
for sands. ' : : '

No particular conclusion can be drawn about the appropriateness of
any one theoretical flow rule for matching experimental data for clays.
Choice of flow rule must be guided by some experimental observation. It
is usually important to make some allowance for the anisotropy that has
been introduced during the depositional compression of the clay, though
the extent of this anisotropy méy be related to the plasticity of the clay.

8.7 Strength and dilatancy

It was shown in Section 7.4 that heavily overconsolidated clays
and dense sands can show peak strengths before ultimate critical states
are reached. At the critical state, by hypothesis, shearing continues at
constant volume. The flow rules or stress—dilatancy relations that govern
the deformation behaviour of soils indicate that shearing at a stress ratio
not equal to the critical state stress ratio (17 # M) is accompanied by volume
change. All the flow rules that have been presented here are in broad
agreement that the amount of that volume change depends on how far
the stress ratio is from the critical state value. For soils showing a peak
strength, deforming with n > M, the shearing is accompanied by volumetric
expansion.
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Data of peak strength of sands were presented in Section 7.4.3. Rowe’s
stress—dilatancy relation (Section 8.5) was found to describe the dilatancy
of many granular materials quite satisfactorily, and, in particular, it can
be used to estimate the volumetric expansion expected for any observed
peak stress ratio. The stress~dilatancy behaviour of sands is not much
influenced by stress level, but, as discussed in Section 7.4.3, stress level -
has a strong influence on the peak strength of sands. The peak dilatancy
(¢,/d¢,) is dependent on stress level only because the peak strength is
dependent on stress level. , '

More comment can now be given about the desirability of relying« on
peak strengths in calculating the stability of geotechnical structures. Peak
strengths can exist as a soil is deformed only if.volumetric expansion is
prevented. The examples of back analysis of slope and retaining-wall
: failures in Sections 7.6 and 7.7 showed that if it is possible for expansion
(and consequent softening) to occur in a thin failure region, then a critical
state strength rather than a peak strength is the only strength that can
be relied upon in the long term. o ’

Another comment can also be made about the status of analyses of
plastic collapse of drained soils showing frictional strength characteristics.
It was noted in Section 7.5 that the validity of plasticity analyses, which
could potentially provide upper or lower bounds to actual collapse loads
of geotechnical structures, depends on the deformations occurring during
~ plastic failure being linked with the stress states under which plastic failure
can occur. Most plasticity analyses are performed for situations of plane
strain. For plane strain this requirement for associated flow implies that
the angle of dilation y (Fig. 8.8b) and angle of friction ¢’ (Fig. 8.8¢) should
be equal. Clearly, when the soil is deforming at a critical state ¢ =a¢.,
and no volume change is occurring so that ¥ =0, and the condition of
associated flow is not satisfied. ' ’

When the soil is deforming at mobilised angles of friction greater than
the critical state angle ¢’ > ., a stréss~dilatancy relation such as (8.42)
could be used to estimate expected angles of dilation. A typical example
‘of this stress—dilatancy relation for ¢/ = 35° was shown in Fig. 8.16. A
peak angle of dilation of. say, 20° might be measured; the corresponding
mobilised angle of friction would be, from (8.42), ¢., =49.9°. Angles of
- dilation are always considerably lower than angles of friction.

88 Conclusion

This chapter has been concerned with stress—dilatancy relationships
or flow rules. The primary intention has not been to champion any
particular flow rule or stress—dilatancy relation but to illustrate the
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principle, which is generally accepted, that the vélume-change character-
istics and the stress:strain characteristics of soils are linked. Whether this
link is thought of as a description of the way in which energy is dissipated
as a soil is sheared, or as a shape of a curve (plastic potential) in an

effective stress plane which indicates the ratio of components of (plastic)
" deformation, is secondary. :

Experimental data have been presented in support of some of the
theoretical flow rules or stress—dilatancy relationships, but Fig. 8.10 shows
that since a critical state point is common to Cam clay, original Cam
clay, and Rowe's stress—dilatancy, the likelihood of significant differences
between these theories that can be detected experimentally is small for
stress ratios in the range, say, of 0.6M <n < 1.8M.

The importance of past history on the nature of plastic flow has been
noted, and for clay a contrast has been drawn between soil which has a
history of isotropic compression and soil which has a history of one-
dimensional compression. The structure of a sand sample is determined
by the sample preparation procedure, which in nature means the manner
- of deposition of the sand. Sample preparation usually takes place
under a gravitational stress field which is directional and not isotropic.
Deformations of sands are very much governed by the ways in which their
structure can change, hence the success of flow rules such as Rowe’s stress—
dilatancy relation. It is not easy to eradicate evidence of the initial structure
" until the sand has been made to flow at a critical state. It may not be
feasible to prepare truly isotropic samples of sands (that is, samples which
hav¢ an unbroken history of isotropic compression) except in an orbiting
space laboratory. . '

Finally, it is important to remember that a flow rule only describes the
mode of plastic deformation that occurs when yielding takes place at any
particular state of stress; it does not say anything about whether yielding
will actually occur. This is the distinction between yield loci and plastic
potentials that was drawn in Chapter 4. Consequently, experimental data
in support of or defining any particular flow rule cannot provide evidence
either for or against the possibility that the soil may obey the postulate
of normality: the identity of yield loci and plastic potentials.

Exercises
E8.1. Separate versions of Rowe’s stress—dilatancy relationship were
produced for triaxial compression and for plane strain conditions
in Section 8.5. For conditions of plane strain, an expression relating
mobilised angles of dilation and friction has been quoted (8.42).
Show that, for this expression to be valid also for conditions of
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triaxial compression, the angle ¥ would have to be defined as
(Tatsuoka, 1987) ’
—3de, '

6 de, — d¢, '

Translation between plane strain and triaxial compression
conditions requires some assumed model of soil response. An
alternative hypothesis to Rowe’s stress—dilatancy, used in exercise
E8.1, would be that, at any particular mobilised angle of friction,

siny =

the Cam clay flow rule (8.2) was appropriate, irrespective of the

test conditions, with generalised strain increments d¢, and d¢, being
defined as in Section 1.4.1. o

Neglecting elastic strains, deduce the plane strain form of the
Cam clay flow rule and compare this with Rowe's stress—dilatancy
relationship. ~ ’ .

(Note that if we assume dependence of dilatancy on angle of

friction, the value of the intermediate principal stress under plane- .

strain conditions is not of concern.) _
Shibata (1963) presents experimental data for a normally
compressed Japanese clay tested in drained triaxial compression
with constant mean effective stress p’. He found that the volume
decrease was proportional to the effective stress ratio

—ov =kdn

Y

- where v; is the initial specific volume, and k is observed to be a

constant. Sho7w that this‘ﬁnding implies that this clay has yield
loci of the form given by the original Cam clay model (8.23),
provided that - =

_A—k :

B My; ' -

Assume that the clay is to be modelled within the elastic—plastic

framework of Chapter 4, with yield loci of size p,, which varies only
with irrecoverable volumetric strain:

vp,
A—K

k

op, = oed

Assume also that the clay follows the principle of normality or
associated flow. ' .

~In discussion of the existence of critical states for clays in

Section 6.3, some data obtained by Parry (1958) were pfesented
(Fig. 6.13) which indicated that soil samples — which in drained
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triaxial compression tests failed at values of mean effective stress
p, different from the critical state value p  appropriate to the failure
value of specific volume of the sample — were still changing in
volume and still heading towards the critical state at failure,
according to an expression ’ '

¢, —kln pf
58 : p.,

Ignori_ng elastic deformations, deduce the implied flow rule or

- stress—dilatancy relation |

és——klnM e forn>M S
e, n—h,

It will be necessary to refer to the failure data for Weald clay ‘
which were presented in Section 7.4.1. These data, in terms of
effective stresses at fallure,,supported an expression

-q,—=hc(a+5’7)
P. P

Use the requirement that the critical state point (7= M, p =p.)
must lie on this failure line to obtain an expression for p,/p..

Taking values of k,M, and h; from the data presented in
Sections 6.3 and 7.4.1, sketch this flow rule in a n:f diagram and
compare it with the Cam clay flow rule.

Investigate the following flow rule for describing the plastxc\ “
behaviour of clay

S _ N

6k M*—n?

Plot this as a stress—dilatancy relationship and compare it with
other flow rules discussed in this chapter. Derive an expression for
the corresponding plastic potential, sketch the curve, and compare
it with that for Cam clay.

For one-dimensional normal compression, derive an expression
for the constant stress ratio 7, assuming (i) that the elastic shear
strains are negligible and (ii) that the changes in volume are given
by the usual linear relationships between specific volume and the
logarithm of pressure. Adopting values of A/k=5 and M =1,
calculate the relevant value of K, = }/0’, during one-dimensional
normal compression and comment on whether this is a reasonable
value for a clay with these soil parameters.

The results of constant stress ratio tests on Newfield clay performed
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by Namy (1970) fit the following flow rule:

where A is a constant and 58};, 58:, and n have their usual meanings.
Plot this flow rule in a n:§ stress—dilatancy diagram and compare
it with the other flow rules introduced in this chapter. ’

Comment on the compatibility of this flow rule with the possible
existence of critical states for this clay. Discuss the errors in the
observations of strain increments that could have resulted from
the fact that Namy actually performed his constant stress ratio
tests by applying alternate large increments of cell pressure and
axial stress. - : : :
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Index properties

9.1 Introduction i

Determining reliable values for soil parameters, either for use in
an elastic—plastic soil model such as Cam clay or to obtain values of
strength and stiffness for some less elaborate analysis, usually requires
that laboratory tests such as triaxial or oedometer tests be performed on
undisturbed samples of soil. To obtain good quality undisturbed samples
is usually expensive and frequently difficult. Performance of good-quality
triaxial and oedometer tests requires time and skill and is also expensive.
It is possible to characterise or classify soils with quicker, less-sophisticated
tests which do not require undisturbed samples of the soils. This
characterisation for cohesive, clayey soils is achieved by using index tests
which determine the natural water content and the so-called liquid limit
and plastic limit of the soil.*

Although the procedures which have been adopted for performing these
index tests may appear quaint, it is possible, using the ideas of critical
state strengths and models of soil behaviour such as Cam clay, to relate
values of index properties to other properties of engineering importance.
Empirical correlations between index properties and strengths and
compressibilities have been used for many decades: critical state soil
mechanics points the way to a rational basis for many of these correlations.

It would be extreme to suggest that the availability of these correlations
makes it unnecessary to perform any tests more sophisticated than the
index tests. Their value lies in two areas. Where it is difficult to obtain
good soil samples or where results of other tests are not yet available,

*The term plastic is traditionally used to describe soils for which it is possible to determine
liquid and plastic limits. This is a confusing term since it is a theme of this book that
elastic-plastic soil models are useful for describing the behaviour of soils such as sands,
which according to this definition would be classified as non-plastic.
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these correlations can be used to give preliminary values of soil properties
for use in feasibility studies. At a later stage, when more data are available
from a wide range of tests, such correlations can be used to check the
internal consistency of the data that have been obtained and to draw
attention to apparent anomalies.

The fall-cone test is described in Section 9.2. An analysis of this test in
terms of critical state strengths shows it to be an extremely powerful index
test. The range of correlations which emerge is presented in Section 9.3,
together with examples .of their applications. Subsequent sections then
provide the theoretical background to and comment on these correlations.
Readers who are concerned only to know the correlations themselves need
proceed no further than Section 9.3. :

9.2 Fall-cone test as index test
Static indentation tests-have been used since 1900 to provide
quick estimates of the hardness of metals (Tabor, 1951). Creation of an

Fig. 9.1 = Fall-cone apparatus (Statens Jarnvdgars Geotekniska Kommission,
1922). - ‘
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indentation is an almost entirely plastic process, and the ‘hardness’ of a
metal, determined from the indentation force and the dimensions of the

indentation (spherical, conical, or pyramidal), is directly related to its yield

strength. Indentation tests have been used in Scandinavia since 1915 to
provide a measure of the ‘consistency’ of clays in routine geotechnical
investigations (Bjerrum and Flodin, 1960). Olsson (1921) describes the
fall-cone apparatus which he developed for this purpose (Fig. 9.1): a cone
is allowed to fall freely under its own weight from a position at rest with
the point of the cone just touching the surface of the clay. This is no
longer a static indentation test;.the cone accelerates initially and then

_decelerates to rest and penetrates a distance which is greater than the

penetration at which the soil resistance is equal to the weight of the cone

. (where the acceleration of the fall-cone is zero).

A detailed study of the relationship between cone penetration and soil
strength is reported by Hansbo (1957). The variables governing the
problem are (Fig. 9.2) the mass 'm and tip angle a of the cone, the
penetration d, and the undrained shear strength of the soil ¢,. Dimensional
analysis (Wood and Wroth, 1978) then shows that

c,d?

mg

where the parameter y allows for surface effects between the soil and cone
(for example, friction or adhesion), and g is the acceleration due to gravity
(9.81 m?/s). For a given material of cone and for related soils (perhaps
soils of similar activity, see Section 9.4.3), the cone angle is the dominant
factor in f(e, %), so (9.1) can be rewritten as ‘
P : o
“d _ : ~ 9.2)

mg v ,
where k, the cone factor, certainly depends on the angle of the cone.
In Chapter 6, critical state lines for clay were proposed, supported by

Fig. 9.2 Fall-cone test.

7. __ 4 . -
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experimental evidence, of the form

w=T—4lnp,, (9.3)(6.10bis)
4. = Mp,, (9.4)(6.3bis)
Since undrained strength ¢, is just half the deviator stress at failure,
qCS i
== 9.5
=" (9.5

and since in undrained deformation the specific volume does not change,
expressions (9.3)-(9.5) can be combined to give a general relauonshxp
between undrained strength ¢, and specnﬁc volume v:*

=[F+lln(%>]—llnc‘, : N ) |

or : ) -

M r- v) : 6.7

c, = —¢€x : . » .
TP\ - |

For saturated soils, a direct relationship exists between water content

w and specific volume v:

v=1+Gw o _ ‘ (9.8)
where G, is the specific gravity of the soil particles. Combination of
equations (9.2)-(9.8) then shows that if a series of fall-cone tests is
performed using the same coné (with m and « chosen) on samples of the
same clay prepared at various water contents, then the measured
penetrations'd are related to water content w by .

2 r—-1 2 M
="Ind+ =1 _ 9.9
- - ¢ G R G +'G,n[2kamg] ' )

A plot of water content w against logarithm of cone penetration d should
give a straight line with slope 24/G, (Fig. 9.3), and the compreSSIblhty A
of the soil can be determined from these cone tests. ,

If cone tests are performed with two geometncally similar cones of
different masses m; and m,, then plots of water content against cone
penetration should produce two parallel lines with a water content

*The relationship between strengths measured with various devices is discussed in Section
10.6; in this chapter it is assumed that this strength represents the maximum shear stress
which the soil can support, independent of the mode of shearing. The justification for this is
that we are trying to establish approximate correlations rather than exact analyses in this
chapter. However, this assumption is in essence the Tresca criterion discussed in Section
3.2 and is-basic to many of the plasticity analyses of undrained loading of soils (Atkinson,
1981; Houlsby, 1982)



260 9 Index properties

'separation Aw (Fig. 9.3) where, from (9.9),

Aw="1nT? | . | (9.10)
s My ’ )

and this gives a second route by which 4 can be deduced from the results
of fall-cone tests. The slight advantage of (9.10) over (9.9) is that, because
the fall-cone test is a dynamic rather than a static test, there may be effects.
associated with the rate at which the clay is being deformed which should
cancel out if the geometry of the penetration process is kept constant by
comparing results obtained at identical penetrations. Satisfactory results
have been obtained for Cambridge gault clay (Fig. 9.4) using a ratio of
~ cone masses m,/m, = 3. Working from the gradients of the parallel lines
 (9.9) and taking G,=2.75 gives a value of A=0.30. Working from the

spacing between the lines (9.10) gives an independent value of 1=0.31.
' These equations lead to two ways in which fall-cone tests can be used

Fig. 9.3 Relationship between water content and cone penetration.
my
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Fig. 94 Fall-cone tests on Cambridge gault clay.
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to provide strength indices for soils. Olsson (1921) devised a strength
number (hdllfasthetstalet) proportional to the mass of a cone of tip angle
2= 60° which would produce a penetration d = 10mm in the soil. Of
course, only a certain number of combinations of cone mass and cone angle
were available, and charts and tables were produced from which the
penetration of any given cone could be converted to a strength number.
A strength number of 10 was assigned to a cone mass of 60 g. From (9.2),
the strength number is directly proportional to undrained strength c,.

Olsson went further and defined an index property, fineness number
(finlekstalet), as the water content of soil having a strength number 10,
in other words, the fineness number is the water content at which a 60°
cone of mass 60 g would penetrate 10 mm when allowed to fall under its
own weight. This fineness number is now accepted in Sweden and other
Scandinavian countries as equivalent to the liquid limit (Karlsson, 1977).
Other cone-penetration tests have been used elsewhere to estimate liquid
limits of soils (Sherwood and Ryley, 1970), and the test which is now the
preferred British Standard test 2(A) for determining the liquid limit
(BS 1377, 1975) is a fall-cone test using a 30° cone of mass 80g. The.

‘liquid limit w; has thus become the water content at which soil has a
standard strength. (The background to the measurements of liquid limit is
discussed in Section 9.4.1.)

Karlsson (1977) states that a 10-mm penetration of a 60° cone of mass
60g corrcsponds to a soil strength of 1.7kPa. Fall-cone and miniature
vane tests performed by Wood (1985a) produce average values of cone
factors,

k,=085  fora=230°

and B o - , . o

k,=0.29 for o = 60°

which lead from (9.2) to estimates of strength at the liquid limit of 1.71 kPa
according to the Swedish definition and 1.67kPa according to the British
definition. For the purposes of the approximate correlations which are
set out in Section 9.3, however, we assume that the standard undrained shear
strength of soils at their liquid limit ¢; is approximately 2kPa. .
Another use of fall-cone tests proceeds from (9.10) to obtain an index
of the way in which strength changes with water content. Specifically, if
the same penetration 4 is obtained when cones of two different masses
penetrate two different samples of the same soil, then, frém (9.2), the ratio
of the strengths of the soil samples is equal to the ratio of the masses of
the cones. The change in water content Aw in (9.10) is that necessary to
change the strength of the soil by the factor m,/m,. A useful index might
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then be the water content change Aw,, required to produce a 100-fold
change in strength. Direct determination of this would require cone tests
to be performed with a ratio of cone masses m,/m, = 100. The standard
cones used in Scandinavia and in the United Kingdom have masses
m, =60g and 80g, and so the parallel series of tests would have to be
performed with m, = 6kg or 8 kg. Such cones would be cumbersome to
use, and it is consequently more appropriate to extrapolate to Aw, 4, using
a smaller ratio of cone masses. Then from (9.10),_

1 .
Aw;gy = Aw—2100 9.11)
In (mz/mx) \

The results for Cambndge gault clay (Fig. 9.4) were obtained using a
ratio of cone masses m,/m, = 3. Since In3 ~(In 100)/4, this implies an
approximate 4-fold extrapolation, Aw oo = 4Aw.

The determination of this strength change index by extrapolation relies
on the value of 4 in (9.6) being a constant. The value of 4 that is being-
determined -with (9.9) or (9.10) is valid- for water contents close to the.
liquid limit. It typically drops with increasing pressure and decreasing
water content (the water content after all cannot fall below zero, so the
line w=0 must provide an asymptote to the volume change character-
istics), and so-the extrapolation implied in (9 11) could be expected to yield
values of Aw,,, which are too high. '
~ The fall-cone test is being used asan index test to give direct information
about strengths and about change in strength with water content, which
from critical state lines can be interpreted as information about
compressibility such as the value of the parameter A.

9.3 Properties of insensitive soils

Many of the values of liquid limit quoted in published work
have been obtained using the Casagrande apparatus described in
Section 9.4.1. It is assumed that these values also correspond to a strength
of 2kPa, so that as far as the relations between soil properties to be
described here are concerned, liquid limit values obtained with the various
devices are assumed to be interchangeable.

The other index test that is widely used for classifying clayey soils is
the so-called plastic limit test, described in Section 9.4.2. This plastic limit
test is probably a less consistent strength test than the fall-cone liquid-limit
test, but study of the data of undrained shear strength and water content
for remoulded soils collected by Mitchell (1976) (Fig. 9.5) suggests that at
the plastic limit (with water content wy), also, the range of strengths is
reasonably small, having an approximate average value of around 200k Pa,
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that is about 100 times the strength at the liquid limit. The difference in
water content between the liquid limit and plastic limit is known as the
plasticity index Ip; it appears consequently that this is approximately

“equivalent to the quantity Aw,,, introduced in the previous section.

The data of water contents in Fig. 9.5 have been plotted in terms of
liquidity index I which scales water contents of soils in a standard way
between their liquid and plastic limits:

I = - 9.12)

Wy — wWp Ip

~ Liquidity index thus takes values of 1 and 0 when the water content of

a soil is at the liquid or plastic limit, respectively.

Two simple relationships between index properties and other properties
of insensitive or remoulded soils can now be deduced. Setting I, = Aw, oo,
we find that from (9.10) and (9.11) compressibility 4 can be linked with

7

Fig. 9.5 Variation of remoulded undrained strength c, with liquidity index

I for (1) Horten clay (w, =0.30, w, = 0.16); (2) London clay (w, =0.73,

wp = 0.25);(3) Shelthaven clay (w = 0.97, w, = 0.32); (4) Gosport clay(w_=0.80,
wp = 0.30) (after Skempton and Northey, 1953); range of strength data collected
by Mitchell (1976) shown shaded.




264 9 Index properties

plasticity I;:

1,G
=t (9.13)
1n 100
~ 0.615. ' | (9.14)

using a typical value for G, ~2.7.
The parameter 4 is the compressibility of the soil in the expression

Cv=vr;—Alnp (9.15)(4.2bis)

for a normal compression line. The compressibility C;, which is the slope
of the normal compression line when written as

(5.16)

is perhaps more often quoted. The two compressibilities are sifnply related,

v=v,—C.log;op’ ] .

- CL=4ln10=2.3032 : - (9.17a) -

Fig. 9.6 Values of compressibility (C, and /) and plasticity index (/) for soils
from the Mississippi delta and Gulf of Mexico ( +) (data from McClelland,
1967); Egyptian soils (o) (data from Youssef, el Ramli, and el Demery, 1965);
scabed soils off Tel Aviv () (data from Almagor, 1967); soils from Britain and
elsewhere (o) (data from Skempton, 1944).
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or
A =04343C; (9.17b)
and (9.14) becomes ‘
C.= dad? (9.18)
2
~ 1351, (9.19)

Data of compressibility 4 or C_ and plasticity 1P in Fig. 9.6 have been
culled from a number of publlshed sources: soils from the Mississippi delta
and Gulf of Mexico (McClelland, 1967), Egyptian soils (Youssef, el Ramli,
and-el Demery, 1965), seabed soils of Tel Aviv (Almagor, 1967), and
various soils from Britain and elsewhere (Skempton, 1944). Relationship
(9.14) is included and provides a reasonable fit to the data though there
is, of course, a lot of scatter.

It is important to-note that the data of undrained strengths in Fig. 9.5
were obtained from remoulded soils, and the mention of a critical state
line at the beginning of this sectlpn also implies that remoulded strengths -
are being considered. The compressibility which is calculated using
(9.14) or (9.19) is @ compressibility for a remoulded, structureless soil.
Undisturbed soils usually have a higher value of compression index than
remoulded soils because of the extra compression associated with
destruction of their structure. Schmertmann (1955), for example, shows

Fig. 9.7 Effect of disturbance on slope of one-dimensional normal
_ compression line for marine organic silty clay (after Schmertmann 1955).
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that disturbance of soil samples has an effect on compression index
equivalent to partial remoulding (Fig. 9.7): a steeper normal compression
line implies a higher value of A or C., and data of measured compress-
ibilities are expected to congregate in the upper part of Fig. 9.6.

Having assigned strengths of 2kPa and 200kPa to soils at their
liquid and plastic limits, if the spread and curvature of the liquidity:
logarithm-of-strength- re]atlonshxp can be neglected, we can estimate the
remoulded strength of a soil with knowledge only of its liquidity index,
in other words, with knowledge only of its liquid and plastic limits and
natural water content, by using the expression ‘

¢, =2x 10040 - kPa ~ S (920)
An example of the application of (9.20) is shown in Fig. 9.8 for a site

on the Thistle field in the North Sea. Some undrained strength data from
unconfined triaxial compression tests (¢, = 0) are included for comparison.

The agreement between these measured strengths and estimates made

on the basis of values of liquidity index is reasonable, but even more
encouraging is the match of the pattern of observed and estimated
variations of strength with depth. The measured strength profile (which
is typical of some North Sea sites) shows an initial rapid rise in strength
to a depth of about 5m, followed by a drop to a minimum at a depth
of about 15m, and followed by a rapid increase in strength at a depth of
about 20 m; all these variations are reflected in the profile of liquidity

Fig. 9.8 Measured (o) and calculated (+) profiles of strength with depth for
location in Thistle field, North Sea.
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index with depth. It is precisely at such offshore locations that it may be
difficult to retrieve good soil samples for direct determination of in situ

267

strength. An independent estimate of strength using (9.20) thus provides
an invaluable confirmation of those measured trends that are observed

Expression (9.20) is sensitive to errors in liquidity index. Water contents
and index properties are typically quoted to 0.01 (1%), so for soils of low
plasticity, estimates of liquidity index, and thence of strength can very
easily be in error. Expression (9.20) is plotted as liné 4 in Fig. 9.9

Fig. 9.9 Approximate unique relationship expected between liquidity mdcx I,
and remoulded undrained shear strength ¢, (line A).

Bjerrum, 1954)

Fig. 9.10 Profile of water content w, mdex properus w, and wyp, and’

undrained shear strength c, wnh depth for boring at Drammen, Norway (after
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Fig.9.11 (a) Sample of undisturbed Norwegian quick clay supporting load of
4kef (39.2 N); (b) same sample of Norwegian quick clay after remoulding at
natural water. content (photographs courtesy of Norwegian Geotechnical
Institute, Oslo).
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Terzaghi (1936), introducing the parameter liquidity index (9.12), notes
that the value of liquidity index ‘indicates the consistency of the clay after
remoulding it without changing the water content’. Critical state strength
too is a remoulded soil strength. Actual field or laboratory determinations
of strength may, in a strength:liquidity diagram (Fig. 9.9), appear
inconsistent with the simple expression (line A) if the strength that is
determined is not properly a remoulded strength. Two possibilities have
been indicated on Fig. 9.9.

A typical profile of water content and strength from a boring in soft
clay at Drammen, Norway is shown in Fig 9.10 (from Bjerrum, 1954).
Here the water content is near the liquid limit (w ~ w, I, ~ 1) near the
surface, dropping below the liquid limit with depth. However, the strengths
measured with in situ vane tests would plot well to the right of line A4 in
Fig. 9.9. These are undisturbed strengths, and this is a sensitive clay, that
is, the natural clay has some structure which is destroyed by remoulding °
so the ratio of undisturbed to remoulded strength is significantly greater
‘than unity (for this clay, the sensitivity is typically around 10 when the
liquidity is close to 1). A pedagogic example of the character of a sensitive
clay is shown in Fig. 9.11: an undisturbed sample can support a sizeable
load, but once the structure is disturbed and the soil remoulded, the sample
flows like a liquid with extremely low strength. We should regard the

Fig. 9.12 Profile of water content w, index properties w, and wp, and
undrained shear strength ¢, with depth for boring at Paddington, London
(after Skempton and Henkel, 1957).
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' undisturbed strength data plotting to the right-of line 4 in Fig. 9.9 with
some caution. The strength that is appropriate to the in situ liquidity of the
soil is the remoulded strength; it may be dangerous to rely on the peak,
undisturbed strength for design purposes. Some properties of sensitive soils
are discussed in Section 9.5.

A typical water content and strength profile from a boring in heavily
overconsolidated London clay is shown in Fig. 9.12 (from Skempton and
Henkel, 1957). The water contents below the top few metres are around
the plastic limit (w ~ wp, I ~ 0) and the strengths, measured in undrained
triaxial tests, around and above 200 kPa. These sti'cngths and liquidities

plot close to line A in Fig. 9.9. However, it was noted in Section 7.7 that

when old failure surfaces are present in heavily overconsolidated clays,
the clay structure adjacent to the failure surfaces may have been modified
by the sliding so that particles are oriented parallel to the failure surface.
The residual strength which could be mobilised on such surfaces can then
be lower than the strength of the remoulded soil, in which the clay structure
is complefely random. The operational strength of such soils which can
be relied upon for design purposes plots to the left of line A4 in Fig. 9.9. Such
heavily overconsolidated soils are likely to have water contents close to
their plastic limits, I, ~0, so these strengths plot in the lower shaded
region in Fig. 9.9. - )

So far, liquidity index has been linked 'with undrained strength, that s,
~ strength defined in terms of total stresses. If a soil is experiencing a
combination of total stresses such that a particular undrained strength is
being mobilised, it must also be experiencing a combination of effective
stresses such that a criterion of effective stress failure is being satisfied. In

Fig.9.13 (a) Mohr's circles of total stress (T) and effective stress (E) for soil
failing with mobilised undrained strength ¢,; (b) effective stress state on critical
state line (csl). ‘
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other words, a pore pressure (or pore suction) must exist in order that
total and effective stress failure conditions can occur simultaneously.

Section 9.2 showed that soils with a water content equal to their liquid
limit (w = w_) had an undrained shear strength ¢, ~ 2kPa. If a soil with
a water content equal to its liquid limit is being sheared in undrained
triaxial compression, then the undrained strength ¢, defines the radii of
the Mohr circles of total and effective stress (Fig. 9.13a) and specifies the
deviator stress g, = 2¢, mobilised on the critical state line for the soil
(Fig. 9.13b). Calculation of the effective mean stress

PL="=7F - . (9.21)

requires a value for the slope of the critical state line M which is related
to the effective angle of friction ¢" '
m=Smd (9:22)(7.9bis)
3— sin: ¢’ .

Data of angle of friction (plotted as sin ¢') and plastlcxty index I,
have been assembled by Mitchell (1976) and are shown in Fig. 9.14; a
corresponding scale of values of M for triaxial compression, calculated
from (9.22), is included. Mitchell observes that ‘the peak value of ¢’
decreases with i increasing plasticity index and activity’. The spread is large
but can be approximately described by the equation

sing'=035—-0.1Inl, , - (9.23)

HoweYer, for present purposes an average value M ~ 1.0 (corresponding
to ¢’ = 25.4°) can be taken. Then with ¢ = 2kPa, the mean effective stress

Flg 9.14 Relatlohshxp between M or sin ¢’ and plasticity index I, for
normally compressed soils [after \dxtchell 1976, with addmonal data (e) from
Brooker and Ireland, 1965].
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on the critical state line at a water content equal to the;liquid limit is,
from (9.21), py ~4kPa.

This statement about a mean effective stress at the critical state for soil
having a particular liquidity can be extended to a proposition about
liquidity index and effective stress in normal compression if a model of
soil behaviour such as one of the elastic-plastic models discussed in
Chapters 4 and 5 is available. The relative positions in the compression
plane of the critical state line and a normal compression line are controlled
by the geometries of the yield loci and plastic potential curves in the p':q
plane. As an example, details of the calculation which can be made using

the Cam clay model of Chapter 5 are presented in Section 9.4.5. 1t emerges-

there that an approximate estimate of the vertical effective stress in
one-dimensional normal compression at a given specific volume, water
content, or liquidity index can be obtained by doubling the mean effective
stress on the critical state line at the same value of the volumetric variable.

If the chosen value of water content is the liquid limit w;, then the
corresponding mean effective stress on the critical state line is pj ~ 4kPa,
and the deduced corresponding vertical effective stress in one-dimensional
normal compression is g,; ~ 8 kPa. All these calculations are independent
of the chosen value of water content. At the plastic limit, the remoulded
undrained strength is assumed to be 100 times higher than at the liquid
limit, and the mean effective stress on the critical state line and the vertical
effective stress on the one-dimensional normal compression line are
similarly 100 times higher. Assuming a constant compressibility between
the liquid limit and plastic’ limit implies a relationship similar to (9.20)
linking liquidity and vertical effective stress:

o, =8 x 100 "W kPa . (9.24)

‘Sedimentation compression curves’ (i.e. data of vertical effective stress
and specific volume) for one-dimensionally normally compressed
‘argillaceous deposits’ at 21 sites gathered by Skempton (1970a) are shown
in Fig. 9.15a. The slope of each group of data points is an indication of
the compressibility of that particular deposit, and the wide range of
compressibility apparent in Fig.9.15a is an indication of a similarly wide
range of values of plasticity index. The data in Fig. 9.15a are brought
together into a narrower band when the volumetric parameter is converted
to liquidity index for each sample (Fig. 9.15b). These data confirm the
proposition of an approximately unique relationship between vertical
effective stress and liquidity index. Expression (9.24), plotted in Fig. 9.15b,
provides a reasonable match to the assembled data. '

Most soil deposits are not normally compressed, but are overconsolidated



9.3 Properties of insensitive soils : 273

because of erosion of overburden or other effects. A typical soil element
such as A in Fig. 9.16 may have experienced the history shown in the
compression plane: normal compression to 4, followed by swelling to
A, with removal of overburden. An average one-dimensional normal
compression line relating liquidity index and vertical effective stress for

Fig. 9.15 (a) Data of specific volume v or water content w and vertical

" effective stress o"; for normally compressed argillaceous sediments; (b) spread of
data from (a) with water contents normalised to liquidity index I, (after
Skempton, 1970a).
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insensitive soils has been proposed. A soil which is overconsolidated has
a combination of liquidity index and vertical effective stress which does
not plot on this line. The compression and swelling processes shown in
the ¢’ :v compression plane in Fig. 9.16 can just as well be plotted in a
o’:I, compression plane (Fig. 9.17), and the position of point 4, relative
to the normal compression line LA, P can be used to estimate the in situ
overconsolidation ratio n of the soil.
It is convenient to assume that volume changes occur on unloading
according to an expression’of the form
v=v,—k*Ilno, - - (9.25)
In other words, the line linking 4, and 4, in Figs. 9.16 and 9.17 is straight.
(The details of this one-dimensional unloading process and the relationship
of k* to other soil properties are considered in Section 10.3.2)) If the ratio
of slopes of unloading and normal compression lines x*/4 is known, the
point 4, can be re-established by projection at the appropnate slope from

Fig. 9.16 (a) Normal compression of soil at A4; (b) overconsolidation of soil at
A caused by erosion of overburden.
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Fig. 9.17 Estimation of past maximum vertical effective stress from in situ
combination of liquidity index and vertical ‘effective stress.
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A, to intersect the normal compression line as shown in Fig. 9.17 to define
past maximum stress ¢, and n = g, /0, (a procedure suggested by Wroth,
1979). This procedure can be described analytically as

Inn (1 =1;)—In(o,;/0,,)/In 100

= 9.26
- In100 A* ©.26)
where ‘
K*
A*=1—— (9.27)
A o
“and o, =8kPa. Expression (9.26) can be conveniently rewritten
20—1.)-1o W8
log,on = ( L) g10(0./8) (9.28)

A

with ¢/, measured in kilopascals. This expressmn with A* 0.8 (implying
K*/A= 02) has been used to estimate the variation of overconsolidation
ratio with depth for the site on the Thistle field in the North Sea, for which
strength estimates were shown in_Fig. 9.8. Only very limited oedometer
data are available to provide corroborative evidence for these estimates
of overconsolidation ratio; but a plausible trend is indicated (Fig. 9.18),
with a general fall of overconsolidation ratio towards 1 in the top 18m
and below this depth a higher value, where the strength data in Fig. 9.8
showed also a sharp increase.

More generally, charts of strength and lxqu1d1ty and of overburden
pressure (vertical effective stress) and liquidity can be used to make
qualitative statements about the consolidation history of soil deposits
(Wood, 1985b). Line X is expression (9.20) in Fig. 9.19a, a chart of liquidity

Fig.9.18 Values of overconsolidation ratio for location in Thistle field, North
Sea (o, estimated values, x, values from oedometer tests).
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index and strength (cf. Fig. 9.9); in Fig. 9.19b, a chart of liquidity index
and vertical effective stress, line Y is expression (9.24) (cf. Fig. 9.15). Four
possibilities are distinguished in Figs. 9.19a, b.

Normally consolidated insensitive soils have strengths dependent on
their liquidity which plot around line X (A in Fig. 9.19a). Such soils also
have vertical effective stresses which plot around line Y (4 in Fig. 9.19b).
Since strength is a function primarily of water content, or liquidity index,
overconsolidated soils also plot around line X (B in Fig. 9.19a). However,
overconsolidated soils have lower llquxdmes than normally compressed
soils and consequently have vertical effective stresses which plot below
line Y (B in Fig. 9.19b). - - - '

Lines X and Y in Fig. 9.19 relate to soil which has been remoulded
and disturbed and has lost its natural structure. Natural sensitive soils -
can have peak strengths considerably higher than their remoulded
strengths and plot to the right of line X (C in Fig. 9.19a). When their
structure is disturbed, the reliable strength for their in situ hquxdxty is
considerably lower than this peak strength. Such soils contain too much
water to be good for them (i.e. their structure is much more open than
. their present stress level implies); they therefore plot above line Y (C in
- Fig. 9.19b). When their structure is disturbed, they may reach eventual
equilibrium at the low liquidity corresponding roughly to the same vertical
effective stress but with the expulsion of a large volume of water from

their collapsing pores.
~ Another consolidation possibility is so-called underconsohdatxon
Typically, in a saturated soil deposit with the water table-at the surface, -

- Fig. 919 Plotting of field data of undrained strength c,, vertical effective
stress o}, and liquidity index I, in relation to proposed unique relationships.
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the effective vertical stress at depth z is .
=Yz _ (9.29)

However, if the rate of deposition of a soil is high, then part of the total
overburden pressure at any depth

L 6,=7z ' (9.30)

is supported by excess pore pressures instead of by effective stresses. The
pore pressure exceeds the hydrostatic pore pressure,

u>y,z ' ~ (9.31)
and the effective stresses are lower than expected from (9.29),
g, <(—tz=72 ' (9.32)
If values of vertical effective stress are calculated on  the assumption that
only hydrostatlc pore pressures , ‘ \
U=Y,Z : ) : ' (9.33)
are preseni then the liquidity:vertical effective stress combination will
plot to the right of line Y (D in Fig. 9.19b). v
Underconsolidated soils are in fact normally compressed soils (i.e. the '
current vertical effective stress is the largest the soil has known and is the
same as the preconsolidation pressure ¢, =g.), but the vertical effective
stresses are lower than expected. If the actual pore pressures u were known,
then the effective stresses for these soils, calculated from
o,=0,—u=yz—u | | & (9.34)
should plot around line Y. The strengths of underconsolidated soils should
still correspond with their actual liquidities since the in situ liquidities
reflect the effective stresses of which the soil is actually aware. Thus, D in
Fig. 9.19a lies around line X, and in terms of strength and liquidity, the
soil looks just like any other young normally compressed deposit.

- An indication that a particular soil is probably underconsolidated is of
importance because large settlements are to be expected as the soil comes
into equilibrium, with pore pressures falling to hydrostatic values, even
‘before settlements occur under imposed surface loads.

9.4 Background to correlations
9.4.1  Liquid limit - .
Albert Atterberg (1911), a Swedish agncultural engineer, described
a suite of tests that might be performed to determine the water contents at
which the character of the mechanical behaviour of a clay went through
various transitions. Of these, two have been absorbed into the soil
mechanics canon: the liquid and plastic limit tests which were reckoned
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by Atterberg to define the range of water content for which a clay could
be described as a plastic material.

Atterberg’s test to determine the liquid limit (flytgrdnsen: literally,
flowing limit) of soil involved mixing a pat of clay ‘in a little round-
bottomed porcelain bowl of 10-12 cm diameter’. A groove was cut through
the pat of clay with a spatula, and the bowl was then struck many times
against the palm of one hand. If after many blows the groove was only
closed to an insignificant height at the base of the pat, then the clay was

Fig. 9.20 -(a)—(c) Casagrande liquid limit apparatus (after British Standard
BS1377:1975); (d) variation with water content of number of blows to close
groove in Casagrande liquid limit test (after Casagrande, 1932} (e) section
through groove in Casagrande liquid limit test.
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defined to be at its liquid limit: its water content was just not high enough
for it to flow like a liquid given the opportunity to do so.

To make the measurement of the liquid limit more scientific, the test
was standardised using the épparatus proposed by Casagrande (1932).
This is a device (Figs. 9.20a, b) for performing mechanically the procedure
described by Atterberg. The standard metal bowl containing the pat of soil
is given repeated standard blows by being dropped through 10 mm onto
a hard rubber base. The procedure is further tightened by requiring that,
if a soil is at its liquid limit, the groove made in the pat of soil with a
standard grooving tool (Fig. 9.20c) should close at its base over a distance
of 13 mm in exactly 25 blows. In practice, liquid limit is usually obtained by
interpolation from ‘flow curves’ (Casagrande, 1932) relating water content
with number of blows (Fig. 9.20d).

In Section 9.2, the liquid limit of soils was associated with a particular
undrained strength. The Casagrande liquid limit test requires the failure
of miniature soil slopes (cross section, Fig. 9.20e): each slope is formed
with a height of 8 mm and slope angle of 60.6°. Failure is induced by means
of a series of shock decelerations as the bowl of the apparatus strikes the

. hard rubber base. The undrained stability of these slopes, of height H and

formed in soil of strength ¢, and total unit weight y, can be studied in
terms of the dimensionless group c,/yH. Since the unit weight y.depends

. on the value of the liquid limit, the strength ¢, of a soil at its Casagrande

liquid limit also depends on the value of that liquid limit. -
Data of strengths of soils at water contents around their Casagrande
liquid limits have been reported by Youssef, el Ramli, and el Demery

Fig. 9.21 Variation of undrained strength with water content at water
- contents close to liquid limit (after Youssef, el Ramli, and el Demery, 1965).
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(1965) (Fig. 9.21). The strengths were measured by means of a laboratory

miniature vane. There is a clear trend for the strength at the liquid limit
¢, to'fall as the liquid. limit (determined with the Casagrande apparatus)
increases, following the average line which has been drawn in the figure.
The extreme values on this line are, for soil 4: wp =0.3 ¢, = 2.4kPa; and
for soil B: w, = 2.0, ¢; = 1.3kPa. If we assume that the specific gravity of
soil particles is the same for all the soils, G, = 2.7, then water contents
can be converted-into unit weights using

y_Gs(l'*'W)‘/w
. 1+Gsw ] e

For soil A,y=194y, and c,/yH=15.8; for soil B, y=127y, and
c,/yH = 13.0. The closeness of the values of the dimensionless group ¢,/7H
shows the way in which the differences in strength and in unit weight for
the soils balance each other. : '

The fall-cone test is now preferred to the Casagrande apparatus for

9.35)

determining the liquid limit, not only because it is more repeatable and .

consistent, and less operator sensitive but also because it provides a direct
strength index; it is clear that the Casagrande apparatus cannot do this.
Even though the combinations of cone parameters adopted in Scandinavia
and Britain do appear to give liquid limits which correspond reasonably
with Casagrande liquid limits, the very different procedures of the fall-cone
test and the Casagrande device must lead to different values of liquid
‘limits for extreme soil types.

9.4.2  Plastic limit
Atterberg’s (1911) test to determine the plastic limit (utrullgransen,
literally, rolling-out limit)- of soil involved rolling the clay on a piece of

paper with the fingers until it formed ‘fine threads’. The fine threads were .

put together and rolled again, and the process was repeated until the clay
could no longer be rolled but broke into pieces. The clay was then defined
to be at its plastic limit: its water content was just not high enough for
it to be capable of plastic deformation and moulding. :

The procedure for determining the plastic limit wp has also been
tightened. Casagrande (1932) notes that the water content at which a
thread of soil crumbles depends on the diameter of the thread,-and a
diameter of 3 mm is now standard. British Standard test 3 specifies other
details necessary for the correct performance of this test.

In Section 9.3, a strength of ~200kPa was proposed for soils at their
plastic limit. Schofield and Wroth (1968) have suggested that the plastic-
limit test ‘implies a tensile failure, rather like the split-cylinder or Brazil
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test of concrete cylinders". In the split-cylinder test (Kong and Evans,
1975), a cylinder of concrete is loaded across a diameter (Fig. 9.22a); and
when the load is increased, the cylinder eventually splits on this diameter.
For an elastic cylinder of diameter D, loaded with point loads P per unit
length, Timoshenko (1934) shows that there is a uniform tensile stress

—2P : )
nD

acting across this diameter AA.* The normal compressive stress
acting on the transverse diameter BB has the distribution shown in

O, =

(9.36)

'Fig. 9.22 * (a) Cylindrical specimen loaded diametrically in compression;

(b) stresses on transverse diameter BB; (c) Mohr's circles of total (T) and effective
(E) stress for element at centre of specimen (shear stress t, total normal stress o,
effective normal stress ¢°).

/
N~ L
i—t ~_

-(c)

*For loads applied, practically, over a small part of the circumference, Wright (1955) shows -
that most of the diameter is still subjected to a tensile stress given by (9.36).
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Fig. 9.22b, with a maximum at the centre.

6P B
.= pr | (9'37)
The vertical compressive stress has this magnitude at all points on the
vertical diameter AA. The Mohr circle of total stress at all points on this
diameter is therefore as shown in Fig. 9.22¢. For soil which fails according
to a frictional Mohr-Coulomb failure criterion, as discussed in Chapter 7,
such a total stress state can be sustzined only if there are negative pore
pressures in the soil so that the Mohr circle of effective stress lies to the
right of the total stress circle (Fig. 9.22¢). The. magnitude of this negative
pore pressure depends, of course. on the effective angle of friction of the
soil and on the size of the total stress circle, the undrained strength that
is mobilised, which depends on the normal load P (Fig. 9.22a).*

If the strength at the plastic limit ¢, ~ 200kPa, then o, ~ 300kPa and
o, ~ 100kPa. The total stress along the axis of the thread of clay being
rolled is roughly zero, so the total mean stress is pp ~ 67 kPa. It was
suggested in Section 9.3 that the mean effective stress at the critical
state would be about twice the undrained strength at the same water
content. That implies a mean effective stress p, ~ 400kPa and a suction
u~ — 333kPa. Suctions are able 10 2xist in soils because of the action of
surface tension at the air—water interfacé, where pore water menisci span

between soil particles. Quite high suctions can exist without the soil -

becoming unsaturated that is, without the menisct being drawn back from
the surface of the soil. Suctions between 200 and 300kPa are shown by
Brady (1988) for London clay, with no external loading, 4t water contents
near the plastic limit. The plastic limit test is probably a less consistent
strength test than the Casagrande liquid limit test, but large suctions are
certainly present in soils near their plastic limits, which can account for
the mobilisation of significant undrained shear strengths.

9.4.3  Plasticity and compressibility; liquidity and strength

The simple correlations proposed in Section 9.3 between plasticity
and compressibility, and between liquidity and strength, worked because
of the assumption that there was a ratio of 100 between strengths of soils
at their plastic and liquid limits. This figure was chosen as a convenient
round number based on scattered data shown in Fig. 9.5. In the absence
of any other information, this provides a good sfarting point for estimating

*The British Standard (BS 1377: 1975) says cnly that ‘it is important to maintain uniform
rolling pressure throughout the test’.
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strengths and compressibilities from index properties. If other information

is available, then it may be possible to improve these estimates.
It is proposed here that correlations are likely to work most satisfactorily
for groups of related soils. Many different clay minerals contribute to the
claylike properties of soils, such as plasticity. The plasticity of a soil

depends on the type of clay mineral present as well as on the amount of
clay present.* Soil samples taken over a limited geographical area are

likely to have a common geological history, and though there may be
variations in the proportion of clay present in individual samples, the

nature of the clay mineral is likely to show much less variability.
Data of plasticity I, and clay content C from a number of sites are

shown in Fig. 9.23, adapted from Skempton (1953). Each set of points lies
around a line through the origin, and Skempton defines the activity A4 of

a soil as the slope of this line: )
(9.38)

N

Fig. 9.23 Relationship between plvasticity index Ip and clay fraction C for
natural clays and clay minerals, with values of activity 4 = I,/C indicated (after

Skempton, 1953).
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*A soil which consists only of sand particles does not exhibit any plasticity characteristics
which can be observed in these standard tests for the liquid and plastic limits, and such soils

are traditionally recorded as non-plastic.
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Some activity values for’soils containing pure clay minerals are also shown.
Evidently, the activity of the soil is the plasticity of the pure clay fraction.
Variations of strength with liquidity index for two sets of artificial soils
are shown in Fig. 9.24. The data are taken from tests on mixtures of
kaolinite and sand, and mixtures of montmorillonite and sand, reported
by Dumbleton and West (1970); the proportions of clay varied from 25
to 100 per cent. The authors report liquid limits determined using the
Casagrande apparatus (Section 9.4.1). However, from their data of
strengths (measured with a miniature laboratory vane), we could extract
for each mixture the water contents corresponding to a strength of 1.7kPa,
to make the data consistent with the fall-cone index test of Section 9.2.
"Values of liquidity index could be calculated using these pseudo-fall-cone
liquid limits. o ST ' B B
The data for the montmorillonite and kaolinite mixtures diverge towards
their plastic limits (as I —0), and though the spread within each band is
reasonably small, the ratio of strengths at plastic and liquid limits is of
the order of 100 for the montmorillonite mixtures but is much nearer to

Fig. 9.24 Variation of remoulded undrained strength ¢, with liquidity index I,
for mixtures of (K) kaolinite and (M) montmorillonite with natural quartz sand
(values of clay content C marked for edch curve) (data from Dumbleton and
West, 1970).
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30 for the kaolinite mixtures. So the ratio 100 introduced in Section 9.3
can be replaced by a more general ratio R = ¢cp/c which probably depends
on the activity of the clay mineral present.

A more general form of (9.13) is then

I PGs
InR
and the value of R can be estimated for a group of soils by inserting into
(9.39) the value of compressibility 4 measured in an oedometer test over
a reasonable range of effective stress.
A corresponding more general form of (9. 20) is then
¢, =c R~V . ' : (9.40)

where ¢, is the strength of soils at their liquid limit, which was shown to
be 1.7kPa in Section 9.2 and was approximated to 2kPa in Section 9.3. -

i= (9.39)

9.4.4 quuzdxty and crmcal states.
The simple experimentally observed form of critical state lines

q=Mp' , : C (941)(cf. 9.21)
V=T—ilnp - (9.42)(cf. 9.3)

‘requires three soil parameters for its definition: its slope in the compression
plane A (or C.), which has been shown in Section 9.3 to be related to
plasticity index (9.13); its slope in the effective stress plane M (or ¢’), which
has been shown to be weakly related to plasticity index (Fig. 9.14); and
its location in the compression plane, the parameter I', which is the
value of specific volume at a mean effective stress p’=1 unit of stress.
Conventlonally, the unit of stress is lkPa but any units can be used
without changing the position of the critical state line in the compression
plane. '

A link between I' and w; can now be deduced. Equation (9 42) can be -
written in terms of a reference pressure p;, the mean effective stress at the
critical state for a water content equal to the liquid limit (9.21). It then
becomes

’

V=0 = Aln E . (9.43)
pL ‘ '
where _ S , o
vp=1+Gw, ' - - (944

This is the specific volume for the soil at its liquid limit and has replaced
I". If I is to be retained, then from cxpressxons (9.42)—(9.44) (Figs. 9.25a, b),

F=1+Gw_+Alnp, (9.45)
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or with (9.39),

. I ’ )
Fr=1+4G <wL+1P l”’:) (9.46)
For p| = 4kPa and R = 100, (9.46) becomes
F=1+G,w +03) | 9.47)

Although this may seem a little devious, it is an indication that the
parameter I is essentially equivalent to liquid limit; a soil with a high
liquid limit has a high value of T. ‘ '

~ For the Weald clay (for which data of critical states were discussed in
Section 6.3), Roscoe, Schofield, and Wroth (1958) quote liquid limit
wy = 0.43, plastic limit wp = 0.18, and clay content C =0.4. Then (9.47),
using G, =2.75, leads to I" = 2.389. In Section 6.3, a value of I' of 2.072
was deduced from the ‘experimental data, which were obtained over a
range of mean effective stress of about 70-700 kPa. The value of I" quoted
there was itself an extrapolation from about 70kPa to 1 kPa. Since it has

Flg' 9.25 (a,b) Relationship between T and liquid limit wy (f, = 1) for
reference volumetric parameter on critical state line (csl); (¢) lmcar ,
_approxxmatlons to curved critical state line.

[ e . L

pL ‘
p' (log scale) p' (log scale)
(a) ®

1

4 4OQ
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already been noted that the slope of critical state lines tends to fall as the
mean stress increases, it is not surprising that this value of I is lower than
that calculated from (9.47) (Fig. 9.25c). Of course, in practice, if a simple
relationship such as (9.42) is to be used as an approximation for calculation
purposes, then the values of 1 and I" should be chosen to give the best
possible fit in the region of effective stresses of engineering interest in any
particular problem.

Soils of different plasticities have different values of compressibility 4
and produce different critical state lines when these are plotted in terms
of water content or specific volume and mean effective stress (Fig. 9.26).
The critical state lines for any two soils intersect at a point. Schofield and
Wroth (1968) suggested that the critical state lines for all soils might pass
through a single point in the In p’:v plane, which they called the Q-point.
This is probably too bold a generalisation. Here the proposal that critical
state lines for related soils (soils perhaps of similar activity) pass through
an Q-point (Fig. 9.26) is explored. - ‘

Such an Q-point constitutes a relationship between liquid limit and
plasticity for soils. If pj,vg, and wg are values of mean effective stress,
specific volume, and water content at the Q-point, then for any one of the
related soils,

_(wL—wg)G,

= — (9.48)
In(po/py)
and with (9.39),

_-— 9.49
TG 64)

The first expression, (9.48), is a relationship between compressibility 4 and

Fig. 9.26 Critical stége lines for related soils A, B. and C passing through
single Q-point in compression space. - -

vorw

. Pp
p' (log scale)
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liquid limit w, similar to the approximate felationship proposed by
Terzaghi and Peck (1948) for remoulded clays, on the basis mainly of data
collected by Skempton (1944) for a wide range of soils:

42=0.3(w_—0.1) 7 . (9.50)
The second expression, (9.49), is a relationship of the same type as

Casagrande’s (1947) A-line (Fig. 9.27a), which is used for classification of
soil types: ) ‘
Ip=0.73(w_—0.2) _ (9.51)
This line is produced by Casagrande as an ‘empirical boundary between
typical inorganic clays which are generally above the A-line, and plastic’
soils containing organic colloids which are below it. Also located below
the A-line are typical inorganic silts and silty clays...”. If the results of
index tests on a number of samples of related soils are plotted on this
plasticity chart, the points tend to lie on a straight line which is often
approximately parallel to the A4-line.
Given a group of related soils which plot on a line

I, = A(w_, — B) o (9.52)
comparison with (9.49) shows that this is equivalent to defining an Q-point
given by s

’ 1 .
n22=_imR (9.53)
P A \
| wa=B ~ | (9.54)
or’ _ ] \
vo=1+G.B ) (9.55)

Then if p; is fixed, for example at 4 kPa, and R is taken as 100, the position |
- of each of the family of critical state lines in Fig. 9.26 immediately follows.
Thus, 4 =0.73 implies pg =2197kPa, and B =0.2 implies wp=0.2 and
v =154, for G, =2.7. N

Plasticity data of Norwegian marine clays, from Bjerrum (1954), are
plotted in Fig. 9.27b. These lie on a line nearly parallel to Casagrande’s
A-line ‘ ‘ '

I, =0.79(w, —0.17) : (9.56)
which, with G, =2.7, R =100, and p; = 4kPa, implies p, = 1383kPa and
vq = 1.464. These clays were deposited in a saline environment, but as a
result of sea-level changes fresh water now flows through them. This fresh
water leaches the salt from the clays and leaves them in a sensitive state
(see Section 9.5). The effect of leaching the salt is to reduce the plasticity
and liquid limit of the clay. Bjerrum (1954) quotes the results of a
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laboratory experiment in which two clay samples were sedimented in salt
water; one was leached and the other left unleached, and index properties
for the two samples were measured. The path of the leaching process is
shown in Fig. 9.27b. The clay both before and after leaching isa Norwegian
marine clay; the effect of leaching is merely to move the clay down the
line (9.56) in the plasticity chart. In terms of critical state lines, this implies

Fig.9.27 Relation between liquid limit w,_ and plasticity index I,. (a) Typical
soils: 1, gumbo clays (Mississippi, Arkansas, Texas); 2, glacial clays (Boston,
Detroit. Chicago, Canada); 3, clay (Venezuela); 4, organic silt and clay
(Flushing Meadows, Long Island); 5, organic clay (New London, Connecticut);
6. kaolin (Mica, Washington); 7, organic¢ silt and clay (Panama); 8, micaceous
sandy silt (Cartersville, Georgia); 9, kaolin-type clays (Vera, Washington, and
South Carolina) (after Casagrande, 1947). (b) Norv'/egian marine clays (data
from Bjerrum, 1954, 1967). )
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a reduction in compressibility without changing the Q-point: leaching
changes the critical state line from 4 to B to C in Fig. 9.26.

Thus, given some knowledge about a group of soils, the liquid limit w;_
is sufficient to place a soil within this group and to obtain estimates for
the location and slope of the critical state line for that soil.

9.4.5  Liquidity and normal compression
Elastic—plastic models constructed within the general framework
discussed in Chapter 4 can be used to calculate the relative positions in.
the Inp’:v compression plane of the critical state line and a normal
compression line, for example, the one-dimensional normal compression -
line. This relative position is most conveniently described in terms of the
ratio of stresses on the two lines, which in Chapter 4 have been assumed
to be parallel, at any particular water content or specific volume.
In general, plastic potentials and yield loci in the p':q effective stress
plane are not identical. It was noted in Section 6.1 that the critical state

Fig. 9.28 Relation between values of mean effective stress p’ on normal
compression line (ncl) and critical state line (csl) at same specific volume (yl,
yield locus; pp, plastic potential): (a) p':q effective stress plane; (b) v:p’
compression plane; (c) v:p’ compression plane with p’ plotted on logarithmic
scale. ] .

q . | / csl

D p' (log scale)
(b) (©)
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condition is actually associated with the point on the plastic potential
curve where the tangent is horizontal. In Section 7.2 a parameter r was
introduced which represented the ratio between the mean effective stress
at the critical state and in normal compression for a particular yield locus
(vl in Fig. 9.28a), that is, on a particular unloading-reloading line (url in
Figs. 9.28b, c):

r=to _ o (9.57)(7.22bis)
p [ ’ ’

In the semi-logarithmic compression plane In p’:v (Fig. 9.28¢), the normal

compression and critical state lines have slope —4, and the unloading-

reloading line has slope — x; the geometry of this diagram dictates that

the ratio of mean effective stress on the normal compression and critical

state lines at the same specific volume (or liquidity index) is

iy

p

- =r o ' (9.58)
pcs‘ ’ ) _

" where )
A=1- g ) (9.59)(6.19bis)

Normally compressed soil deposits often have a history of one-
dimensional compression. In any soil deposit, it is easier to estimate the
in situ vertical effective stress ¢/, than the in situ mean effective stress p’,
which depends also on the horizontal effective stress oy :

’

y=Dt2%

\ 3
~ Stress paths followed by soils during one-dimensional compression (and '
unloading) are discussed in Section 10.3. Here it is appropriate only to

note that the ratio K, of horizontal to vertical effective stresses for
one-dimensionally compressed soil is

) ~ (9.60) .

Ko=2 | (9.61)
‘ : g,
and that for one-dimensionally normally compressed soil the value of
K¢ = Ko, is given fairly accurately by the expression
Kope=1—sin¢’ 9.62)
The link between vertical effective stress and mean effective stress during
one-dimensional normal compression is then
o -3 3

o _ - . ‘ (9.63)
P 1+2Kg,. 3—2sing’ A f
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At a given specific volume or liquidity index, if wé combine (9.58) and (9.63),
the ratio of vertical effective stress in one-dimensional compression to
mean effective stress at the critical state is
' A
o | (9.64)
p,cs l_+ 2I<0nc
This relationship applies, for example, at the liquid limit I} =1 where
p., = pp, and is related to the strength at the liquid limit ¢, through (9.21).
The vertical effective stress for one-dimensionally normally compressed
soil with a water content equal to its liquid limit is ¢}, which, from (9.64)
.and (9.21),is . ) L
6c rd :
O-VL P
M(1 +2K,,.) _
The parameters M and K, are soil parameters linked to the angle of
friction ¢’ through (9.22) and (9.62), respectively. Evaluation of this
expression also requires values for r and A. The quantity r is a parameter
of the soil model whereas A, from (9.59), is a parameter of the soil. We are
deriving only approximate expressions in this chapter and it is hardly
appropriate to rely on the Cam clay model.of Chapter 5 for detailed
numerical estimates of r, but it can be used to give general guidance.
According to the yield locus of the Cam clay model, the ratio of mean
effective stress p’ at a stress ratio # to the mean effective stress p’, at the
critical state n.=M is ‘
P 2M?
Py M*+n?
In terms of horizontal and vertical effective stresses o and o, stress ratio
n is given by ' o

'

(9.65)

(9.66)(cf. 6.4 and 6.5)

_ 3o, —0oy)
¢, + 20y,

9.67)

and, hence, in one-dimensional normal compression, 1 = n,,. where, from
(9.61),

3(1 — Koge) '(9.68)

T 2K o
and from (9.66),
2M?
r= m - (9.69)

'Using (9.22), (9.62), (9.68), and (9.69), we can calculate and plot the
relationship between r and angle of friction ¢’ (Fig. 9.29). As ¢’ increases
from 20° to 35°, r falls from about 1.5 to 1.4.
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The value of A indicates the relative magnitudes of the slopes of the
normal compression and unloading-reloading lines (Fig. 9.28c). From
(9.59), k/A=1 implies A =0; x/A=0.5 implies A =0.5; k/A =0 implies
A = 1. Although the compressibility A is well linked with plasticity of soils
(Section 9.3), it is harder to make definitive statements about the elastic
volumetric parameter k. This is partly because x, which represents
volumetric changes occurring during isotropic unloading and reloading,
is hardly ever measured and partly because a single unloading-reloading
line is at best an idealisation of a real hysteretic response (Fig. 3.13a).
Given such a response, the value of , determined perhaps as the average
- slope of the hysteresis loop, depends on the size of that loop and the extent
to which the maximum mean stress is removed.

Much more often, a swelling index x* is measured which represents
volume changes occurring during one-dimensional unloading (Fig. 9.30a)
according to an expfession of the form \

. v=v,—k*Ing’ . ' (9.25bis)
which involves only the vertical effective stress ¢’ applied in an oedometer
test. It will be seen in Section 10.3.2 that changes in stress ratio n occur

during one-dimensional unloading so that changes in mean effective stress
and vertical effective stress are not in constant proportion, as implied by

Fig. 9.29 Ratio (r = p,/p.,) of mean effective stresses on onc-dimcnsional}
normal compression line and critical state line for same yield locus related to
angle of shearing resistance ¢’ according to Cam ¢lay model. '
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(9.63) during one-dimensional normal compression, and the ‘connection

between

k and k* is not straightforward.

Hysteresis loops seen in one-dimensional unloading and reloading tend
to be much larger than those seen in unloading and reloading at constant
- stress ratio. A standard procedure for determining x* might involve

3.4

3.0

Fig. 9.30 (a) One-dimensional compression and unloading of clay from Gulf
of Mexico (depth 0.82 m below seabed, water depth 3.7 km) (aflter Bryant,
Cernock, and Morelock, 1967); (b) possible standard procedure for determining
average slope of unloading-reloading cycle in oedometer by rcducmg vertical
-effective stress by factor-of 4. --

2.6
C v
v
2.2
1.8+
I 1 1L | L
o,, kPa (b)
(@
Fig. 9.31 Data of parameter A and plasticity index I, (data collected by
Mayne, 1980).
A 0.61r ::.: .. .o:.. .
04k * . . ) .
0.2}° . ¢ .
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unloading the vertical effective stress by a definite factor of, for example,
2 or 4 (Fig. 9.30b). In the absence of such a standard procedure, the
interpretation of published values of swelling index x* is difficult.

The parameter A was previously introduced in Section 7.2 as an exponent
in an expression, (7.27), linking undrained strength and overconsolidation
ratio. Mayne (1980) and Mayne and Swanson (1981) have fitted an
expression of this form to published strength and overconsolidation data
for many soils in order to deduce the value of A of which each soil seems
to be aware. Their 105 values have been plotted against plasticity index
Ip in Fig. 9.31. There is great scatter and no obvious trend, and some of -
the values seem implausibly low or high. There is possibly a fall of A with |
increasing plasticity. (The mean value of A is 0.63 w1th a standard deviation
of 0.18.)

Leaving the choice of A open we can evaluate the quantity
6r*/IM(1 + 2K ,0)] from (9.65) for various values of angle of friction ¢’
(which controls M, K., and, through the.Cam clay model, r) and different
values of A. Curves are plotted in Fig. 9.32. For average soils with ¢’ in
the range of 20° to 25° and A in the range of 0.6 to 0.8, a convenient value
of this quantity is about 4. Thus, at a given specific volume or liquidity
index, the vertical effective stress in one-dimensional normal compression
is about four times the undrained strength and about twice the mean
effective stress at the critical state. This is the value that was adopted in
Section 9.3. -

Fig. 932 Ratio of vertical effective stress in one-dimensional normal
compression, and undrained strength at same specific volume as function of A
and angle of shearing resistance ¢’ according to Cam clay model.
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95 Sensitive soils

- An example of a sensitive soil was shown in Fig. 9.11. Such soils-

have undisturbed strengths which may be considerably higher than their
disturbed strengths. The ratio of undisturbed to remoulded strength is
defined as the sensitivity S -

S== (9.70)

Data of sensitivity and li\cjuidity index for certain sensitive soils from

various parts of the world are presented in Fig. 9.33. Related soils show a

_clear trend of increasing sensitivity with increasing liquidity index. For

example, for the data of Norwegian marine clays in Fig. 9.33 (from
Bjerrum, 1954), a relationship of the form

S, = exp(kl,) \ (9.71)

with k ~ 2 provides a reasonable fit. This implies a sensitivity S, ~ 7.4 for
a clay at its liquid limit (w=wy, I, =1). A value k = 0 implies insensitive
soil. Insensitive behaviour is usually observed for clays at or below their
plastic limit, so (9.71) should be used only for I > 0. -

Equations (9.70) and (9.71) can be combined with (9.20) to produce an
expression with which undisturbed strengths can be estimated:

c,=cRexp[(k—InR)I] for I >0 9.72)
This equation is best used for related soils with known values of k and R.

Fig. 9.33 Interrelationship between sensitivity and liquidity index for natural
clays (.. Skempton and Northey, 1953; o, Bjerrum, 1954; o, Bjerrum and
Simons, 1960; +, Bjerrum, 1967).
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Bjerrum (1954) shows that the sensitivity of Norwegian clays is closely
linked to the salt concentration in their pore water. It was noted in Section
9.4.4 that as the salt concentration changes, the index properties of the
clay also change. As Fig. 9.34 shows, the plastic limit falls very slightly as
the salt is leached out but the liquid limit falls markedly, and hence the
plasticity drops considerably. The water content remains essentially
constant because the structure of the clay does not change, so there is a
marked rise in liquidity index. Data from adjacent borings in leached and
unleached clay in Drammen are presented by Bjerrum (1967). The water
content is more or less the same in both, but the liquidity index changes
from about 1.1 to 2. An increase of sensitivity from 8 to 200-300 is quoted
by Bjerrum (this leaching path is plotted on Fig. 9.33), whereas (9.71) with
k = 2 suggests an increase from 9 to 55. High values of sensitivity are not
likely to be accurate, and the precise value is of somewhat academic interest
since it indicates primarily that it may be extremely dangerous to rely on
the undisturbed strength for engineering purposes. Nevertheless, the link

Fig.9.34 Changes in properties of a normally compressed Norwegian marine
clay when salt concentration is reduced by leaching with fresh. water:

() sensitivity S; (b) undisturbed and remoulded strengths; (c) water content w,
liquid limit w,, and plastic limit wp (after Bjerrum, 1954). ‘
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between sensitivity and liquidity at constant water content is clear. The

~ effect of leaching is to move the state of the soil up line B (for k =2) in

Fig. 9.35: as the liquidity index increases, the separation of line B and line
A (k = 0 for remoulded soil) increases, and hence the sensitivity increases.

A similar discussion can be applied to expression (9.24) relating vertical
effective stress and liquidity index for normally compressed soils. It is
evident from Fig. 9.34 that sensitive soils are being left with water contents

“that are too high to be good for them. The high liquidity and low in situ

effective stress leaves a surplus of liquidity over that predicted by (9.24):

_ this is an indication of the large amount of water that will be released

Fig. 9.35 Expected approximate rélationships between liquidity index I and
. 'undrained shear strength ¢, for insensitive or remoulded soil (line 4) and for
_ undisturbed, sensitive soil (line B). ) '

leaching

’L
0 N 13
Inc,
Fig. 9.36‘ Ideaklised relationship between liquidity index and effective
overburden pressure, with contours of sensitivity (—) (after U.S. Dept. of the
Navy, 1971) and expression (9.73) (- -).
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when the structure of the soil is disturbed and the soil tries to reach
remoulded equilibrium under the in situ vertical effective stress. Slope
failures in such soils can have devastating consequences.

The expression equivalent to (9.72) is

o, =0, Rexp[(k—InR)] for I; >0 (9.73)

Plotting this with R = 100, ¢/, = 8kPa, and various values of k gives a
set of lines equivalent to the curves in Fig. 9.36, based on a chart from
the design manual Navfac DM-7 (U.S. Department of the Navy, 1971).

Some field data of effective overburden pressure and liquidity index of
undisturbed clays collected by Skempton and Northey (1953) are shown
_in Fig. 9.37. Expression (9.73) is plotted in this figure with values of k
between 0 and 3. A value of k=3 provides a reasonable upper limit to
the data of sensitivity and liquidity of clays in Fig. 9.33 and also a
reasonable outer limit to the data in Fig. 9.37.

Results of one-dimensional normal compression of slurried clays from
Gosport and Horten are also shown in Fig. 9.37 for comparison with the

Fig. 9.37 Data of liquidity index and effective overburden pressure for
European clays (after Skempton and Northey, 1953) (e and - field data; — -
oedometer data for slurried clays).
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undisturbed compression curves. For both these clays, the slurried data

lie close to the line for insensitive soil with k = 0. However, whereas the

Gosport clay shows negligible in situ sensitivity, with the slurried and

undisturbed data lying almost on top of each other, the in situ Horten

clay plots close to the line for k = 3, indicating a high in situ sensitivity.
Expression (9.73) can be rewritten as

I = [———ln R } /o) (9.74)
InR—k InR 7
The ratio of the compressibilities of the undisturbed and remoulded soils is
o A_ IR - 9.75)
Z, InR-k

Fig. 9.38 (a) Construction of relationship between specific volume r and
vertical effective stress o, expected for sensitive soil; (b) one-dimensional

- compression of (1) undisturbed and (2) remoulded Leda clay (after Quigley and
Thompson, 1966).
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Terzaghi and Peck (1948) suggest that this ratio should be about 1.3 ‘for
an ordinary clay of medium or low sensitivity’. With R =100, 4,/4, = 1.3
in (9.75) implies k ~ 1, which in Fig. 9.33 does indeed correspond to clay
of medium or low sensitivity.

Yudhbir (1973) suggests a procedure by which field, in situ normal
compression curves might be reconstructed or laboratory compression
curves corrected for disturbance that occurred during sampling (as in
Fig. 9.7). It is implicit in (9.74) that undisturbed and disturbed compression
curves intersect at a water content equal to the plastic limit (I, = 0); at
this liquidity, sensitivity seems in general to be close to unity. With
knowledge of index properties, (9.74) can.be converted to a relationship
between specific volume and vertical effective stress for completely
disturbed soil (k =0, line 4 in Fig. 9.38a), which can be expected to apply
anyway for water contents below the plastic limit, beyond point P, with
ve =1+ G,wp. If actual oedometer data on compression of disturbed
samples were available, they could be used instead. From strength
measurements (e.g. with a field vane or a fall-cone), some estimate of the
sensitivity of the soil at its in situ water content can be obtained and used
_ to estimate a value for k in (9.71). The normal compression line for in situ
soil can then be generated from (9.74), using this value of k (line B in
Fig. 9.38a). Recompression of sensitive soils at their in situ specific volume
is often a very stiff process, particularly compared with subsequent normal
compression (Figs. 9.30a and 9.38b) and so a third line can be drawn in
Fig. 9.38a, a horizontal line C at the in situ specific volume. The resulting
trilinear relationship, C—-B—A4, suitably smoothed to accommodate nature’s
abhorrence of sharp corners, is then a more realistic field compresswn
curve (compare Flg 9. 38b)

9.6 Strength and overburden pressure
In Section 9.4.5, a convenient average value of 4 was chosen for

the ratio of vertical effective stress during one-dimensional normal
compression to the undrained strength of a soil at the same water content.
This link between strength and overburden pressure should be examined
further. =

Many soil deposits are not normally compressed, so a general
approximate relationship links strength with the equivalent consolidation
pressure o, — the vertical effective stress which, in one-dimensional normal
compression, would produce the current specific volume or water content
(see Sections 6.2 and 7.4.1). The general relationship is

S 2025 - (9.76)

'

g

ve
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The strength of a soil is linked with the size of the current, in situ yield
locus. The Cam clay model was used to help justify (9.76), but Fig. 9.28
illustrated how a more general elastic—plastic model might be used. The
size of an in situ yield locus can be characterised by the preconsolidation
pressure o/, the yield point observed in an oedometer test (Section 3.3).
For lightly overconsolidated clays, the difference between the preconsoli-
dation pressure (point 4, in Fig. 9.16b) and the equivalent consolidation
* pressure (point C in Fig. 9.16b) is small since the slope of the unloading

line in this region is usually considerably flatter than the slope of the

. "Fig. 9.39  Dataof ratio of undrained strength to vertical effective stress (c,/a}),
and plasticity index l,;: (a) after Skempton (1957); (b) after Leroueil, Magnan,
and Tavenas (1985), with relationships proposed by Skempton (1957) (line X)
and Bjerrum (1973) (line Y) (e, organic content < 3%; o, organic content
> 3%).
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normal compression line. The consequences of assuming the relationship

S =025 9.77)
avc ‘
to estimate strengths of clays are explored here.
An expression that is widely used in practice to assess strength data is
that due to Skempton (1954b, 1957). Skempton showed data of ¢,/s, for
a number of soils that were supposedly normally compressed (Fig. 9.39a)

and deduced the relationship

S = 0.11+ 0371, | (9.78)
which links the ratio ¢,/o’, with plasticity I,. The undrained strengths
were peak values obtained from field vane tests. Far normally compressed '
soils, the in situ vertical effective stress and the preconsolidation pressure
are identical, ¢, = o/, and in plotting the data for Fig. 9.39a, Skempton
did not distinguish between them. With the gathering of more data, the
scatter becomes greater and the nature of the dependence of ¢, /g, on
plasticity becomes less clear. Data collected by Leroueil, Magnan, and
Tavenas (1985) are shown in Fig. 9.39b: here the undrained strengths are
indeed divided by p;econsolidation pressures. Expression (9.78) (line X)
appears to provide a reasonable fit to the data. \

Bjerrum (1972, 1973) analysed a large number of field records and
proposed relationships between the strength ratio c,/c’ and effective
overconsolidation ratio ¢’ /o, which reduce to the curve shown in
Fig. 9.39b (line Y) relating the strength ratio c¢,/¢’_ and plasticity index
I,. However, when many case histories of failures of embankments on
soft clays are back-analysed, we find that the strengths estimated from .
Bjerrum’s curve in Fig. 9.39b give a false estimate of stability: the factor _
of safety calculated at failure differs from unity by an amount dependent,

roughly, on plasticity (Fig. 9.40a). Bjerrum (1972) drew an average straight
" line through his data of estimated factor-of-safety at failure (Fig. 9.40a)
and then inverted this relationship to give a factor u, which varied with -
plasticity (Fig. 9.40b), by which field vane strength data should be modified
to give a better estimate of the strength which could be mobilised in the
field. Bjerrum (1973) suggests that this u factor may arise partly from
effects of anisotropy of natural soils and partly from the dependence of
strength on rate of shearing so the strength mobilised in a matter of
seconds in vane tests is higher than the strength mobilised over a period
of several weeks or months in embankment loading. Whatever the origin
of this factor, when it is combined with Bjerrum’s curve for variation of
c,/o.. with plasticity (Fig. 9.39b), the resulting field strength ratio is almost
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factor of safety at failure

9 Index properties

o_—‘u—-v-—-—-—-N
0 ©O W . & O o O

Fig. 9.40 (a) Variation of expected factor of safety at failure with plasticity
index I,, with relationship proposed by Bjerrum (1972) (line Z) (after Leroueil,
Magnan, and Tavenas, 1985); (b) factor g, for modifying measured vane shear
strength, dependent on plasticity index I, (after Bjerrum, 1972).

(b)

Fig. 941 Ratio of undrained strength to preconsolidation pressure (¢ /c".)
obtained from combination of relationships proposed by Bjerrum (1973) (after
Mesri, 1975).
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independent of plasticity (Fig. 9.41) with a roughly constant value of

S 2022 ‘ (9.79)
UVC ;
as shown by Mesri (1975). Larsson’s ( 1980) back analyses of field failures
confirm that (9.79) provides a reasonable estimate of field strengths for
inorganic clays. Practically, then, an expression similar to (9.77) is found
to provide a better estimate of the strength which can be relied upon in
the field than an expression such as (9.78), in which the strength ratio is
allowed to increase with plasticity.

An obvious reason for the unjustified optimism of analyses based
on peak vane strengths is precisely that these are peak strengths. The
development of a failure beneath an embankment or foundation requires
strains and deformations which take many elements of the soil well past
their peak condition (Fig. 9.42), and an integrated peak strength along a
failure surface is bound to give an unsafe result. A critical state strength
measured at large deformation is more conservative. Limited data collected
by Trak, LaRochelle, Tavenas, Leroueil, and Roy (1980) do indeed suggest
(Fig. 9.43) that a strength ratio c /o, calculated using a critical state
strength which they term the ‘undrained strength at large strains’ (USALS)
has a value ~ 0.22 which is almost independent of plasticity.

The number 0.25 in (9.76) or (9.77) was an average number emerging
from a calculation made using the Cam clay model. In fact, accordmg to
the Cam clay model, this number depends on the angle of friction of the
soil. Figure 9.32 shows that as the angle of friction increases and the soil

_ becomes stronger, the ratio ¢//c, decreases and hence the inverse ratio

Fig. 9. 42 Variation of shear strain y and shear stress T mobilised along failure
surface.
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Fig. 943 Data of ratio of undrained strength at large strains to
preconsolidation pressure, and plasticity index (after Trak, LaRochelle,
Tavenas, Leroueil, and Roy, 1980).
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Fig. 9.44 Consequences of constant ratio of strength to preconsolidation
pressure, on path followed during undrained shearing from one-dimensional
normal compression line (1-D ncl) to critical state line (csl): (a) ¢’ = 20°

{b) ¢’ =25° (c) ¢’ =30° and (d) ¢’ = 35°.
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c,/o’, increases. Angles of friction tend to fall with increasing plasticity
(Fig. 9.14), so the Cam clay model on its own would produce a trend for
variation of ¢,/g,  with plasticity I, directly opposite to that described
by expression (9.78) and to the general trend of the data in Fig. 9.39. The
same applies to any other strength calculation based on friction (e.g. see
Wroth, 1984).

If, in fact, field evidence supports a constant value of the ratio ¢ /0,
(calculated using critical state strengths) independent of plasticity and
hence of angle of friction, then this has implications for the relative shapes
of yield loci and plastic potentials to be used (Fig. 9.28) to describe
the elastic-plastic behaviour of the soil. This can be demonstrated by
considering stress states in a non-dlmensxonal effective stress plane

- p'/d,.:q/d,, (Fig. 9.44).

In one-dimensional normal compression, from (9.68) and (9.62),

3sin¢’

odsme 9.80
Tkee = 3 S sin g’ (-80)

Since the vertical effective stress is equal to the preconsolidation pressure

g, = 0o, the initial in situ effective stress state must lie on the line
T2
LA (9.81)
g, 3o, :

The initial effectlve stress state is fixed at the intersection of (9 80) and
(9.81): points A in Fig. 9.44, plotted for ¢’ = 20°,25°,30°, and 35°.
Assume that failure is reached at large strains at a critical state,

peM=2S0e ' T (9.22bis)
3—sing’ .
and also that from (9.77)
2
A 205 S | 9.82)
Oy Gvc N

This failure stress state is fixed at the mtersecnon of (9.82) and (9.22):
points B in Fig. 9.44. The path linking 4 and B cannot zl.lave the same
shape for each of the four angles of friction, so it is an error to apply the
Cam clay model without regard for soil type or plasticity and without
regard for the marked difference between the shape of experimentally
observed yield loci (in Chapter 3) and the assumed 51mple shape of the
Cam clay yield loci (in Chapter 5). -
In summary, the simple relationship

S 1025 (9.77bis)

A\
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provides a reasonable indication of the way in which the undrained
strength which can be usefully mobilised in the field varies with pre-
consolidation “pressure. Any attempt to refine this expression must,
however, be based on a realistic numerical model of soil behaviour.

A

9.7 Conclusion ,

In this chapter a number of simple relationships between soil
properties have been established against a background of critical state
lines and the importance of volumetric parameters in controlling soil
response. We have not intended to suggest that all sophisticated testing
can be dispensed with but rather to show that simple predictive charts
and formulae can be produced against which one can test the results of
the apparently crude index tests and other data. Some of the assumptions
that have been made and, in particular, some of the numerical values that
have been chosen can be regarded with suspicion, but the patterns that
have emerged are not really dependent on precise numerical values. If it
is found that certain data in a collection of data from related soils appear
to conflict with a pattern, then those data should either be rejected or be
studied in more detail to explain the discrepancies.

Exercises ) .

E9.1. Asiteinvestigation has been carried out fora proposed road bridge.
The results of a conventional one-dimensional compression test
performed on a sample taken from a depth of 3.6m are given in

Fig. 9.E1l. For this sample the natural water content w; = 0.46, the

Fig 9.E1 Oedometer test on sample of silty clay.
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Exercises 309

specific gravity of soil particles G, = 2.63, the liquid limit w, = 0.46,
and plastic limit wp = 0.25. The water table is at the ground surface.
Estimate the in situ vertical effective stress at the depth of 3.6 m,
and estimate the preconsolidation pressure and overconsolidation
ratio from the results of the oedometer test. '

The behaviour of the silty clay stratum from which the sample
has been taken is to be represented by Cam clay. Adopting a value- -
of ¢" = 30°, estimate suitable values of , , N, and I'. Compare the
value of 4 with a value estimated from the given plasticity index.

Estimate the value of the undrained shear strength of the clay
in triaxial compression. Compare. this value with the measured
strength of 9kPa and with values estimated from knowledge of
the plasticity of the soil and of the vertical effective stresses that '
it has experienced. Estimate the sensitivity of the clay and show
that- the liquidity index, vertical effective stress, and undrained |
strength data are broadly consistent. -

A bed of clay is being prepared for testing on a geotechnical
centrifuge. The clay is prepared as a slurry at a water content twice
the liquid limit and then compressed one-dimensionally under a
uniform vertical effective stress which is increased in stages to

-70kPa. The block of clay is then 200mm deep and is placed on

the centrifuge and accelerated to 100 gravities with no surface
loading but with the water table being maintained at the surface
of the clay. The clay is allowed to reach equilibrium with zero
excess pore pressure. ) ) .

~ Estimate the variation of liquidity index, overconsolidation ratio, .
and undrained strength with depth through the clay.
Obtain site investigation data from published papers or from files
relating to a project with which you have been involved. Assess
these data using the relationships between plasticity and compres-
sibility, liquidity and strength, liquidity and vertical effective stress,
and overconsolidation ratio that have been proposed in this
chapter.
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Stress paths and soil tests

10.1 Introduction

_ A complete description of the stress:strain behaviour of an elastic
material can be embodied in a rather small number of parameters. For
example, an isotropic linear elastic material (Section 2.1) requires only

‘two independent parameters: Young’s modulus and Poisson’s ratio, or.
- shear modulus and bulk modulus. A cross-anisotropic or transversely

isotropic linear elastic material (Section 2.3) requires five parameters:
which might be two Young’s moduli, two Poisson’s ratios, and a shear
modulus. Once these elastic parameters have been determined, the
response of the material to any changes in stress can be predicted. For
the simple case of an isotropic elastic soil, the elastic parameters could be
obtained from a uniaxial compression test, but the use of these parameters
would in no way be confined to the prediction of the response in such
tests. The testing programme required to determine the five elastic
parameters for a cross-anisotropic elastic soil is rather more complex:
simple compression tests in'a triaxial apparatus are no longer sufficient,
and tests which include rotation of principal axes are required (Graham
and Houlsby, 1983). Nevertheless, once the values of the five parameters
have been established, there is no limit to the range of stress paths to
which the model can legitimately be applied. '

A distinction has to be drawn between the description of the behaviour
of inelastic soils and the description of the model which may be used to
represent certain aspects of their behaviour. For it is certain that although
simple elastic—plastic models of soil behaviour such as Cam clay may be
very good at describing certain limited areas of soil response — those which
are reasonably close to the data base of triaxial compression tests on
which such models have typically been founded - their general success in
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matching the response of such a non-ideal material as soil is likely to be
more doubtful.

Most of the data of soil behaviour that have been presented in previous
chapters have been obtained from triaxial tests, primarily triaxial
compression tests. In this chapter the stress paths that are actually followed
by soil elements in certain typical geotechnical structures are considered.
When such paths can be followed in a triaxial apparatus, then prediction

-of deformations, made with soil models based on triaxial test data, may
be satisfactory. The further such paths deviate from the possibilities of
the triaxial apparatus, the less satisfactory the predictions will be. The
need to consider stress paths arises because real soils cannot be treated
as isotropic or elastic materials: they must be treated as inelastic,
anisotropic, and history-dependent materials whese behaviour cannot be
described by a small number of elastic parameters. The general framework
of elastic-plastic models of soil behaviour presented in Chapter 4 treats
soils as just such non-ideal materials. ; ]

There are, of course, apparatus other than the triaxial apparatus and -
other tests which can be used to investigate soil responsé; some of these
may match more closely the stress paths that are important in the ground.
Each apparatus tests soil in its own way, and thé relatxonshlps between
the strengths of soils as measured by various tests are consxdered in
Section 10.6. :

The term stress path is familiar to many practising geotechnical
engineers: It is linked with the stress path method of Lambe (1967). The
stress path approach to predicting settlements of foundations requires
triaxial tests on representative samples of soil which follow the stress
changes estimated, usually from elastic analyses, to be relevant for selected
elements of soil beneath the foundation. From the response observed in-
these tests, pseudo-elastic parameters can be deduced which are then
applied to give .umerical estimates of settlements.

This stress path method can in principle be extended to a wider range
of geotechnical problems (Wood, 1984a). The necessary steps are

i. to identify critical soil elements around a structygre,
“il. to estimate the stress paths followed by these elements as the
structure is constructed or :Ioaded,
ili. to perform laboratory tests on soil samples along these paths, and
iv. to estimate the deformations of the geotechnical structure from
the results of these tests.

The problems of attempting to use this method are, however, that the
actual stress paths followed are not independent of the very soil behaviour
that is being investigated, that it may not be possible to follow the relevant
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stress paths in laboratory tests, and that the method of working from the
results of the tests to the estimated performance of the structure may
not be obvious. Nevertheless, consideration of stress paths does impose
a discipline on engineers which should help them to identify the
shortcomings of the tests that they are able to perform, and to assess the
relevance of the numerical models of soil behaviour which they may wish
to use to make their predictions.

10.2 Display of stress paths
Most of the data on soil behaviour that have been discussed here
were obtained from triaxial tests in which conditions of axial symmetry _
were necessarily imposed. Axially symmetric stress paths have just two
degrees of freedom: an axial principal stress ¢, and a radial principal stress
. o, (Fig. 10.1), and it has been convenient to display triaxial stress paths
in the p’:q plane to emphasise the distinction between volumetric and
distortional components of stress. : '
Conditions of axial symmetry occur infrequently in prototype situations;
conditions of plane strain are more likely. As discussed in Section 1.5,
- plane strain effective stress paths can be displayed in terms of stress
quantities " and ¢,

'=Sz_“2“_‘iz . (10.1)(cf. 1.58)
=1 '2"’3 (10.2)(cf. 1.60)

which are calculated.-in terms of the principal effective stresses ¢’ and a7
in the plane of shearing. The stress quantities s’ and ¢ are particularly
useful for describing stress changes which are not associated with
significant rotation of principal axes, and most of the stress paths presented
in Section 10.4 fall into this category.

The stress quantities ' and ¢ cannot convey information about the
orientation of principal stresses ¢, and ¢’y or about the magnitude of the

e

Fig. 10.1 " Stresses on cylindrical triaxial sample.
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Fig. 10.2 General stress state specified by (a) normal and shear stresses
referred to fixed axes and (b) principal stresses and principal axes.

(a) (b)

-~

. Fig. 10.3 (a) General mean stress p’ and deviator stress q in principal effective
stress space; (b) cube with sides defined by principal stress axes o' :05%: o3
(c) assignment of major, intermediate, and minor principal stresses in sectors of
deviatoric view of principal stress space. .. -

’
,ol

(a)
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third principal stress ¢, orthogonal to the plane of shearing. Plane strain
is a special case though it represents a situation which is met in practice
rather more frequently than axial symmetry. A completely general stress
state requires six quantities to describe it: these may be three normal
stresses and three associated shear stresses (Fig. 10.2a) or three principal
stresses and the directions of their three mutually orthogonal principal
axes (Fig. 10.2b). In general, at a soil element in the ground, all six stress
quantities are changing simultaneously. Six quantities are needed to
describe the resulting strain increment, and there is no reason to suppose
that principal axes of strain increment and principal axes of stress or of
stress increment necessarily coincide. =

"Possibilities for controlled laboratory investigation of such general stress
paths are, not surprisingly, limited. It is also unclear how such paths
should best be displayed. This last problem is largely avoided here by
restricting attention to paths in which no rotation of principal axes occurs.

The set of principal stresses (a',,65,0%), where the subscripts (1,2,3,) do
not signify any particular sequence of relative magnitudes, can be used as
orthogonal cartesian axes to define a three-dimensional space (Fig. 10.3a)
which can be viewed through two-dimensional projections. The most
frequently used projection is the deviatoric or n-plane view (Fig. 10.3c), a
view of principal stress space down the line ¢, = ¢, = ¢} (Fig. 10.3b). This
view only shows differences of principal stresses, so it is important to
remember that this is a view of projected information and that the paths
shown do not in general lie in the planes depicted.

103 Axially symmetric stress paths
10.3.1 One-dimensional compression of soil
Some soils have been deposited rather uniformly over an area of

large lateral extent, for example, in marine or lacustrine conditions. For
such soils, symmetry dictates that soil particles can only have moved
downwards during the process of deposition (Fig. 1.21); lateral movements
would violate the symmetry. The deformation of such soils during
deposition is entirely one-dimensional, and the effective stress state can
be reproduced in a conventional triaxial apparatus.

The ratio of horizontal to vertical effective stresses in soils which have
a history of one-dimensional deformation (which may include some
- overconsolidation) is called the coefficient of earth pressure at rest Ko:
"h

=K, (10.3)
pr .

v

During monotonic one-dimensional normal compression, each state of
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deformation of a soil is essentially similar to all the preceding states, and
the effective stress states have the same similarity. The value of K, is then
found to be a constant K, = K, (Fig. 10.4a).

From the definitions of p’ and g, the slope 5, of the one-dimensional
normal compression line in the p’:q plane (Fig. 10.4b) is related to K, _:

31— K,,.)
= “On¢’ 10.4a
e =T2K, (10.42)
and
‘ s
one = TR (10.4b)
3 + 2'7Knc ‘ . B

The Cam clay model can be used to calculate values of Myaer The
condition for one-dimensional compression is that

Oes + e 3 o '

¥ _ PR - (10.

de, el +0ef 2 , B ‘

The ratio of all stress components remains constant during such '
one-dimensional normal compression, and hence

o ,
_g. = i, = Nkne A (10.6)
o p - : :

“and -
@=§g : (10.7)
q9 P B :

The elastic and plastic components of strain during one-dimensional .

Fig. 104 One-dimensional loading in (a) o,:0, and (b) p:q effective stress

planes
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normal compression are, from the expressions in Section 5.2, with (10.7),

5 |
Ses _%7” | . » (10.8)
. 2(1 +v) nx,;cxép'
=S v P (109)
5s;=’_"5—’f ‘ (10.10)
v .p ‘
PP MVl 1 (10.11)

M —nge v P

Two elastlc parameters were used in the Cam clay modcl in Sectxon 5. 2

the slope x of the unloading-reloading line and the shear modulus G'. It
is more convenient here to use Poisson’s ratio v’ because this immediately
expresses a ratio of components of elastic strains. The links between the
various elastic parameters were given in Section 2.1.

Expression (10.5) is a condition on total strain incremerits into which
(10.8)-(10.11) can be substituted to give the expression /

Ngacll + V)1 —=A) + IngacA
3(1 —2v) M?—ni .
from which values of n,,. can be determined numerically for any set of
values of v/, A (= (4 —x)/4), and M. The first term on the left-hand side
broadly expresses the elastic contribution, which is the entire contribution
for A =0. The second term expresses the plastic contribution.

Values of 1, can be converted to values of K, using (10.4b), and the
effect of different combinations of v’ and A on the variation of K, with

-angle of shearing resistance ¢’ [which can be linked to M through (7.9)]
is shown in Fig. 10.5a.

A soil that'i\s composed of rigid, greatly interlocked particles can support
its own weight without needing t6 push sideways very much to prevent
lateral movement: such a soil would be expected to have a low value of
K,,.- Such a soil would also be able to mobilise a high angle of shearing
resistance before shear deformations occurred. A material which has no
frictional strength, such as water, produces a lateral push equal to the
overburden pressure: in other words, K. = 1. Some link between K,

—1 ~(1o.1é)

Fig. 10.5 Dependence of coefficient of earth pressure at rest for normally
compressed soil, Ko, On angle of shearing resistance ¢, (a) according to Cam
clay model, (b) according to Jaky (1944), and (c) experimental data (e, clays;
+, sands) (after Wroth, 1972; Ladd, Foott, Ishihara, Schlosser, and Poulos,
1977).



K One

0 : i
0 10 20 30 40
@', deg
(a)

1.0
0.8 Eq. (10.13) -
Eq.(10.15)
061 Eq. (10.14)
0.4}
1 l) 1 i l‘
0 10 . 20 30 40
¢’, deg
()
0.8




318 10 Stress paths and soil tests

and angle of shearing resistance ¢’ might be anticipated. Jaky (1944)
managed to arrive at the expression _
2. ,,\/1—sing’ ,

‘ Ko:-c—<1+§5m¢>(m> : | (10.13)
by thinking of conditions at the centre of the base of a heap of granular
~material. Jiky noted that this elaborate expression could be approximated

satisfactorily by the expression ' -

Ko, =0.9(1 —sin ¢) S (10.14)
for values of ¢’ between about 20° and 45°, but also suggested that the

expression - - - IR _ -

Kgpe=1—5in¢’ ) X 0 (10.15)
~ would be close enough for engineering purposes. This final expression has
become enshrined in the soil mechanics canon with Jaky’s name attached
to it. The three expressions (10.13), (10.14), and (10.15) are plotted in
Fig. 10.5b, and expression (10.15) is also plotted in Fig. 10.52.

The experimental conditions necessary for the accurate measurement
of K, are not easy to realise in practice (Bishop, 1958); even very small
amounts of lateral movement can produce a significant change in the
apparent value of K,. Data of values of K, . and ¢ for normally
compressed clays and sands collected by Wroth (1972) and by Ladd et al.
(1977) are shown in Fig. 10.5¢, and (10.15) provides a reasonable fit to.
- these points. Cam clay tends to predict values of K, . which lic above
the empirical expression (Fig. 10.5a) unless simultaneous low values of both -
v and A are assumed (implying dominance of the deformation by low
Poisson’s ratio elastic response).

Fig. 10.6 Dependence of Poisson’s ratio v' (@) and exponent a in (10.23) (x)
on plasticity index [, (data of v’ from Wroth, 1975).
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The nature of the angle ¢’ that should be used in (10.15) is somewhat
uncertain. It is sometimes found that the angles of shearing resistance that
can be mobilised in conditions of plane strain are rather higher than those
that can be mobilised in triaxial compression. (Wroth, 1984, suggests that
plane strain angles are typically 10 per cent higher.) Perhaps on grounds
of the axial symmetry of one-dimensional deposition, a logical argument
could be made in favour of triaxial compression. However, theoretical
justifications of (10.15) cannot proceed very far, and it should rather be
regarded as a convenient experimental finding. Angles of shearing
resistance are most commonly measured in triaxial compression, and
(10.15) with Fig. 10.5c can be regarded as establishing a simple correlation
between these angles and K, ..

Many of the data in Fig. 10.5¢ relate to values of K, and ¢’ for sands
tested at a range of initial densities. It was noted in earlier chapters that
it is difficult to change the structure of sand in proportional loading tests
(in which all components of stress increase by the same proportion), of
which one-dimensional compression is one example. When a sand is
sheared, for example in triaxial compression, its void ratio changes until
eventually the sand reaches a critical state condition, mobilising the critical
state angle of shearing resistance. However, the value of the earth pressure
coefficient at rest, K., depends on the in situ structure of the sand and
can be expected to correlate with the peak angle of shearing resistance

“measured in triaxial compression, associated with the initial density and
structure of the sand. It would not be appropriate to use the critical state
angle in (10.15) to estimate the value of K for a dense sand. :

In the elastic-plastic models of soil behaviour discussed in Chapters 4
and 5, volume changes occurring on a normal compression line were

described by an expression - S - S
v=uv;,—Ailnp : 110.16)(4.2bis)
where v, is a reference value of specific volume v. During one-dimensional
normal compression, mean effective stress p’ and vertical effective stress
¢, increase in a constant ratio: 5
' 142K '
P _ 27" one : (10.17)
a, 3 \

Consequently, changes in volume during one-dimensional normal
compression can be described by

=v,—1lng, | (10.18)
(where v, is a different reference value of v). The compressibility 4 that is
determined is the same whether these normal compression data are plotted
in terms of ¢, or of p'.
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10.3.2  One-dimensional unloading of soil

One-dimensional unloading of soil produces a more rapid drop
of vertical effective stress than of horizontal effective stress. If it is supposed
that soil behaves isotropically and elastically immediately on unloading,
then the slope of this overconsolidation unloading stress path in the p':q
plane can be deduced from (10.12), setting A =-0 (which implies that there
are no plastic deformations): ‘

g 3(1-2v)

(10.19)
op’ 1+
which implies B ——
day, __ Vv (10.20)
oc, 11—V .

Wroth (1975) has deduced values of v' from data of one-dimensional
unloading of a number of soils; these are plotted against the plasticity of
the soils in Fig. 10.6. The value of apparent Poisson’s ratio is typically
around 0.3 but rises slightly with increasing soil plasticity. A value v = 0.3
in (10.20) implies a stress decrement ratio do} /0, = 0.43, whereas for most
of the soils (particularly the plastic soils) shown in Fig. 10.5c, K. is above
0.5: the stress path followed on one-dimensional unloading does not retrace
the stress path followed on one-dimensional normal compression. Typical
stress paths are shown in Figs. 10.7a,b in o} :0’, and p';q effective stress
" planes: 04 for one-dimensional normal compression, 4B for initial
one-dimensional unloading.

Expression (10.20) can be converted into a relationship between K, and

—

Fig. 10.7 Path followed on onc-dimensional unloading and reloading in (a)
o,:0, and (b) p":q effective stress planes. )
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overconsolidation ratio n:

’

K0=nK

onc —(n—1) , (10.21)
1—v
where
n = Jyma (10.22)
6 .

and o/, is the maximum value of &/, reached in one-dimensional normal
compression. _

The simple assumption of elastic unloading leading to the straight
unloading stress path AB in Fig. 10.7 cannot be sustained beyond
overconsolidation ratios of about 2; experimental measurements during
one-dimensional unloading show significant curvature of the effective
stress path BC (Fig. 10.7). A simple expressionl has been found for this
unloading stress path. Schmidt (1966) plotted K, against overconsoli-
dation ratio n using logarithmic axes for both. He found linear
relationships such as that shown in Fig. 10.8, implying a relationship
between K, and n of the form

Ko=Kg, 1 . 1(10.23)

The parameter a shows a small decrease with increasing plasticity

(Fig. 10.6), but a value a=0.5, as suggested by Meyerhof (1976), would
.be a reasonable round number to use for most soils, implying

s ‘ ,
<If°>=nw o ' (10.24)

Onc

An example of the application of (10.15), (10.21), and (10.24) is shown

Fig. 10.3 Relationship between coefficient of earth pressure at rest K, and
overconsolidation ratio n for Weald clay (after Schmidt, 1966).
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in Fig. 10.9. Ladd (1965) gives data of K, and overconsolidation ratio n
for undisturbed Boston blue clay. This clay has plasticity I, =0.15 and
an angle of shearing resistance (at maximum stress ratio) ¢’ = 32.75°, which
is the same value_that would be predicted from expression (9.23). From
(10.15), then, K, = 0.46. For I, =0.15 in Fig. 10.6, v = 0.29. With these
values, the values calculated from expressions (10.21) and (10.24) are shown
in Fig. 10.9 together with Ladd’s data. Equation (10.24) provides a good
fit, though of course with v set to an alternative value of 0.22 (deduced
from the experimental observations for the Boston blue clay itself) a good
initial fit could be obtained with expressxon (10.21), as also shown in
Fig. 109. - - - : o _

An overconsolidation ratio n, can be deﬁned in terms of mean effectxve

Fnz. 10.9 Observations and calculations of relauonshnp between coeflicient of
earth pressure at rest K, and overconsolidation ratio n for Boston blue clay
(data from Ladd, 1965). -

Ko _ /e

Eq. (10.21)

138 ]
T

v =022 Kone
¥ /

Fig. 10.10 Relationships between 1sotropxc ovcrconsohdauon ratio n, and
ovcrconsolndauon ratio n.
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stress p’:

n, = Pmax (10.25)

4 ’

p

where p_, is the maximum value of p’ reached in normal compression.
Then, by comparison with (10.17) and (10.22),

"p 1+2K0nc .
2 _ T *0nc . 10.26) -
n 1+2K, | (1026)

Since K, is a function of n, this ratio n,/n is not a constant, even for a
particular soil. However, if the link between K, and n is provxded by
(10.24), then the variation of n,/n with n can be deduced (Fig. 10.10). It is
found to be rather insensitive to the value of K,;_; the range for n =32
in Fig. 10.10 corresponds to the range of values of K,__ from 0.4 to 0.7
[¢"=36.9° to 17.5° from (10. 15)]

However, if it is assumed (as in the elastic—plastic models of Chapters 4
and 5) that recoverable volume changes occurring for stress paths lymg
within a current yleld locus can be descnbed by

v=rv,~xlnp ~ (10.27)(4.3bis) |

Onc

then a simultaneous linear relationship between v and In ¢/, with the same
slope k is not possible. ’
- Expression (10.27) can be wntten as

v=v.+xlnn, ' (10.28)
or | . )
v=v,+xlnn+kln (ﬁ) v (10.29)
o ] . \\n JEE— - o
or .
v=vs—xlne +xln (ﬁ) : | (10.30)
" |
where , -
ve=v,—klnp’ ) : - (10.31)
and

va=r.+xlng’ (10.32)

vmax

The effect of the changing ratio n,/n on the volume Ehanges occurring
during one-dimensional unloading can best be illustrated by plotting
(10.29) as (v — v,)/x against n (Fig. 10.11). In (10.29), (v —v,) is the change
in volume that has occurred since the vertical stress was reduced from its
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maximum. normally compressed value ¢’ The line

vmax*®

2 inn o (1033)
x
is shown in Fig: 10.11 for comparison. The curvature is not great, but
because n increases more rapidly than n,, as o, falls more rapidly than
p’ (which depends also on o}), the value of x that would be deduced from
one-dimensional unloading in an oedometer (in which only the vertical
stress is usually measured) is only about 0.7 of the value of x properly
calculated in terms of change in mean effective stress p’. This must be
taken into account if the only data of unloading that are available for a
soil have béen obtained from oedometer tests.

In Section 7.2, the form of experimentally observed critical state lines
was used to predict the variation with overconsolidation of the ratio of
undrained strength to in situ vertical effective stress. The expression that
was deduced, '

Leufow) =<i)n~ - - (10.34)(7.31bis)
(cu/a:i)nc np i ’ )

involved both n and n,. The ratio (n,/n)! ~* is pldtted in Fig. 10.10 for
A =0.8; it falls gently from 1 to ~0.8 as n rises from 1 to 32. If it is

assumed that
V ‘ n 1-A ' S - ) )
(-—") o~ 1 _ : (10.35)

Fig. 10.11 Predicted volume change on one-dimensional unloading of soil.
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then, from (10.34),
(/o) _
(€u/0 idne
and, as noted in Section 7.2, this is the form of relationship that has been
successfully fitted to published data.

The earth pressure coefficient at rest K, increases as a soil becomes
progressively more overconsolidated. The horizontal effective stress falls
more slowly than the vertical effective stress; and at some overconsolid--
-ation ratio, K, becomes greater than 1, and the horizontal stress becomes
the major principal stress. The overconsolidation ratio n (or n;) at which
this occurs depends on the value of K, _ according to (10.24); these values
- are plotted in Fig. 10.12. L \

The Mohr-Coulomb failure criterion discussed in Section 7.1 sets an
upper limit to the ratio of major and minor principal effective stresses, o}
and o}, respectively. For a soil with angle of shearing resistance ¢', the
maximum ratio occurs when the Mohr circle touches the failure line
(Fig. 7.1a) and o )

o _l+sing N (10.37)
oy l—sing’
In the one-dimensionally unloaded ground, this ratio is expected to set a
~ limit to the value of K, that can be attained. When this limit is reached,
then the soil is in a state of incipient passive failure, a mode of failure

(10.36)

One

Fig. 10.12 Values of overconsolidation ratio predicted to give earth pressure
coefficient at rest K, equal to 1 and equal to passive pressure coefficient K, as
function of angle of shearing resistance ¢'.
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being driven by the high horizontal stresses against the weight of the soil.
The values of n and n, at which (10.37) and (10.24) coincide are also
plotted in Fig. 10.12. For a soil with a high value of K, =0.7
[corresponding to ¢’ = 17.5° from (10.15)] and probable high plasticity,
the required overconsolidation ratio n is only about 7. For a soil with a
low value of K, . =0.4 (¢'=36.9°) and probable low or zero plasticity,
the required overconsolidation ratio is about 100.

Of course, the continuing one-dimensional symmetry of the loading
condition in principle prevents a passive failure from taking place.
However, in practice, if a heavily overconsolidated soil deposit is sitting
_in such_a state of incipient passive failure, then any attempt to upset the
symmetry releases the failure and large deformations may occur. For
examplc a deep excavation (Fig. 10.13a) may remove the vertical effective
stress locally and lead to ground movements into the base of the hole.
Nature, too, can upset the symmetry by eroding a river and valley. This
j again removes the vertical effective stress locally and allows the underlying

strata to bulge in the bottom of the valley; a typical example in which
such valley bottom bulge can be detected in the deformed strata is shown
in Fig. 10.13b. Once such a passive failure has been released, there is a

Fig. 10.13 (a) Heave of base of excavation in heévily overconsolidated clay;
(b) valley bottom bulge at site of Empmgham Dam, Rutland (after Horswill and
Horton, 1976). - )
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danger that the remaining soils may contain failure planes'on which
movements sufficient to reduce the strength of the soil to a residual value
(Section 7.7) have occurred. Such a possibility must be taken into account
in assessing the stability of any proposed structure, for example, an
embankment dam at the site shown in Fig. 10.13b, which is to be founded
on the soil -

The effective stress paths followed on one-dimensional unloading might
be expected to become tangential to the passive failure line at high

~ overconsolidation ratios (Fig. 10.7), though the curve plotted in Fig. 10.12

shows that these overconsolidation ratios are not unreasonably high for
plastic soils. When soils are again re-loaded one-dimensionally, the value
of K, again decreases, and the effective stress patfx tends towards the
original stress -path for the one-dimensionally normally compressed soil
(CD in Fig. 10.7). Evidently, the value of K, for a soil deposit which is
known to have been cyclically unloaded and reloaded can only be
estimated within the bounds set by the normal compression line 04-and
the primary unloading curve ABC starting from the preconsohdanon
state at A.

10.3.3  Fluctuation of water table )
Parry-(1970) notes that most natural deposits of soft clays are
lightly overconsolidated, which is to say, with the background of
Chapter 3, that the current effective stress state lies inside the currenf yield
locus. Such overconsolidation may result from actual changes in effective

Fig. 10.14 Overconsolidation of soil resulting from fluctuation of water table:
(a) variations of stress with depth with water table at ground surface; -

(b) variations of stress with depth with water table at depth d; (¢ proﬁle of
overconsolidation ratio with depth. .

AR X — AR
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stresses, or it may appear as a result of other effects such as cementation
between soil particles or time effects (which will be discussed - in
Section 12.2). Changes in effective stresses obviously occur where
overburden has been eroded by ice or by water, but in soft soils it is very
likely that effective stress changes have occurred as a result of fluctuations
in water table, even without any erosion.

The effect of water table fluctuation is illustrated in Fig. 10.14. Suppose
that the water table fluctuates between the ground surface (Fig. 10.14a)
and a depth d (Fig. 10.14b). Suppose also that the soil remains saturated
above the water table. Then with the water table at depth d, the effective
vertical stress at depth z is

=yz—yu(z—d)=7'z +y.d . (10.38)
With the water table at the ground surface, the vertical effective stress at
depthzis - \
: O, =V = VI =7VZ ' - (10.39)

and ¢, <0, because more of the soil is buoyant in the groundwater.
‘The overconsolidation ratio of the soil, supposing that the water table is
currently at the ground surface, is

Ty 1l

G,s ",’Z

n=

(10.40)

and the soil becomes more nearly normally compressed (n—» 1) at depths
much greater than d (Fig. 10.14c).

In discussing typical stress paths for geotechnical structures in
subsequent sections, we assume that the soil starts from an initially lightly
overconsolidated state — as a result, for example, of some past variation
in the level of the water table..

10.3.4 Elements on centreline beneath circular load ]

Elements of soil within a soil deposit of large lateral extent and
on the centreline beneath a circular load will be subjected to axially
symmetric changes of stresses. This is the only engineering situation for
which the stress path can be followed precisely in the conventional triaxial
apparatus. Such situations are unusual but do occur; one can think of oil
storage tanks as an example (Fig. 10.15a). Oil storage tanks are usually
founded on soft soils near river estuaries or coastal sites, so an initial
lightly overconsolidated effective stress state due to fluctuation of water
table, as discussed in Section 10.3.3, is clearly appropriate.

The stress path followed by an element such as X beneath the oil tank
in Fig. 10.15a is shown qualitatively in Figs. 10.15b, c. It has been assumed
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that the soil beneath the tank is initially one-dimensionally lightly
overconsolidated with past maximum effective stress state A’, present
effective stress state B’ and total stress state B. The separation BB’ in the
p’:q plane (Fig. 10.15b) is equal to the in situ pore pressure. The paths
followed beneath a circular load will be considered in more detail in
Section 11.2; here it suffices to note that the total stress changes BCD
resulting from loading the tank are likely to involve an increase in total
mean stress p and an increase in deviator stress g. If the tank is filled
rapidly, then the response of the soil is likely to be undrained, and the
effective stress path will show no change in mean effective stress p’ until
the current yield locus is reached (B'C’). The effective stress path for a
- lightly overconsolidated clay then turns to the left C'D’ as the soil yields
and extra pore pressures are generated. If the tank is left and the excess
pore pressures allowed to dissipate back to the in situ values existing at
B and B, then the effective stress path will show an increase in mean
effective stress D'E’, with perhaps little change in total stresses, so that
dissipation can occur at approximately constant deviator stress q.

Fig. 10.15 (a) Element on centreline beneath circular tank on soft clay;
(b) stress paths in p’:q and p:q planes; (c) stress paths in deviatoric plane.
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The stress changes are shown again in Fig. 10.15c in the deviatoric view
of principal stress space with principal stresses ¢, 0%, and o) assigned to
the z, x, and y directions, respectively. For these axially symmetric changes
in stress, the stresses in the horizontal x and y directions (Fig. 10.15a)
are always equal, ¢, =0¢7%. Hence the stress paths followed during -
one-dimensional compression and unloading (OAB), undrained loading
beneath the tank (BCD), and subsequent dissipation of excess pore
pressures, (DE), lie entirely on the vertical diameter of this view of stress
space (on the o, axis or its extension as seen in this view). The presence
of pore pressure merely displaces the effective stress state from the total
stress state in a direction parallel to the line ¢’ = o', = o', and there is no
distinction between total and effective stress paths in Fig. 10.15c.

10.4  Plane strain stress paths )
10.4.1 One-dimensional compression and unloading

One-dimensional deformation is both an axially symmetric and
a plane strain process, and the path followed during one-dimensional
compression and unloading can be displayed in the s':t effective stress
diagram (Fig. 10.16). The principal effective stresses ¢ and ¢’ are the
vertical and horizontal effective stresses ¢, and o}, so combining (10.3)
with (10.1) and (10.2) yields oo '

1=K o (10.41)
s 1+K, '
During one-dimensional normal compression, (
Ko=Kg,.=1—sing’ | © (10.15bis)
and )
t_1-Ko _sing’ (10.42)

s 1+K,,. 2—sing’

Fig. 10.16 One-dimensional loading and unloading in §':t effective stress plane.
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This is line 04 in Fig. 10.16. A typical effective stress path ABC followed
during one-dimensional unloading is also shown. The assignment of ¢/
and ¢ to vertical and horizontal effective stresses does not imply any
relative magnitude, so negative values of t are possible when the horizontal
stress exceeds the vertical stress, ¢’ > a', Ko > 1.

The Mohr-Coulomb failure criterion (10.37) can also be converted to
a relationship between s’ and ¢. From (10.1) and (10.2),

5: +sing’ . (10.43)
where the positive sign refers to failure with the vertical stress greater than
the horizontal stress: that is, active failure, with the weight of the soil
assisting deformati/on.-The negative sign refers to failure with the horizontal
stress greater than the vertical stress: that is, passive failure, with the weight
of the soil resisting deformation. These two failure lines are also plotted
in Fig. 10.16; their slope f is given by '

tanf = +sin ¢’ - - 7(1044)

The definitions of s and t hke the Mohr-Coulomb failure criterion,

involve only the major and minor principal effective stresses and leave
-out of consideration the value of the intermediate principal effective stress
¢’,, which acts normal to the plane of shearing. Consequently, the Mohr-
Coulomb _failure criterion has a symmetry in the s':¢ plane (Fig. 10. 16)
which is absent in the p':q plane (see Section 7.1).

10.4.2 Elements beneath long embankment

The total and effective stress paths in the s:t and 5":t stress planes
- for an element of soil X on the centreline beneath a long embankment
(Fig. 10.17a) are qualitatively similar to the total and effective stress paths

in the p:q and p’:q stress planes for an element of soil on the centreline

beneath a circular load (Section 10.3.4 and Fig. 10.15). Probable paths are
shown in Fig. 10.17b, ‘and the effect of dissipation of construction pore
pressures again tends to move the effective stress state away' from. the
active failure line (D’E’ in Fig. 10.17b).

The stress paths for this plane strain problem have been presented only
in the s':t and s:t effective and total stress planes. It is instructive to
consider, at least qualitatively, what the stress paths might look like in
.the deviatoric view of principal stress space- that was introduced in
Section 10.2 and used in Section 10.3.4 and Fig. 10.15c. The initial stress

state B results from a one-dimensional history, so ¢, = ¢’ and point B

lies on the projection of the o, axis (Fig. 10.18, where again principal
stresses ¢,05, and ¢ are assigned to the z,x, and y directions,

nfersiali
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respectively). The precise details of path BD, as the difference between the
vertical and horizontal stresses increases, depend on the details of the
assumed soil model; the path shown in Fig. 10.18 is'a qualitative estimate.
As soon as plane strain deformation begins, the stresses ¢, and ¢’ are no
longer equal, and the stress path leaves the projection of the ¢, axis. This
is just a reflection of the fact that plane strain stress paths cannot be
followed in a conventional triaxial apparatus, in which two principal
stresses are always equal, ¢, = o7.

On the centreline, the directions of the principal stresses remain

horizontal and vertical as the embankment is constructed. Away from the

centreline (e.g. Y in Fig. 10.17a), there is no longer the same symmetry,

Fig. 10.17 (a) Elements beneath centre and edge of long embankment; (b)
stress paths in s":t and s:t planes.
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Fig. 10.18 Stress paths for elements deforming actively or passively in plane
strain seen in deviatoric view of principal stress space.

9
X

b



10.4 Plane strain stress paths 333

and vertical and horizontal planes experience a development of shear
stresses as the embankment is built. The principal axes rotate, and the

stress state can only be incompletely depicted in a stress plane whose axes 4:vc « gicv ire ol

are defined as functions of principal stresses, such as the s:t plane of
Fig. 10.17b or the deviatoric view of principal stress space of Fig. 10.18.
There are still no shear stresses on planes normal to the length of the
embankment, so there are still two principal effective stresses ¢/, and ¢’ in
the xz plane. An s':t or s:¢ stress path could therefore still be generated
for the xz plane, but the rotation of principal axes cannot be shown in
such a diagram.

10.4.3  Elements adjacent to long excavation

)

A section through a long trench excavation is shown in Fig. 10.19a . ora 0 L

with elements of soil X and Y adjacent to the wall of the excavation and "+ ==
beneath the base of the excavation, respectively. The total and effective
stress paths for element X (Fig. 10.19b) are essentially the same as those
for an element behind a retaining wall which is moving forward, so the
soil deforms actively with the vertical stress driving the deformation.
The directions of the principal stresses remain essentially unchanged
during the movement of the wall, so the vertical and horizontal effective
stresses o, and o}, can be associated with the principal effective stresses
o, and ¢’;. The vertical total stress at X remains essentially constant as

Fig. 10.!_9_ (é) Elcmignts of soil beside and beneath excavation; (b) stress paths
in 5:t and s:t planes. ‘
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the wall deforms, so

ooy ' (10.452)

6s=—2—“='4 5t S (10.45b)

and the total stress path has a slope of — 1 in the s:¢ total stress plane.

As the soil moves forwards towards a state of active failure, do, <0
and, from (10.452), 6t > 0. The corresponding total stress path BCD is
shown in Fig. 10.19b. If the deformation of the wall occurs rapidly, then
the soil deformation is undrained and the -effective stress path, again
assuming an initially lightly overconsolidated condition, is B'C'D’
(Fig. 10.19b). The mean effective stress s’ remains constant for plane strain
constant volume deformation so long as the soil behaves elastically and
1sotrop1cally (B'C’); but because the total and effective stress paths are-
converzmg, the pore pressure falls. When yielding occurs at C', the pore
pressure may start to increase as the effective stress path turns towards
the active failure line. What happens as pore pressure equilibrium is
re-established in the soil behind the excavation depends on the drainage
conditions that it imposes. If the water table is able to regain the position
it occupied before the excavation was created, and if the total and effective
stress states regain their in situ separation BB, then.the effective stress
state moves further towards the failure line (D'E’). In practice, however,
it might be expected that the presence of the excavation will lead to a
lower equilibrium. water table in the adjacent soil, with lower pore
pressures and improved stability.

The element Y beneath the base of the excavation is subjected to a
large drop in total vertical stress with perhaps only a small change in
total horizontal stress. Then

day (10.46a)
S5~ %’— =5t ‘ (10.46b)

and since do, < 0, 6t < 0. The total stress path BFG is shown in Fig. 10.19b.
For undrained deformation, the effective stress path initially shows no
change in mean effective stress s’ until yielding occurs (B'F’), followed by
reduction in effective stress towards the passive failure lines as the soil
deforms plastically (F'G’). Because the total stress path shows a large
decrease in mean stress s, the effect of dissipation of pore pressure may
tend to move the effective stress state still closer to passive failure (G'H'),
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though, of course, details of this path depend on the ultimate ground
water conditions. L i

In the deviatoric view (Fig. 10.18), the actively deforming element X
again follows a stress path of the general shape BD, though in this case
the deformation is being driven by a decrease in horizontal stress ¢’, rather
than an increase in vertical stress ¢'|. The passively deforming element Y
follows a path such as BG. In both cases, the plane strain constraint causes
o', and ¢, to differ from each other as soon as deformation begins, and
both paths leave the projection of the o', axis.

10.4.4  Element in long slope e :
‘The analysis of the stability of a slope of soil which is long in its .
direction of dip was considered in Section 7.6. If the slope is also of large
lateral extent (in its direction of strike), then deformations can be assumed
" -to occur in plane strain. At an element X in such a slope (Fig. 10.20a),
the principal axes of stress are certainly not vertical and horizontal, but
the principal total stresses ¢, and o3, and hence the values of s and ¢, can_
be calculated following the ,anélySis of Section 7.6. '
It was shown in Section 7.6 that the stability of the slope was severely
reduced when pore pressures associated with steady seepage parallel to
the slope and down the slope were present in the soil. The presence of
any positive pore pressure in the soil makes the effective mean stress s’
lower than the total mean stress s and hence impairs the stability of the
slope. Conversely, the presence of any negative pore pressure in the soil
makes the effective mean stress s’ higher than the total mean strcss s and
" hence enhances the stability of the slope.
In tropical areas such as Hong Kong, where ramfall and temperature
- changes are seasonal, high negative pore pressures may be present in near
surface soils for much of the year as a result of low ground-water levels
and less than complete saturation of soil voids. Slopes in such soils may
‘be able to stand stably at angles con51derably in excess of their effectlve

an 10.20 (a) Element in long slope with infiltration of rainfall; (b) stress paths
ins’:t and s:t planes. _
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~angle of friction (see Section 7.6) provided the prescncé of these negative

pore pressures can be guaranteed. When the rain does come, water may
infiltrate from the ground surface (Fig. 10.20a), fill the pores in the soil,
and remove some or all of the negative pore pressure. Whether or not
this leads to failure of the slope depends on the strength that the soil can
mobilise on the approprite effective stress path. Brand (1981) suggests

- that the change in pore pressure occurs at essentially constant total stresses;

in the s:t and s5":¢ stress planes, the total and effective stress paths are as
shown in Fig. 10.20b. The initial negative pore pressure puts the initial

~ effective stress state B’ to the right of the total stress state B (s'> s). As

the pore pressure increases (becomes less negative), the effective stress path
moves from B’ to C’ at constant shear stress ¢, and the total stress remains

“unchanged.

Previous examples of stress paths have demonstrated that plane strain
conditions diverge from axially symmetric conditions, and this divergence
is particularly evident when the deviatoric projection of Fig. 10.18 is
considered. This example indicates that, even with the distinction between -
plane strain and axial symmetry temporarily set aside, the nature of the
triaxial test which might be most relevant for assessing the performance
of the soil in the slope is very different from the standard compression
test that might automatically be performed. The standard drained test
reaches failure after steady increase of stress ratio q/p’, with deviator stress
increasing at constant cell pressure. The test that is suggested by the
effective stress path in Fig. 10.20b also induces failure by steady increase
of stress ratio g/p’ but with the deviator stress held constant as the mean
effective stress is reduced. '
10.5  General stress paths - ’ ‘

It should be clear that the range of geotechnical situations for
which stress paths can be qualitatively assessed with any confidence is
rather limited. As the geotechnical structure becomes more complex, the
stress paths also become more complex and more uncertain, and the
possibility of reproducing them in a laboratory testing apparatus becomes
more remote. = » ‘

That is not intended as a cry of despair, however, because the whole
object of developing numerical models for soil behaviour is precisely to
provide a rational basis for the extrapolation from the known region of
laboratory test data towards the unknown region of actual field résponse.
Numerical analyses such as those presented in Section 11.3 will then give
an indication of the stress paths expected by the computation and reveal
the extent of the necessary extrapolation.
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10.6 Undrained strength of soil in various tests

The behaviour of soils can be described in terms of effective
stresses using numerical models of which Cam clay is only one example.
There are many ways in which limiting conditions can be reached with
these models, and each could be used to define a failure state and hence

‘a strength for the soil. This section is concerned with a subset of these

limiting conditions, failure states reached in undrained, constant volume
tests which define values of undrained strength for the soil.

The undrained strength of soils can be measured in many different tests
in the laboratory or in situ in the ground. Engineers often talk about the
undrained strength of soil in a way which ignores not only the various
modes of deformation to which soil elements can be subjected in these
tests but also the differences between the stress and strain paths that may
be followed in these tests, and the stress and strain paths that may be
relevant for any particular problem of design or analysis: Stress paths in
certain practical problems have been discussed in previous sections; here
the differences arising from various testing configurations are considered.

Undrained strengths are typically used in traditional plastic collapse
analyses for geotechnical structures which involve the rapid loading of
clays. These analyses usually implicitly assume that the undrained failure
of soils is governed by a Tresca failure criterion (Section 3.2), so that it is
assumed that, irrespective of the mode of deformation, the maximum shear
stress that the soil can support is the same. This makes it very easy to
justify using undrained strengths obtained, for example, from triaxial tests
for analysis of the collapse of plane structures but takes no account of
the overall effective stress response of the soil, of which undrained testing
explores only a small part. The behaviour of soils is fundamentally

~ described in terms of effective stresses, and any other statement about soil

response must be consistent with the underlying effective stress behaviour.
Various soil tests will be compared in Section 10.6.1 through the modes
of constant volume deformation that they impose; this gives a clear visual
impression of the differences. In Section 10.6.2, the Cam clay model will .
be used to calculate the undrained strengths, thought of as the values of
maximum shear stress, that would be measured in different soil tests.

10.6.1 Modes of undrained deformation
A series of constant volume deformations of an initially cubical
soil element are shown to an exaggerated scale in Fig. 10.21. The soil
elements are assumed to have been taken from or to be in the ground
with the z axis vertical. ‘
Figure 10.21a shows the deformation that is imposed in a triaxial
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Fig. 10.21 Modes of constant volume deformation: (a) triaxial compression,
(b) tnaxial extension, (c) plane strain compression, (d) plane strain extension,
(¢) pressuremeter cylindrical cavity expansion, (f) simple shear on vertical sample,
(g) field vane, and (h) cone penetration test.
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compression test. The radial tensile strain of the triaxial sample has half
the magnitude of the axial compressive strain:

e.=—2,=-—2,; >0 .- (10.47)
(with compressive strains positive). The deformation imposed in a triaxial

extension test (Fig. 10.21b) is the opposite of this: whereas compression
makes the element short and fat, extension makes it tall and thin. Thus,

- ¢

s,=s,=—2—-:;‘ e, >0 (10.48)

In plane strain tests on samples taken vertically from the ground, the
strain in one of the originally horizontal directions, for example, the y
direction, is zero. Plane strain compression (Fig. 10.21¢c) corresponds
to active loading of the soil with the sample becoming shorter (e

compress:ve) ,
L E.=—g,, e—-O £.>0 : - (10.49)

and plane strain extension (Fig. 10.21d) corresponds to passive loading of
the soil with the sample becoming thinner (e, compressive),

&= —E,, g=0 >0 ' (10.50)

Expansion of a long cylindrical cavity is used in the pressuremeter test

to determine in situ properties of soils (Baguelin, Jézéquel, and Shields,

1978; Mair and Wood, 1987). A schematic diagram of a pressuremeter is

shown in Fig. 10.22. A long cylindrical rubber membrane is expanded by

- internal pressure, and the radial or volumetri¢ expansion of the cavity is

measured. The soil is deformed in plane strain with the vertical z direction

- as the direction in which no strain occurs. Soil elements are compressed

in the radial direction, and a balancing circumferential extension has to

occur to maintain the constant volume condition. Converting this to a

deformation mode for the cubical element (Fig. 10. 21e) we find the strain

path to be specified by

&=—6, &=0 >0 | ' (10.51)

Fig. 1022 Expansion of cylindrical cavity in pressuremeter test.

e = o =
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Such a deformation could be imposed in a plane strain apparatus in the
laboratory, but it is more common for plane strain tests to be performed
with no strain in one of the horizontal x or y direqtions. as shown in
Figs. 10.21c,d. ) s
The strain paths associated with undrained triaxial compressxon (TO),
triaxial extension (TE), plane strain compression (PSC), plane strain
" extension (PSE), and pressuremeter expansion (PM) are shown in
Fig. 10.23a in the deviatoric projection of principal strain space. Since
these are all constant volume paths, the deviatoric proy:ctnon prowdes a -
true view of each path, with no foreshortening.
Some results of simple shear tests on soils were presented briefly in
‘Sections 6.5, 8.3, and 8.6. After conventional triaxial apparatus, simple -
shear apparatus are probably the most frequently used pieces of equipment
for laboratory investigations of the stress:strain behaviour of soils; simple
shear tests provide the only readily available oppbrtunity for studying the
effects of rotation of principal axes-on the stress:strain behaviour of soils.
The mode of deformation in a simple shear test is shown in Fig. 10.21f.
The sample is deformed in plane strain so that g, = 0. In the xz plane, the
deformation is such that the shape of the sample changes from a rectangle
toa parallelogram:'l'hcre is no direct strain in the x direction, and because
the deformation is assumed to be at constant volume, there is no vertical
strain either. The only non-zero component of strain is the shear strain y,.:

) ge=6=6=0 7,#0 ‘ (10.52)

Fig. 10.23 (a) Deviatoric strain paths and (b) deviatoric stress paths according
to Cam clay model ‘with Mohr—Coulomb failure in constant volume triaxial
compression TC, triaxial extension TE, plane-strain compression PSC, plane
strain extension PSE, and pressuremeter cylindrical cavity expansion PM.
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It is not easy to show the expected modes of deformation for in situ
tests other than for the pressuremeter. Two tests commonly used for the
in situ estimation of strengths of soil are the vane and the cone penetration
test. The exaggerated deformation of an element X of soil around the
outer radius of a cruciform vane being rotated in the ground, before a
failure surface has developed, is shown, tentatively, in Fig. 10.21g. This
element of soil is subjected to a deformation rather like the simple shear
deformation of a sample with its vertical axis in the apparatus
corresponding to a horizontal direction in the ‘ground (compare
Figs. 10.21f, g):

ge=g,=£=0  y,#0 . ’ T (10.53)
On the other hand, an element Y of soil which is going to form part of
the top or bottom horizontal failure surface created by the rotating vane
is, before the failure surface forms, subjected to a mode of deformation
similar to the simplé shear test on a sample with its vertical axis
corresponding to the vertical direction in the ground (Fig. 10.21f).

A cone penetration test pushes elements of soil through a variety of
modes of deformation. The penetration of the tip may subject soil elements
ahead of the tip to deformations similar to those experienced in the
expansion of a spherical cavity (Fig. 10.21h). Expansion of a spherical
cavity in an isotropic soil subjects elements of soil to the constant
“volume deformation associated with conventional triaxial compression
(Fig. 10.21a); there are now two circumferential directions which elongate
equally as the radial deformation increases and radial compression occurs.
However, only the elements of soil directly below the tip of the cone are
~ correctly equivalent to vertical soil samples, that is, to conventional triaxial
samples taken from the ground with their axes vertical, in the z direction
(A in Fig. 10.24). Other elements are equivalent to‘inclinéd samples

.Fig. 10.24 Inclined cylindrical samples taken out of the ground with their axes
in a vertical plane. - ’ )
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(B,C,D, and E in Fig. 10.24), and any anisotropy of the soil strongly
influences their behaviour.

The penetration of the shaft of the cone is similar to the pcnetratlon of
a driven pile which Randolph, Carter, and Wroth (1979) have suggested
is equivalent to the undrained expansion (or rather creation) of a long
cylindrical cavity. Soil elements away.from the heavily disturbed zone
- adjacent to the cone might therefore be subjected to deformations similar
to those imposed in the pressuremeter test (Fig. 10.21e). It is because the
cone penetration test causes such a variety of modes of deformation that
there is such an uncertainty concerning the correct factor to be used to
convert cone penetration resistance-to some shear strength parameter for
a soil (e.g. see Meigh, 1987).

. Eachsoil test subjects elements of soil to different modes of deformation.
It is for this reason that.it is inappropriate to talk about the undrained
strength of a soil without stating by what means this particular strength
was determined. Triaxial compression strengths and field vane strengths
are perhaps the commonest strengths that are quoted in the literature.
The various diagrams in Fig. 10.21 show that, quite apart from any other
factors which may influence the strengths determined in any particular
test, the modes of deformation are so different that similarity of values

should be regarded as the exception rather than the rule.

10.6.2 Undrained strengths: Cam clay model

So.far the discussion of the differences between various tests has
- been largely intuitive. It is possible to quantify these differences if
assumptions are made about the way in which the soil behaves. When
the strength of the soil was discussed in Chapter 7, it was really only the
strength of soils in conventional triaxial compression (and extension) tests
that was considered; stress and strain paths associated with common tests
and with geotechnical constructions escape from the constraints imposed
by the triaxial apparatus, and it is necessary to suggest what might be
expected in other parts of the deviatoric projection of stress space, away
from the diameter XOY in Fig. 10.18.

The Cam clay model described in Chapter 5 is a simple elastic—plastic
model of soil behaviour which goes at least some way towards
incorporating a rather more realistic description of the effective stress
changes that occur in constant volume shearing. In Chapter 5 this model
was described only in terms of stress changes that could be applied in the
conventional triaxial apparatus. It is necessary to make some assumptions
about how this observed response should be extrapolated to more general
stress conditions. Experimental data for non-axially symmetric stress
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conditions are few (and to some extent contradictory). The simplest
possible assumption is that the response of the soil depends on the mean
effective stress p’ and a general deviator stress g as defined in Section 1.4.1.
For a set of principal stresses, ¢,05,,0%, the mean effective stress p’
indicates the extent to which the stresses are all the same:

o +o5+ oy
- 3

The general deviator stress q is a function of principal stress differences
and indicates the extent to which the stresses are not the same:

fa'z —d3)? + (0 —0))* + (0, — 03)?
q == -
. 2 .
The values of p’ and g represent (with factors of proportionality) the
distance in principal stress space (Fig. 10.3a) along the mean stress axis
K = o), =0 and the orthogonal distance from the current effective stress
7stat_e to this axis, respectively. It is convenient to assume that the
stress:strain behaviour of soil depends only on p’ and q: the Cam clay
yield surface is assumed to be formed by rotation about the mean stress
axis (or stress space diagonal ¢, = ¢, = ¢}) (Fig. 10.25), and any section
through the yield surface at constant mean effective stress p’ is consequently
a circle.
The Mohr-Coulomb failure criterion specifies a maximum value for
the ratio between major and minor principal effective stresses:
o _ltsing | (10.37bis)
oy 1—sing’ , :

This expression involves only two of the principal effective stresses and

’

(10.54)(cf. 1.34)

(10.55)(cf. 1.35)

Fig. 10.25 Ellipsoidal yield surface of Cam clay model in principal effective
stress space (drawn for M =0.9).
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requires nothing of the remaining principal effective stress o}, except that
it should. be intermediate between the other two. In different parts of
principal effective stress space ¢/ :0%:0" (Fig. 10.3), the major and minor
principal stresses are associated with different pairs-selected from the three
axes 1:2:3. The assignment of relative magnitudes of principal stresses
can be seen in the deviatoric view (Fig. 10.3¢c). In terms of ¢ :6%:075, (10.37)
becomes six separate expressions defining six planes through the origin

_of principal effective stress space which intersect to form an irregular

hexagonal pyramid centred on the axis o) =0/, = ¢’, (Fig. 10.26a) and
having an irregular hexagonal section in the deviatoric view (Fig. 10.26b).
This can be compared with the shapes of the Tresca and von Mises yield
criteria proposed for metals, which produce prismatic yield surfaces
(Fig. 3.7) with regular hexagonal and circular sections in the deviatoric )
view (Fig. 3.8). , . :

The experimental evidence from laboratory tests with general stress

Fig. 10.26 (‘a) Mohr-Coulomb failure criterion as hexagonal pyramid in
principal effective stress space; (b) section through Mohr-Coulomb failure
criterion at constant mean effective stress p’ (drawn for ¢’ = 23°),

(b)



10.6 Undrained sfrength of soil 345

conditions (e.g. see Gens, 1982) suggests that the critical state failure of
soils can be more accurately approximated by a Mohr—-Coulomb failure
criterion with a constant angle of shearing resistance, the irregular
hexagonal pyramid of Fig. 10.26, than by the von Mises criterion that the
generalisation of Cam clay with only p’ and q implies (Fig. 10.25). It is
assumed here, therefore, that although the prefailure stress:strain
behaviour is described by Cam clay with expanding ellipsoidal yield
surfaces as shown in Fig. 10.25, failure is governed by a Mohr-Coulomb
failure criterion with angle of shearing resistance corresponding to the
critical state reached with Cam clay in triaxial compression. The resulting
model is then described by a sort of intersection of the Cam clay ellipsoid
and the Mohr-Coulomb hexagonal pyramid (Fig. 10.27a). At any value
of mean stress p’, the value of general deviator stress g that can be

Fig. 10.27 <(a) Ellipsoidal yield surface of Cam clay model combined with
irregular hexagonal pyramid of Mohr-Coulomb failure criterion; (b) sections at
constant mean effective stress p’ (drawn for M = 0.9, ¢’ = 23°).

(b)
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reached depends on the direction of loading in"the deviatoric projection
(Fig. 10.27b).

No attempt has been made to include the Hvorslev surface
representation of peak strengths for heavily overconsolidated clays
(Section 7.4.1) in this composite model, which is being applied here only
to the estimation of undrained strengths of normally compressed clays.
Tests on initially one-dimensionally normally compressed soil are
considered. The initial effective stress state resulting from one-dimensional
compression emerges from the model without further assumption, as
described in Section 10.3.1.

Calculations of the undrained strengths expected in various tests have
been made using v' =0.3 and A =0.8 as a typical set of parameters, and
the effect of various values of M [related to angle of shearing resistance
¢’ in triaxial compression through (7.9)] has been studied. The resulting
values of undrained strength c,, which is usually the maximum shear stress
- measured in each particular test, are normalised with respect to the effective
vertical consolidation pressure o”_ that exists before the test is started.
The resulting strength ratios c,/o.. are shown in Fig. 10.28.

A typical set of stress paths in the deviatoric view of stress space is
shown in Fig. 10.23b. So long as the soil is behaving isotropically and
elastically inside the yield surface, constant volume deformation implies
no change in mean effective stress p/, and the deviatoric stress paths have
the same directions as the deviatoric strain increment paths shown in

Fig. 10.28 Dependence of strength ratio ¢,/o.. on angle of shearing resistance
¢’ for normally compressed soil according to Cam clay model combined with
Mohr-Coulomb failure criterion (TC, triaxial compression; TE, triaxial
extension; PS, plane strain; PM pressuremeter; DSS, direct simple shear; Fv

field vane).
0.3f
0.25F
c\l
% 0.2}
0.15F -
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Fig. 10.23a. However, the stress paths bend round when yielding occurs.
The occurrence of plastic volumetric strain in undrained deformation
requires, following Section 4.3, changes in mean effective stress through
development of pore pressures in order to produce equal and opposite
elastic volumetric strains and an overall constant volume condition.
Therefore, the stress paths shown in Fig. 10.23b do not actually lie in a
single deviatoric plane at constant p’; the diagram represents projections
of three-dimensional paths.

The symmetry contained in the model and in the Mohr- Coulomb failure
criterion forces the strength ratios for plane strain compression and
extension to be the same. According to this model, the strength ratio for
plane strain is always higher than that for triaxial compression.

~ The pressuremeter tests run into an ambiguity. In the analysis of the
pressuremeter test (Mair and Wood, 1987), the apparent undrained
strength is calculated from the difference between the radial and
circumferential effectlve stresses at failure, which implies, in terms of the
stresses 0,,0,,0.,

c =5L2—“— e (10.56)

There is a possibility, however, that for a low value of K, (which from
Fig. 10.5 implies a high value of angle of shearing resistance ¢’ and a high
initial value of stress ratio g/p’ =, ), failure can occur with the vertical
stress o~ still the major principal stress (¢} > 65 > ¢ in Fig. 10.3c, with
principal stresses ¢, 0%, 073 assigned to the z, x, y directions, respectively)
instead of the intermediate stress as assumed in the analysis (¢ > o', > o’
in Fig. 10.3c, with the same assignment of stresses). The undrained strength
which is calculated from (10.56) is not then the maximum shear stress
sustained by the soil. For the particular set of soil parameters used here,
the two results diverge only for values of ¢’ above about 31°.

For the simple shear test, further assumptions are required. De Josselin
~ de Jong (1971) shows that there are two alternative sets of failure planes
on which deformation can occur, both compatible with an overall simple
shear deformation. The most obvious set of planes is the horizontal set
shown in Fig. 10.29b, and the corresponding Mohr circle of effective stress
(Fig. 10.29a) shows that the horizontal planes are planes on which the
largest angle of friction in the soil is mobilised. Alternatively, deformation
can take place on a vertical set of planes (Fig. 10.29d) with accompanying
rotation to give the overall simple shear deformation. In this case, the
maximum angle of friction is mobilised on these vertical planes
(Fig. 10.29¢c), and the angle of friction mobilised on the horizontal
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boundary of the sample may be considerably lower. De Josselin de Jong
maintains that this second mode of deformation is likely to be attained
by many soils more easily than the first. Randolph and Wroth (1981) show
some experimental evidence in support of this cbr;tention. In either case,
however, the shear stress measured on the horizontal boundary of the
sample is lower than the maximum shear stress experienced by the soil
by a factor cos ¢’ (see the Mobhr circles in Figs. 10.29a,¢). Simple shear
deformation is a plane strain process, so it can be assumed in the
Cam clay model that the changes of principal effective stresses that are
experienced during the simple shear test are the same as those experienced
during a plane strain compression test; the only difference, the rotation
of the directions of the principal stresses, is assumed to have no effect per
se. Then the shear strength in the simple shear test, which should more
properly be called a measured maximum shear stress, is lower ‘than the
mobilised strength and can be calculated by multiplying the undrained

Fig. 10.29 Simple-shéar deformation with sliding on (a), (b) horizontal planes
and (c), (d) vertical planes combined with rotation (after de Josselin de Jong,
1971). )
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strength in plane strain compression by cos ¢’. The factor cos ¢’ decreases
as ¢’ increases, and the curve for the apparent simple shear strength in
Fig. 10.28 diverges steadily from the plane strain compression curve and
actually reaches a peak at an angle of friction of about 40°.

It was suggested in Fig. 10.21g that elements of soil around the boundary
of the cylinder of soil that is brought to failure in the ground by a rotating
field vane would, before a failure surface actually forms, be subjected to
a mode of deformation approximating to the simple shear of a sample
taken out of the ground with a horizontal axis destined to become the
vertical axis in the apparatus. By the same argument as in the previous
paragraph, the shear stress in the soil on that vertical failure plane is lower
than the undrained strength of the soil by a factor cos ¢’. The undrained
strength could be estimated from an appropriate plane strain test in which
no rotation of principal axes occurs, which in this case is the pressuremeter
test. Wroth (1984) presents experimental data and theoretical analyses
which show that the contribution of the shear stress mobilised on the top -
and bottom surfaces of the failing cylinder of soil to the torque required
to rotate the vane is often consider’ably smaller than the contribution from
the vertical surface. The curve of vane strengths (FV in Fig. 10.28) is simply
estimated from the pressuremeter strength (PM) multiplied by cos ¢". There

'is again the problem that for angles of shearing resistance greater than
about 31° (a high angle for normally compressed clay) failure occurs
‘according to the Mohr—Coulomb criterion, with the vertical effective stress -
still the major principal effective stress. If the contribution to the torque
from the horizontal shear surfaces is reckoned to be non-negligible, then
the shear stress on these surfaces is similar to that measured in the simple
shear test, and the field vane curve (FV in Fig. 10.28) would move nearer
. to the simple shear curve (DSS). : -

It is not really worthwhile to labour the assumptions behind this
particular model. It was noted anyway in Section 9.6 that the trend of
major increase of strength ratio c,/g;, with increasing angle of shearing
resistance ¢’ (and hence by implication with decreasing plasticity I,) is
not supported by experimental evidence. Nevertheless, similar conclusions
about the dependence of the measured strength on the mode of testing
have been drawn by, for example, Prévost (1979), Levadoux and Baligh
(1980), Borsetto, Imperato, Nova, and Peano (1983), using other more
elaborate models of soil behaviour.

For a typical value of ¢’ between 20° and 25°, the sequence of strength
values shown in Fig. 10.28 is PS > PM > TC > DSS > FV > TE. Typical
field data for an Italian soft clay site that are based on tests reported by
Ghionna, Jamiolkowski, Lacasse, Ladd, Lancellotta, and Lunne (1983)
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Table 10.1 Undrained strength ratios in different tests

C“/a;c
Clay I, TC \ TE PSC PSE PM DS§*
Bangkok (1) 085 072 037 — — — 060
Boston blue (2) 021 0328 0.130 0335 0.175 0210 0220
Drammen (1) 029 039 020 — — — 035
Haney(3) 0.18 0268 0.168 0296 0211 — —
AGS marine clay (4) 043 0325 0200 — —  — 028
James Bay intact(5) 0.16 045 0235 — — — 032
James Bay destructured (5) 0.335 0.20 — — — 0 275

Notes: (1) Data from Prévost (1979)

{2) Data from Levadoux and Baligh (1980)

(3) Data from Vaid and Campanella (1974) -

(4) Atlantic Generating Station marine clay, data from Jamiolkowski, Ladd,
Germaine, and Lancellotta (1985)

(5} Data from Jamiolkowski et al. (1985)

*Measured shear stress on horizontal surfaces, increased by 10% to allow for
non-uniform boundary stresses (e.g. see Wood and Budhu, 1980).

Fig. 10.30 Field data of undrained strength measured with different tests at
Porto Tolle, Italy (after Ghionna, Jamiolkowski, Lacasse, Ladd, Lancellotta,
and Lunne, 1983) (TC, triaxial compression; TE, triaxial extension; PM,
pressuremeter; DSS, direct simple shear; FV, field vane).
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are shown in Fig. 10.30. The variation of deduced strength with depth
differs from test to test; the sequence of magnitudes is similar to that
deduced from Fig. 10.28 (except that DSS and FV are interchanged), but
the spread of magnitudes is rather greater.

A series of values of the strength ratio ¢, /o determined from laboratory
experiments on a number of one-dimensionally normally compressed clays
are tabulated in Table 10.1. These data confirm the theoretical conclusion

“even though the numerical values may be different from those predicted
with the Cam clay model. An additional moral can be drawn from the
discussion about the simple shear and vane tests: in these the apparent -
undrained strength that is deduced is a shear stress mobilised on a
particular plane or surface and is not necessarily the maximum shear

~ stress experienced by the soil. There is even less reason to expect that this
mobilised shear stress should be the same as an undrained strength
measured as a maximum shear stress in another device.

10.7 Conclusion ' :

In Sections 10.3, 10.4, and 10.5, qualitative stress paths for a
number of field situations were discussed to show that different
geotechnical constructions would load and deform soil elements in
different ways. Lest it be thought that this comparison and distinction of
stress paths was unnecessary, examination in Section 10.6. of the stress
paths applied in different common soil tests showed that even something
as- apparently straightforward as undrained strength of soils is not
independent of the stress path (or strain path) on which it is measured.
In particular, undrained strengths (and other soil properties) determined

~ under_conditions of plane strain are not in general the same as undrained --

strengths (and other soil properties) determined under conditions of axial
symmetry. However, most soil testing is actually done under conditions
of axial symmetry, whereas plane strain conditions obtain more frequently’
-in practice. It is necessary to be aware of the distinction when selecting
soil parameters for design purposes.

Exercises
E10.1. Estimate the total and effective stress paths in s:t, s':t, and
deviatoric stress planes for elements of soil behind a typical gravity
wall retaining clay soil which moves rapidly towards a condition
of (a) active, and (b) passive, failure. - -
Consider two long-term drainage conditions:

i. Drainage beneath the wall is so effective that the water table
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in the neighbourhood of the wall is drawn down to the level -
of the base of the wall. :

ii. Drains through the wall become blocked, and the water table
remains at the original ground surface which is level with the
top of the wall.

" An element of Cam clay, with soil parameters 4 = 0.193, k = 0.047,

M =097, N=3.17, and G’ =2400kPa is in a normally com-
pressed state subjected to the following stresses, referred to

‘right-handed cartesian axes:

¢, =110kPa 7, =25kPa o, =S4kPa

E10.3.

E104.

.. =67kPa 7,,=0 1., =0

~ The element of soil is subjected to the following drained changes

in stress, referred to the same axes:

o, =2kPa 6t ,=3kPa 4o, =1kPa
¢, =4kPa  61,=0 6t., =0 ]

Making appropriate assumptions, calculate the increments of

volumetric and shear strain. Calculate direction cosines for the
principal axes of stress increment and strain increment and for
the principal axes of stress before and after the increment.

A sample of Cam clay is set \up‘in a true triaxial apparatus in a
normally compressed condition with effective stress ¢, = 200kPa
and ¢, =05 =130kPa. What should the principal effective

stresses be at yield and at the critical state in the following

undrained tests?

- 1. Axisymmetric compression og, >0, o, = d¢e,

il. Axisymmetric extension og, <0, d¢e, = d¢,
ili. Planestrainactive og; >0, e, =0
iv. Planestrain passive 0e; =0,0e53>0
v. Pressuremeter expansion de, =0,8¢e, >0

Assume that the behaviour of the clay can be described in terms
of general stress quantities p’ and q, appropriately defined; that
the mean effective stress at the critical state is independent of the
preceding strain path (note that this is a different assumption
from that in Section 10.6.2); and that the values of soil parameters
for the Cam clay model are M =1,05, 1=0.213, «=0.036,
N =3.58, G'=1780kPa.

A thin-walled hollow cylindrical sample of soil of mean radius r
and wall thickness ¢ is compressed isotropically under an effective
pressure P,. It is then subjected to a drained test in which a
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torque aQ is applied, the axial stress is increased to P, + aa, the
internal pressure is reduced to P, — ab, and the external pressure
is increased to P; —ac. Choosing suitable definitions of average
stress components, find expressions for the principal stresses
acting on a typical element of soil.

“For a particular specimen, 20b=20c=a=0/2nr*) and
r = 10t. The behaviour of the soil can be described by the Cam
clay model with yield loci p'/p, = M?/(M? + 5?). If the sample
has been previously isotropically normally compressed to a mean
effective stress 2P, at what value of a does the soil start to yield?
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Applzcatlons of elastic— plastlc
models

11.1 Introduction

Some applications of elastic—plastic models to the evaluation or
prediction of the behaviour of real geotechnical prototypes are now
prcsentea. The first application links back to the discussion of stress paths
in the previous chapter: simple estimates of stress paths can be used to
illustrate both the onset of plastic deformation in soil beneath a surface
load and the influence that this plastic deformation has on the development
of excess pore pressures and the settlement of foundations. This should
be regarded as a pedagogic example to demonstrate the significance of
elastic—plastic behaviour rather than as a recommended solution to a
design problem. Once elastic—plastic descriptions of material non- -linearity
are introduced, it is rarely possible to av01d resort to computer-aided
numerical analyses.

The following section summiarises some more complete applications of
elastic—plastic models in numerical analyses made using the finite element
method. These examples have been chosen to illustrate the use of two
different elastic—plastic models. Although it may appear that this book
has placed undue emphasis on the Cam clay model, it is neither the only
nor necessarily the best model which can be used for numerical predictions.
There is an evident bias towards soft clay in these applications. The
framework of volumetric hardening models developed in detail in Chapter 4
is particularly suited to the description of soft clays. Sands can also be
described by elastic-plastic models, as has been hinted in Chapters 3 and
4, and stiff clays should in principle be described with the same models
as soft clays. However, the models that have been successfully used for
sand tend to be rather more complicated than those for clay, and stiff
clays require rather careful consideration of the nature of the assumed
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elastic response. Some of the extra features that can usefully be incorpo-
rated are discussed in Chapter 12.

In any application of an elastic-plastic model, it is necessary to select
values for the soil parameters on which the model is based. The way in
which this can be done is indicated in each of the finite element analyses.
In general, a model has to be ‘tuned’ by adjustment of the values of several
parameters to produce the best possible match to the available data from
laboratory (and possibly in situ) tests. There is a distinction between this
selection of parameters to optimise the fit provided by a given model and
the testing that might be required to verify the hypotheses on which that
particular model is constructed. For example, the elastic—plastic soil
models in Chapter 4 assume the existence of yield loci and plastic potentials ’
for soils. However, it is not in geheral feasible to perform the extensive
programme of probing tests necessary to confirm this assumption. The
Cam clay model in Chapter 5 assumes in addition that the yield loci and
plastic potentials are coincident and elliptical, but again it is not expected
that the testing will have 1nvest1gated these assumptions.

11.2 Circular load on soft clay foundation
11.2.1 - Yielding and generation of pore pressure :

On the centreline beneath a circular load, such as the tank in
Fig. 11.1, conditions of axial symmetry obtain, and stress paths and strain
increments can be described in terms of the triaxial variables p’, q and
d¢, ,08,. A tank of radius 5m is considered here. It is assumed that it
is ﬁlled rapidly, so that the underlying deep bed of soft clay on which
the tank is founded is initially loaded in an undrained manner; The soft
clay is described using the Cam clay model of Chapter 5. However, in
displaying effective stress paths, the Cam clay yield locus is indicated
partly by a dashed line: it is shown that for this application there is little
difference between statements made using the Cam clay model and

Fig. 11:1 Element X of soil at depth z on centreline beneath tank of radius a
applying uniform circular load C .
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Table 11.1 -

Soil parameter - : Symbol - Value
Saturated unit weight of soil y 16kN/m?
Unit weight of water , B Yw 9.81 kN/m?3
Angle of shearing resistance ¢ 23°

Slope of critical state line, from (7.9) M 0.898
Coefficient of earth pressure at rest for Kone . 0.61

clay in its normally compressed statc
from (10.15) -

Slope of normal compression line A 0.25
Slope of unloading-reloading line K ' 005
Hence from (5.20) T (A—-k)i=A 0.8
Location of critical state line in v: ]np T 25

- plane ,

Which implies from (6.11) - T+(A—-x)ln2=N 2.64
Elastic shear modulus - G 500kPa

a shape of yield locus corresponding more closely to the shapes found
from experimental probing of natural clays (see Chapter 3).

Values for a number of soil parameters are needed and are tabulated
in Table 11.1. '

In Section 10.3.3 we noted that most natural deposits of soft clay appear
to be lightly overconsolidated in situ, and, in this example, we assume that
the clay is lightly overconsolidated as a result of fluctuations of the water
table, which is currently at the ground surface but has been down to a
depth of 1 m. At each depth, the size of the current yield locus is controlled
by the past maximum stresses which were experienced by the soil when
the water table was at its lowest. In this normally compressed condition,
the ratio of horizontal to vertical effective stresses was oy./0,. = Kqp-
These preconsolidation stresses o/, and o}, are plotted in Fig. 11.2. From
these, the corresponding values of p. and g, and 7 =gq./p. can be
calculated; hence, for each depth, the size of the current yield locus p), can
be calculated from

Py e | (11.1)
p. M? : : .
For the combination of soil parameters used here, the values of p, are
almost identical to the values of a/,_. :
The current vertical effective stresses o; with the water table at the

“ground surface vary linearly with depth (Fig. 11.2). As a result of the
" fluctuation of the water table between the ground surface and depth

‘statements made using a volumetric hardening model which incorporates -
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d = 1 m, the overconsolidation ratio n at depth z is

5)G) ‘
n=1+2)(= (11.2)(10.40bis)
Y /\z

where y’ =y — y,, is the buoyant unit weight. The value of the earth pressure
coefficient at rest K, for the overconsolidated clay is assumed to be given by

Ko =Konn'"? (11.3)(cf. 10.24)

From this, values of “the current horizontal effective stress o,; can be
calculated (Fig. 11.2) and hence values of mean effective stress p] and
deviator stress g;. _

In terms of elastic—plastic soil models, the initially overconsolidated
state of the clay implies that at all depths the initial effective stress state
‘lies inside the initial yield locus (B’ in Fig. 11.3). If an element of this soil
is loaded without drainage in a conventional triaxial compression test,
from its in situ stress state, the total stress changes follow the path BCD
with slope Agq/Ap =3, but the effective stress changes are fixed by the
stress:strain behaviour of the soil and are largely independent of the total

stress changes. For a soil which behaves isotropically and elastically prior

to yield, the effective stress path shows no change in mean effective stress
p’ until the yield locus is‘reéched (at C" in Fig. 11.3). Once the soil has
~ yielded at C’, the effective stress path turns towards the critical state at
D', and pore pressures build up so that the recoverable, elastic expansion
arising from the reduction in mean effective stress can balance the

irrecoverable, plastic compression associated with the changing size of the

yield locus.

Fig. 11.2 Variation of past and present stresses with depth.
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The effective stress path B'C'D’ is the 'undrained effective stress path
which is followed whatever the total stress path, provided it involves
an increase in deviator stress g. Elements on the centreline beneath the
circular load (Fig. 11.1) experience axially symmetric changes of stress
(Section 10.3.4) and, in undrained loading, follow the same effective stress
changes B'C'D’ shown in Fig. 11.3, even though the total stress changes
are quite different. While all the soil beneath the circular load is deforming
elastically, the total stress changes can be deduced from straightforward

Fig. 11.3 Total and effective stress paths for undrained triaxial test on lightly
overconsolidated soil. ' '

q

" Fig. 11.4 Increases of total stresses on centreline beneath uniform circular
load on elastic half-space (Poisson’s ratio v = 0.5) (data from Poulos and Davis,
1974).
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elastic analysis. Tables and charts of elastic stress distributions have been
gathered by Poulos and Davis (1974) for a vast range of shapes and
configurations of loading, including the stresses on the centreline beneath
a flexible circular load of radius a, applying a uniform surface pressure {
(Fig. 11.1). The variations of changes in dimensionless total vertical stress

Ao,
o, =t / (11.4)
Al
total horizontal or radial stress
A , ,
o =t K (11.5)
A . .
total mean stress
: Ap - v : N -
a,=— . ’ 11.6
and deviator stress
. Aq . ;
A, =— ' - \ 11.7

with dimensionless depth z/a are shown in Fig. 11.4. The curves have
been calculated for Poisson’s ratio v= 0.5 as is appropriate for undrained
deformation of isotropic elastic soil (Section 2.2). At the ground surface,
z/a =0, the changes in vertical stress and horizontal stress are both equal
to the applied load, so the change in deviator stress is zero. The horizontal
stress and mean stress decay fairly rapidly with depth, but the vertical
stress falls off more gradually. The deviator stress rises to a maximum
value at a depth equal to about three-quarters of the radius of the loaded
area and is still more than half this maximum value at a depth equal to
the diameter of the loaded area. It is seen in Section 11.2.2 that this is
very significant for estimation of settlements.

The curves in Fig. }1.4 can be used to estimate the changes in total
mean stress p and deviator stress g that occur at an element X (Fig. 11.1)
beneath the load and hence to deduce the total stress path BC (see
Fig. 11.5). As the tank is filled, the soil initially all responds elastically,
and the excess pore pressure at any depth arises entirely from the change
in total mean stress that has developed at that depth. So, for example,
the pore pressure at X changes from its initial value because of the increase
in total mean stress between B and C (Fig. 11.5). From-(11.6), the ratio
of change of pore pressure u to change of surface load { is

(11.8)
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With a tank load of { = 10kPa, for example, the variation of excess pore
pressure with depth (see Fig. 11.6) matches the variation of «, shown in
Fig. 11.4. ' ' :

Once the soil has yielded at C', the effective stress path is controlled
by the simultaneous occurrence of plastic and elastic volumetric strains.
According to the Cam clay model, the effective stress path is defined by

’ M2+ 2\ A .
z%= (Mz_Jg) (1L9)(cf. 5.19)
¥

where p/, and n, are the values of mean effective stress and stress ratio at
the moment during undrained loading at which plastic strains began, and
* p’and 5 =g/p’ are current values of mean effective stress and stress ratio.
Once the effective stress path has passed through the initial yield surface
atC’ (Fig. 11.5), elastic analyses are no longer strictly valid because yielding

Fig. 11.5 Total and effective stress paths for element on centreline beneath
circular load. :

5

Fig. 11.6 Variation of pore pressure with depth for surface load { = 10, 14.5,
- and 20kPa. )
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elements of soil have a lower stiffness for continued increase in shear stress
than the surrounding still elastic soil. However, so long as only a small
proportion of the soil beneath the load has reached yield, the changes in
total stress calculated from the elastic analysis provide a reasonable initial
estimate of the actual total stress path. The total stress path BCD is shown
straight in Fig. 11.5, but the alternative dotted lines from C are added as
a reminder of the uncertainty. It can be supposed anyway that the change
in slope of the total stress path at C is less dramatic than the change in
slope of the effective stress path at C’ as it turns towards the critical state
line C'D". '

Assuming that the total stress changes are indeed still given by the
elastic analysis, we can calculate the excess pore pressures at any depth
after some yielding has occurred from the changes of total and effective
mean stresses. For a surface load {, the total mean stress at some depth |

~ can be determined from

p=p;+a, , (11.10)

and the deviator stress can be determined from
g=q;+ %L ' (11.11)

The effective mean stress p’ can be deduced implicitly from (11.9) (but not
explicitly since 7 is a function of mean effective stress) and then the current
€Xxcess pore pressure: . ,
Au=(p—p)—(p' —p)) - (1L12)
This excess pore pressure is now made up of two parts: one due to the
applied change in total mean stress and the other due to the change in

effective mean stress which is the consequence of yielding having occurred.
For example, at a surface load { =14.5kPa, the soil around a depth

z=3m (z/a = 0.6) has yielded, and the curve of variation of excess pore

pressure with depth (Fig. 11.6) shows a small blip at this depth. This depth
at which yielding first began is the result of a combination of two effects:

* the past history of the soil, which leads to a steady increase in the size p;,

of the initial yield loci with depth (Fig. 11.2), and the appliéd loading,
which (as is apparent from Fig. 11.4) produces the greatest shearing of
the soil (greatest «, and hence greatest increase in gq) at a depth equal to
about three-quarters of the radius of the uniformly loaded area.

Note that yielding and failure are in general quite distinct aspects of
the mechanical behaviour of soils. The onset of yielding corresponds to
a drop in stiffness of the soil, but in neither the triaxial test (Fig. 11.3) nor
the element beneath the circular load (Fig. 11.5) is the passage of the
effective stress path through the initial yield locus at C’ significant for
stability. )
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Whereas the laboratory test on a single element of soil terminates as
the effective stress path approaches D’ on the critical state line (Fig. 11.3),
field loading of element X can continue. As the effective stress path for
element X (Fig. 11.1) approaches point D' on the critical state line
(Fig. 11.5) the tangent or incremental shear stiffness local to point X
approaches zero, and the soil is unable to support any further shear stress.
However, a distinétio_n must be drawn between this local failure at a
particular soil element and general failure of a geotechnical structure. Just -
as a steel structure requires several plastic hinges to form a mechanism
of collapse (Baker and Heyman, 1969), so the geotechnical structure can

fail only if a mechanism of failure exists through the soil beneath the:

‘structure (Fig. 11.7). This requires that many soil elements have reached
a critical state; until that occurs, local attainment of critical states, or local
failure, is contained and supported by surrounding unfailed soil. .

The basic assumption of the critical state condition is that a state is
reached at which deformation continues without further change in effective
stresses: the effective stress path stops at point D’ in Fig. 11.5. In particular,

7no\ further change in deviator stress g can occur:

Changes in q arise from differences between changes in vertical total stress
o. and radial total stress o, ‘

8q = o, — b, ,  (11.14)
so (11.13) requires that, during this condition of contained failure,
S0, =0da,=06p ‘ (11.15)

and changes of total vertical stress and total mean stress are identical.
The change of mean effective stress p’ is zero because the effective stress
state has to remain at the critical state value; this implies that the pore
pressure changes are equal to the change in total mean stress and hence
to the change in total vertical stress:

ou = édo, : (11.16)
The effective stress state cannot change, so D’ and E’ (in Fig. 11.5) are at

the same point. However, the total stress path can move sideways at
constant g (DE in Fig. 11.5). An elastic analysis is not obviously relevant

Fig. 11.7 Mechanism of plastic collapse of long footing on clay.
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at this stage. However, finite element analyses show that the changes in
vertical total stress beneath a surface load are rather independent of the
soil model used, whereas the changes in horizontal total stress are much
more dependent on the particular model — which controls how much
resistance against lateral deformation the soil is able to provide (e.g. see
Héeg, Christian, and Whitman, 1968; Burland, 1971). An illustration of
this is provided by the fact that changes in total vertical stress calculated
using an elastic analysis are independent of the value of Poisson’s ratio
v that is used (see Poulos and Davis, 1974). It could be proposed that
when contained failure is reached at a particular soil element, the total
vertical stress is still given by elastic theory, whereas the total horizontal
stress adjusts itself so that there is no nett change in deviator stress q.
Equation (11.16) then implies that the rate at which pore pressure develops
with continuing increase of surface load { is

3 _'\az , o ‘ : (11.17)

At a surface load { = 20kPa, the soil has reached a critical state between
depths of about 1.5 and 5.5m and has yielded down to about 6.7 m. The
variation of excess pore pressure with depth is shown in Fig. 11.6. Again,
note that the pore pressures that are seen result from the combination of
present stress path with past history: consideration only of changes in
total stresses is insufficient to describe the response of the soil. Equally,
it is not possible to say that a particular soil element will behave elastically
or plastically from knowledge only of its past history; it is necessary also
to know how it is to be loaded so that it is possible to estimate whether
the transition from <elastic to plastic response is likely to occur under the
- applied loads. This will be apparent again when simple calculations of
settlements are considered in Section 11.2.2. 4

Another. way of displaying the information of pore pressure generation
and the onset of yielding at individual points is shown in Fig. 11.8. During
the conventional undrained triaxial compression test shown in Fig. 11.3,
changes in deviator stress Aq and axial total stress Ac, are identical and
the total stress path has slope dq/dp = 3. Initially, the change in pore
pressure is equal to the change in total mean stress, and a plot of change
in pore pressure against change in axial stress or deviator stress has slope
Su/6q = bu/ds, =% (BC in Fig. 11.8a). Once yielding begins, there is a
sharp increase in the rate at which pore pressures develop with further
increase in axial stress (CD in Fig. 11.8a). Even without any measurement
of deformation during the test, the occurrence of yield could be identified
from the effective stress path or the pore pressure changes.
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If the pore preésure at element X (Fig. Il1.1) is monitored with a
piezometer as the surface load { is increased, then a plot of change of pore
pressure against surface load has the form shown in Fig. 11.8b. From (1 1.8),
the initial slope BC, before the soil at this position starts to yield, is «,.
From (11.17), the final slope DE, once the soil at this position has reached
a critical state, is .. Between C and D, it was noted earlier that the total
stress path may or may not have been significantly affected by the
occurrence of yield; and it is not possible to make precise statements about
the slope CD in Fig. 11.8b..

Two circular test fills were built by the Norwegian Geotechnical Institute
on an instrumented soft clay site at Asrum, about 100 km southwest of
Oslo."Data from these field loading tests have been examined’ by Hoeg, -

Fig. 11.8 (a) Variation of porc pressure with applied deviator stress in
undrained triaxial test on lightly overconsolidated soil; (b) variation of pore

' pressure with applied surface load for element on centreline beneath circular
load; (c) variation of pore pressure with applied surface load for piczometers at
depth 3m at Asrum (after Hoeg, Andersland, and Rolfsen, 1969).

_Au' D " Au E

Ao, or Ag » . - AY
(2) (b)
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Andersland. and Rolfsen (1969) and by Parry and Wroth (1981). A typical
section through one circular test fill is shown in Fig. 11.8c, together with
the observed pore pressure changes measured at four points beneath the
fill. These plots are the observed equivalent of Fig. 11.8b. The test fill had
a top radius of 5m and side slopes of 1:1. With a mean radius of 6.25m
for an equivalent uniform surface load (Fig. 11.1), the depth 3m of the .
piezometers 'in Fig. 11.8c corresponds to a ratio z/a=0.48. From the
curves in Fig. 11.4, at this depth x,=0.567, whereas the measured rate of
initial increase in pore pressure with applied surface load for the piezometer
on the centreline in Fig. 11.8c is 0.59. /

The discussion has so far been restricted to elements on the centreline
of circular loads where changes of stress are axially symmetric. At elements
off the centreline, conditions are certainly not axially symmetric(compare
Section 10.4.2). However, if the soil behaves isotropically and elastically
before yield, then whatever the changes in total stress, even if they include
rotation of principal axes, the effective stress path should show no change
in mean effective stress (see Chapter 2), and the pore pressure changes

~will still be equal to the changes in total mean stress predicted by the

elastic analysis. Further tables in Poulos and Davis (1974) have to be
consulted for elements off the centreline, but Hoeg et al. (1969) show that

“elastic calculations of the initial pore pressure development seem to provide

a- reasonable estimate of the observed response both on and off the
centreline. A similar conclusion is drawn by Clausen (1972) and Clausen

et al. (1984) for another field loading test at Mastemyr, Norway '
- Equation (11.17) and Fig. 11.8b show that the ultimate slope of the plot
of excess pore pressure against applied surface load for a particular point -
on the centreline should be equal to x., once the critical state has been

-reached at-that point. For z = 3m, on the centreline at Asrum, z/a = 0.48 --

and, from Fig. 11.4, a,=00919, whereas the observed final slope in

~ Fig. 11.8c is 6u/8{ = 1.1. In this region, the calculation has certainly

become too simplistic. In reality, a natural clay such ‘as that at Asrum
will show some strain softening, associated with loss of structure, once a
failure state has been reached (Leroueil, Magnan, and Tavenas, 1985).

11.2.2  Yielding and immediate settlement

Design of a foundation usually requires a check that the
foundation will not reach an ultimate limit state; that is, it will not collapse
under the applied loads. Such a calculation, which requires knowledge of
the strength of the soil, is typically based in the theory of plasticity,
analysing mechanisms of collapse such as that in Fig. 117 (e.g. see
Atkinson, 1981). However, it is also necessary to ensure that the foundation
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does not deform so much under working loads that, even without actually
collapsing, it reaches a serviceability limit state and ceases to perform the
functions_ for which it has been cohstructed. Traditionally, settlement

calculations have divided the total settlement into two components: an -

immediate undrained settlement and long-term consolidation settlement
associated with the dissipation of excess pore pressures. Tavenas and
Leroueil (1980) suggest that loading of geotechnical structures is usually
accompanied by significant pore pressure dissipation, so that the
assumption of initial undrained conditions is not satisfactory. However,
calculation of soil behaviour under such partially drained conditions

cannot be achieved without numerical analyses such as those described

in Section 11.3; for the simple calculations to be presented here, the
traditional separation of immediate and long-term effects is retained.
Calculations of settlement are typically performed using an elastic
analysis. Harr (1966), for example, has shown that the settlement at the
centre of a uniformly loaded area on the surface of a semi-infinite mass
of isotropic elastic soil of shear modulus G and Poisson’s ratio v can be
written as:
p=(l—v)ci]f ‘ (11.18)
- G i
where { is the applied surface load, a a dimension of the loaded area, and
I, a dimensionless influence factor, whose value depends on the shape of

Fig. 11.9 Elastic influence factor I, for calculation of cgntrél settlement of
- rectangular loaded area of length 2b, width 2a.
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Table 11.2 Vertical strains beneath circular load

Depth Immediate vertical strains (%) Consolidation vertical strains (%)
(m) {=10kPa {=145kPa {=10kPa {=14.5kPa

1 0.189 0.273 075 2.9

3 0.378 0.549¢ + 2.25%¢ 0.25 52

S 0.353 0.513 0.11 0.8

7 0.275 ’ 0.399 » 0.05 0.08

9 0.210 0.304 - 0.03 0.04

“e denotes clastic component; p denotes plastic component.

the loaded area. For a circular loaded area of radius a, 1,=1;for a square
loaded area of side 2a,I,=1.122; and for a rectangular loaded area
2a x 2b,1, varies approx1mately linearly with lnb/a (Fig. 11.9). The

. settlement at the corner of a rectangular loaded area is half the settlement

at the centre given by (11.18). The settlement at the edge of a circular
loaded area is 2/ = 0.637 tlmes the settlement at the centre given by
(11.18). ‘

Consider the cxrcular tank in F1g 11.1. It was noted in the previous
section that for an applied surface load { =10 kPa, the effective stress
changes lie entirely within the initial yield loci and are consequently

accompanied only by elastic deformations. The vertical strams occurring -

at-each depth can be calculated from
oq

S¢, = b¢, = E (11.19)
3G S

(During axxsymmetnc constant volume deformation, axial strains and
triaxial shear strains are identical) For the purposes of calculation of
settlements, the soil beneath the tank might be divided into a number of
layers, each 2m thick; the elastic strains are then estimated with (11.19)
from the changes in deviator stress occurring at the mid-depth of each

layer. These are tabulated in the second column of Table 11.2. Summing -

deformations over five layers, to a depth z/a =2, and treating the values
in Table 11.2 as representative of the average strain in each layer, we can
estimate the elastic settlement of the centre of the circular tank to be
28.1 mm, using G = 500 kPa in (11.19). However, using (11.18), with v=0.5
for constant volume deformation, we calculate a settlement p = 50 mm.

- The estimate based on the deformation of the top 10m of soil is thus

about 44 per cent too low. The reason for this error is apparent from
study of Fig. 11.4: the maximum value of a, = §q/5( is about 0.58 at a

_dimensionless depth z/a = 0.75, and «, has only fallen to about half this
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value at z/a =2, which for the tank of radius 5m corresponds to a depth
of 10m. The change of g, the shear stress applied to the soil, is thus
significant at great depths in the soil. and soil conditions at great depths
may need to be taken into account when calculating settlements.

When the applied surface load is increased to 14.5kPa, the soil layer
around the depth 3 m starts to deform plastically (see Fig. 11.6). The strains
~at each.depth are tabulated in Table 11.2; the elastic—plastic Cam clay
" model is now required to estimate the strains where yielding has occurred.
The large plastic contribution to the strain at depth 3m produces a
settlement of 44.9 mm in the layer between depths of 2 and 4m, which is
of the_same order as.the total elastic settlement of 40.8 mm calculated -
over the top 10m. From (11.18), a total elastic settlement of 72.5mm is
calculated, allowing for the soil at greater depth. The total settlement is
then 117.4 mm, of which 73 per cent occurs in the top 10 m. The occurrence
of yielding thus has a major effect in concentrating deformation near
the surface. The occurrence of yielding also makes the elastic analysis
increasingly irrelevant: the settlement of 117.4 mm could be attributed to
a uniform elastic soil with shear modulus reduced from 500 kPa to 309 k Pa;
but this is not a helpful way of escaping from the realities of irrecoverable
plastic deformations and would give a. false 1mpre551on about the
distribution of strain with depth in the soil.

The surface load of { = 14.5kPa that has been reached in these smple
settlement calculations is evxdently pretty low. However, this calculation
procedure, in which the estimation of total stress changes is uncoupled
from the déscription of the stress:strain response of the soil, breaks down
as soon as any soil element on the centreline is supposed to have reached

Fig. 11.10 Variation in vertical strain with applied surface load for settiement
gauges on centreline at Mastemyr (after Clausen, Graham, and Wood, 1984).
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a critical state. For the soil actually to reach a critical state, infinite shear
strains and correspondingly infinite settlements would have to occur. For
higher loads, a more rigorous form of analysis cannot be avoided.

Data from another field loading test performed by the Norwegian
Geotechnical Institute at Mastemyr, about 15 km southeast of Oslo have
been presented by Clausen (1972) and examined by Clausen et al. (1984).
A circular test fill of base diameter 20 m was constructed similar to that
at Asrum. The extensive instrumentation of the soil beneath the test fill
included settlement gauges at various points, including two at depths
2.3m and 6 m, more or less on the centreline of the test fill. The relative
settlements of these two gauges have been converted to vertical strains
(which for axisymmetric undrained conditions are identical to triaxial -
shear strains) and plotted against the applied surface load in Fig. 11.10.
It might be deduced that yielding has occurred somewhere on this gauge
length at a surface load of about 18 kPa. This gauge length which extends
over a distance of 3.7 m does not provide a particularly precise pin-pointing
of the occurrence of yield. However, this single example does illustrate -
the principle that yielding should be discernible from field observations
of strains, as well as from field observations of excess pore pressures
(Figs. 11.8b,¢c).

11.2.3  Yielding and coefficient of consolidation

The immediate undrained settlement arises as a result of the
shearing of the soil at constant volume beneath the surface loading when
this loading is applied rapidly. This shearing is accompanied by the °
generation of excess pore pressures. If the load is kept constant, these
excess pore pressures dissipate, and further strains occur as the effective

- stresses in the soil increase. This is the process known™ as consolidation -~ =

~ of soil, a time-dependent diffusion of pore pressures with flow of water
down gradients of excess pore pressure. The rate at which water can
flow through the soil under a given pressure gradient depends on the
permeability k of the soil. Nett flow of water into or out of an element
.results in a change in volume of that element associated with changes in
effective stresses. The complete link between volume changes and changes
in effective stresses requires a model of the stress:strain behaviour of the
soil such as the elastic—plastic models described here.

The original development of the theory of consolidation of soils by
Terzaghi (1923) considered only the one-dimensional time-dependent
deformation of soils that could be observed in an oedometer. In this simple
one-dimensional consolidation theory, the rate of diffusion of pore
pressure perturbations through the soil is characterised by a coefficient of
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consolidation c,,
k

m,y.

which is a ratio of permeability k to so-called coefficient of volume
compressibility m,. This coefficient m, is a ratio of increment of vertical
strain to increment of vertical effective stress in an oedometer test and is
thus a one-dimensional or confined compliance. The results of cedometer
tests are usually presented as plots of equilibrium sample height or specific
volume v against vertical effective stress o, (Fig, 3.12a). The height of the
sample is at all times directly proportional to the specific volume v of the
soil. The coeflicient of volume compressibility is then

—-6h —dv . S

(11.20)

c, =

m,= =

héa, voo,

In one-dimensional defornfation, vertical strain and volumetric strain are
identical.

In Section 3.3, yielding in oedometer tests was assocxated with the
increase of the vertical effective stress beyond the so-called preconsolidation
pressure ¢,.. This yield point seen in one-dimensional deformation
Tepresents _]ust one point on the yield surface for the soil but marks the
transition in the oedometer tests between,stiff and less stiff response. The
compressibility m, is clearly not a fundamental constant soil parameter,

since it must depend on consolidation history.

As noted in Section 3.3, detection of this yield point is often facilitated
by plotting the results of oedometer tests with a logarithmic stress axis
(Fig. 3.12b). In Section 4.2, we noted that one of the advantages of plotting
compression data in such a semi-logarithmic compression plane was that
the data of reloading, for stresses below the preconsolidation pressure
¢, <o.,., and the data of normal compression, for stresses greater than
the preconsolidation pressure ¢, > o', are often found to lie on approxi-

ve?

mately straight lines. These lines were there described by the expressions

" (11.21)

v=v,—Alnp’ (11.22) (4.2bis)
for normal compression, and
v=ov,—xklnp’ (11.23)(4.3bis)

for unloading and reloading. If it is assumed that changes in mean effective
stress p’ and vertical effective stress ¢/, are always in constant proportion
during one-dimensional compression (notwithstanding the discussion of
Section 10.3.2), then (11.21) can be combined with the differential forms
of (11.22) and (11.23) to relate the value of m, to the more fundamental
soil parameters A and x.
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The differential form of (11.22) is

) oo’
ov=— o _ -
r g,
so that during normal compression,
A
m,= —
Vo

v

and from (11.20) the coefficient of consolidation is

kvo,
cV = -
AVw
The differential form of (11.23) is
5v-—¥ —rcé—p —xéa"'

7

[

v

so that during unloading and reloading,

K
m, = —
oo,
and
4
kva,
CV = —-—
KYw
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(11.24)

(11.25)

(11.26)

(11.27)

- (11.28)

(11.29)

One consequence of these expressions is that for changes in vertical -
effective stress which lie either entirely below the preconsolidation pressure
(inside the yield surface) or entirely above the preconsolidation pressure,
the value of the compressibility m, is roughly inversely proportional to

Fig. 11. li Oedometer test on soft marine cla_y from Belawan, Sumatra, )

Indonwa (after Barry and Nicholls, 1982).
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the effective stress. However, as the vertical effective stress passes through
the preconsolidation pressure ¢, though there is no sudden change in
specific volume v or vertical effective stress o7, there is a marked increase
in m, as the response of the soil changes from elastic, governed by x (11.28),
to elastic plus plastic, governed by 1 (11.25).

The permeability of a soil is largely governed by the size of the pores
through which the water flows and is consequently largely dependent on

the void ratio or specific volume of the soil; the -permeability therefore

- does not change as the preconsolidation pressure is passed. However, the -

rate of consolidation, as measured by the coefficient ¢, [(11.26) and (11.29)],
drops because of the increase in'm, as the soil passes through the yiéld
surface. Such a drop in ¢, is a familiar feature of the interpretation of
conventional oedometer test results (Fig. 11.11). '

This step change in coefficient of consolidation ¢, as a yield point is
" passed arises not because there is a change in the rate at which pore
water can flow to dissipate excess pore pressures — this is controlled by the
permeability — but because there is an increase in the rate at which pore

water is being expelled from the soil, for a given change in effective stress,"

as the soil tries to collapse under continued loading. The coefficient of
" consolidation ¢, is not a satisfactory parameter for describing movement
of pore water in general transient problems; a more fundamental approach
is to make use of the permeability (which may well be permitted to change
as the volume of the soil changes (Al-Tabbaa and Wood, 1987)) together
with a complete effective stress model of the soil response which
automatically indicates the volumetric stiffness of the soil under any change
in stresses and hence produces a proper coupling of the effective stress
changes and the flow of water in the soil. Of course, this more fundamental
approach is likely to require numerical analyses such as those described
in Section 11.3 and by Leroueil, Magnan, and Tavenas (1985).
11.2.4 Yielding and long-term settlement : )
Estimation of the settlement that accompanies the dissipation of
excess pore pressures requires some measure of stiffness to associate with
the changes in effective stress. A simple approach to the estimation of this
long-term settlement might use an elastic analysis to estimate the change
in total vertical stress on loading, equate this to the change in vertical
effective stress that occurs on consolidation, and use data from oedometer
tests to estimate the corresponding vertical strain. Such a procedure
ignores the fact that, as shown in Section 11.2.1, the excess pore
pressures that are generated during undrained loading are in general
different from the increment in total vertical stress, and it is the transfer
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from excess pore pressure to effective stress that causes the long-term
consolidation settlement. :

A more plausible approach is that of Skempton and Bjerrum (1957).
They propose, firstly, that the changes of total stresses should be calculated
from an elastic analysis, and secondly, that the excess pore pressure that
is generated should be calculated from these total stress changes using a
pore pressure equation (Section 1.6),

Au=>b(Ap+alqg) ‘ (11.30)(cf. 1.66)
which, for the circular load being considered here, can be written as
Au = Alb(a, + aa,) (11.31)

where a and b are so-called pore pressure parameters, and b=1 for
saturated soil. Thirdly, they propose that the settlement p of a soil layer
of total thickness H in which these pore pressures are dissipating can be
calculated from the integral :

H ’ :
pv=VJ‘ ‘m, Audz ‘ S (1132)
0
where values of the compressibility m, are taken from oedometer tests.

There are two flaws in the logic of this approach, however. On the one
hand, the pore pressure parameter a in (11.30) and (11.31) is not a soil
constant. It was demonstrated in Section 5.4 that its value depends on
the stress history of the soil and the imposed stress changes; this was
shown again in Section 11.2.1 and Fig. 11.6, where it emerged that the
distribution of pore pressure with.depth beneath a circular load depends
on the extent to which yielding occurs in the soil beneath that load. On
the other hand, the settlement that occurs during the dissipation of pore
pressures is not the result of one-dimensional deformation of the soil; as -
the plucking of values of m, in (11.32) from oedometer tests would seem
to imply. It is to be expected that vertical deformations will be accompamed
by lateral deformations. :

It has already been shown in Section 11.2.1 that the Cam clay model
(or any other elastic—plastic model) can be used in place of (11.30) and
(11.31) to estimate the pore pressures that are generated when the soil is
loaded without drainage. The same model can be used in place of a single
value of m, in (11.32) to estimate the vertical strains and hence the settle-
ments that accompany the dissipation of these pore pressures.

The example of a circular tank on a deep layer of soft clay shown in
Fig. 11.1 can be considered further. The immediate vertical strains
occurring at the centre of the top five 2-m layers of soil on the centreline
of the tank were tabulated in Table 11.2 for applied loads of 10kPa and
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14.5kPa, At different depths the effective stress state will have progressed
different distances along an undrained effective stress path, such as B'C'D’
in Fig. 11.5. Suppose, for simplicity, that the total stresses remain
unchanged during the dissipation of the pore pressures generated by this
undrained loading; there are three possibilities for the effective stress paths
followed at any depth as the excess pore pressures dissipate. The simplest
possibility is that neither the undrained loading nor the dissipation of
excess pore pressures produces an effective stress state lying beyond the
initial yield surface (B'R’'S’ in Fig. 11.12a). The second possibility is that,
though the undrained loading is entirely elastic, the process of dissipation
of excess pore pressures takes the effective stress state through the initial
yield locus (at T’ on path RS’ in Fig. 11.12b). The third possibility is that
the undrained loading causes yielding of the soil (at C’ in Fig. 11.12¢) and
expansion of the yield locus, and that the entire consolidation process is
accompanied by plastic deformations (R'S’ in Fig. 11.12c).

The applied load of 10kPa caused no yielding of the soil; the undrained
shearing was purely elastic. It turns out that, with yield loci of the elliptical
shape assumed in the Cam clay model, dissipation of the excess pore
pressures set up by this load also causes no yielding of the soil (Fig. 11.12a).
The vertical strains at each depth arise purely from elastic volumetric
strains associated with increase in mean effective stress; these vertical
- strains are tabulated in Table 11.2. The distribution of pore pressure is
the same as the elastic distribution of total mean stress (a, in Fig. 11.4),
which decays rapidly with depth. Although the deeper soil layers may
contribute significantly to the vertical strains which produce the immediate
settlement of the load, they do not provide any major contribution to the
consolidation settlement. For the applied load of 10 kPa, the consolidation
settlement is calculated to be 23.8 mm, compared with the immediate
settlement of 50 mm calculated from (11.18). [The effective stress changes
occurring under this load are entirely elastic; it would not be inconsistent
to calculate the total settlement of 73.8 mm from (11.18) using an implied
value of Poisson’s ratio v =0.26.]

The applied load of 14.5kPa caused yielding of the soil only at depths
of around 3m. However, dissipation of the pore pressures generated
by the application of this load produces changes in effective stresses
which break through the initial yield loci at all depths up to about 6m.
At around 3m depth, the effective stress path_is of the type shown in
Fig. 11.12¢; at other depths above 6 m it is of the form shown in Fig. 11.12b,
and below about 6m it is once again of the form shown in Fig. 11.12a.
As soon as the effective stress path meets the current yield locus, elastic
volumetric strains associated with change in mean effective stress are
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accompanied by plastic volumetric strains and plastic shear strains
associated with the expansion of the yield locus. The relative magnitudes
of plastic volumetric and plastic shear strains are controlled by the
direction of the normal to the plastic potential (yield locus) at the point
of yielding. The resulting vertical strains at the various depths are shown
in Table 11.2, The contribution of the deeper layers to the overall settle-
ment is negligible. These layers, at depths roughly greater than the radius
of the tank, are not brought to yield during the dissipation of excess pore

Fig. 11.12 Types of effective stress path during undrained loading and -
subsequent consolidation: (a) effective stress path lies entirely within initial
yield surface; (b) yielding occurs during long-term dissipation of excess pore
pressures; (c) yielding occurs during initial undrained loading.
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pressures. The consolidation settlement is calculated to be 180.4 mm and
is dominated by the contribution of the plastic strains, compared with the
immediate settlement under this load of 117.4 mm.

The Cam clay model that has been’ used for these settlement calculations
is not a partxcularly_ sophlstlcated model, and the calculations are
essentially hand ¢alculations. Nevertheless, it does automatically build
considerations of stress history and stress paths into the deduction of
appropriate stiffnesses to be used for estimation of settlements. The
deformation that occurs beneath the centre of a circular load may be
axially symmetric, but it is certainly not one-dimensional, so data obtained
from one-dimensional loading of soils in oedometer tests cannot be directly
relevant. Selection of an appropriate value of volume compressibility m,
" would be difficult because the degree of yielding to be expected under the

actual stress paths would be uncertain unless guided by an elastic~plastic
model.

One obvious criticism that can be levelled at the use of the Cam clay
model for calculations such as these is that the shape of the Cam clay
yield locus (Fig. 11.12) bears little resemblance to the shapes of yield loci
that have been observed experimentally for natural clays (Figs. 3.15 and
3.22). However, the main divergence between the assumed and observed
yield loci occurs for stress ratios below the one-dimensional normal
compression line, whereas the effective stress paths that are generated by
the tank loading of Fig. 11.1 and shown in a general way in Fig. 11.12
intersect the yield locus well above this line. Actually, it is only the shape

_of the part of the yield locus drawn with a solid line in Figs. 11.3 and 11.5
that has affected the calculation; the shape elsewhere is immaterial (hence
the dashed lines at lower stress ratios in thése figures).

11.3 Finite element analyses of geotechnical problems

There is a logical inconsistency in using an elastic analysis to
estimate total stress paths and an elastic-plastic model to estimate the
corresponding pore pressures or effective stresses and strains. This
approach has the advantage of uncoupling the two parts of the calculation
and can be justified on grounds of simplicity but not of rigour. Hand
calculations, such as those described in the previous sections, using the
Cam clay model, can be performed for elements that are undergoing-simple
modes of deformation such as axially symmetric deformation or perhaps
plane strain deformation without rotation of principal axes. However,
while some soil elements may be deforming in such special modes in any
real geotechnical situation, many more elements are exercising much
greater freedoms. Exact analyses of real problems using real soil models
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have to be performed numerically on computers, most commonly by a
finite element technique.

The finite element method is described by Zienkiewicz (1977) as ‘a
general discretisation procedure of continuum problems posed by mathe-
matically defined statements’. The mathematically defined statements for
geotechnical problems are the equations of equilibrium and of flow (for
problems involving movement of pore water), equations of compatibility
of deformations, boundary conditions, and, of course, equations of
stress:strain behaviour which link stresses and strains. In this section,
finite element analyses of a number of geotechnical problems are presented
briefly to show how elastic—plastic models of soil behaviour can be put
to practical use. Further information about the finite element technique
can be found in the books by Livesley(1983) and Britto and Gunn (1987).

11.3.1 Inhomogeneities within a triaxial test specimen :
Although it is usually assumed that the triaxial test provides
accurate information concerning thé stress:strain behaviour of a single
element of soil, a number of factors may lead to internal non-uniformities
~ so that the external observations of stresses and deformations provide
only an average description of the response of the soil. One cause of
internal non-uniformity is the restraint provided by the top and bottom
end platens (Fig. 11.13). Unless the soil sample wishes to deform one-
dimensionally without lateral strain, any axial compression of the sample
is accompanied by radial expansion; if the sample is to remain uniform,
this radial expansion must occur over the full height of the sample
including, in particular, the ends (Fig. 11.13b). If it is imagined that the
soil is firmly stuck to the end platens, then radial movement at the ends
is not possible, and the soil sample has to barrel (Fig. 11.13c) and become
non-uniform, with deformation concentrated at the centre. Triaxial tests
are sometimes performed with enlarged, lubricated ends (Fig. 11.13d)
(Rowe and Barden, 1964) to encourage uniform deformation.
Even a sample provided with such smooth ends may still deform

Fig. 11.13 (a) Triaxial sample as prepared; (b} sample able to expand laterally;
(c) sample bulging as result of end restraint; (d) sample tested with enlarged
smooth end platens.
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non-uniformly in a drained test if the rate at which the test is conducted
is too fast for pore water to flow out of the sample and permit the soil
to change its volume. This is the situation analysed by Carter (1982)
using a finite element analysis with the Cam clay model to describe the
stress:strain behaviour of the soil. :

A diametral section through a triaxial sample is shown in Fig. 11.14.
Considerations of symmetry indicate that it is only necessary to analyse
one quarter of this section, and the division into finite elements used by
Carter is shown in this figure. The end platens were assumed to be rigid
and smooth, and the cylindrical side of the sample was subjected to a

- constant uniform normal total stress.. Two drainage conditions were

modelled: drainage only through the end platens, and drainage through
all surfaces of the sample. The numeérical experiments were then performed
by increasing the axial displacement of the rigid end platen in small
increments at a constant rate of strain. The sample was assumed to be
initially uniform, isotropically normally compressed to a mean effective
stress p’ = 207 kPa (301bf/in?).

The soil was assumed to be Weald clay because experimental data were
available, with which some of the results of the finite element calculations
could be compared. Soil parameters for the Cam clay model were deduced
from published data concerning the behaviour of Weald clay. Data of
isotropic compression and swelling reported by Henkel (1959) (Fig. 6.8) -
were used to deduce values of the slope of the normal compression line
(5.8) 4 =0.088 and of the slope of the unloading-reloading line (4.3)
x = 0.031. The position of the isotropic normal compression line in the
compression plane (Eig. 6.8) can be used to deduce the intercept I' on the
critical state line in the compression plane at a mean effective stress

Fig. 11.14 Finite element mesh for analysis of triaxial sample (after Carter,
1982). . .

- C
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p’ = 1kPa [(6.10),(6.11)]. Carter quotes a value I' = 2.0575. A value for
the elastic shear modulus G’ is required; but, as seen in the simple examples
in Section 11.2, plastic strains dominate over elastic strains if the soil is
yielding,- and the precise value of G' has little influence on predicted
response: Carter quotes a value G’ = 3000kPa deduced from the initial
response of an undrained triaxial test on Weald clay. The slope M of the
critical state line in the p’:q plane is required. On the basis of data presented
by Bishop and Henkel (1957), Carter assumes a value M =0.882 corres-
ponding, from (7.10), to an angle of friction ¢’ =22.6°. Finally, a value
for the permeability k of the soil, assumed isotropic, is required. Bishop
and Henkel (1957) quote a value of coefficient of consolidation for normally
compressed Weald clay ¢, =6.67 x 10"°m?/s. This can be converted,
through’ (11.26), to a value of permeability k= 127 x 1072 m/s
appropriate to Weald clay isotropically normally compressed- to a mean
stress p” = 207 kPa. The soil parameters chosen by Carter are the followmo
A- 0088 '

0.031
20575 -
0.882
22.6°
3000k Pa
127 x 10712 m/s

The externally observed deviator stress:axial strain curves for five axial
strain rates are shown in Fig. 11.15 for the case of drainage only through
the end platens. For comparison, experimental data from conventional
undrained and conventional drained tests performed with the same
drainage boundary conditions are also shown. The finite element analyses
show that as the strain rate is increased, the apparent response changes
from drained to undrained as less and less of the soil sample is able
to achieve pore pressure equilibrium. Of course, since infinite time is
theoretically required for complete dissipation of excess pore pressures

Qe x A

and since experimental drainage path lengths must necessarily be finite, =

no test can ever be fully drained; but the slower the strain rate, the nearer
the observed response approaches that ideal. On the other hand, in the
absence of end restraints such as those shown in Fig: 11.13c, there is no
reason why any non-uniformities should develop during an undrained test
on an initially homogeneous soil. Undrained testing is about shearing at
constant volume, which implies. that although the pores may change in
shape, they do not change in volume, and no flow of water in the soil
sample is required.
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Fig. 11.15 Stress:strain curves for drained triaxial compression of Weald
clay with drainage only from both end platens; axial strain rates are

(1) 42 x 107%s, (2) 4.2 x 10 7/s, (3) 1.7 x 107 /s, (4) 4.2 x 10~%/s, and

(5) 42 x 107 %/s; with experimental results for drained test (A) and undrained
test (B) (after Carter, 1982). ‘
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Fig. 11.16 Deviator stress q on soil sample at failure as function of axial
strain rate in drained triaxial compression of Weald clay (o computations, e
measurements) (after Carter, 1982).

drained | -«

failure

drainage from

L drainage from - all faces

ends only

undrained
failure

1 1 1 1
10-% 10-7 10-¢ 10-5 10-4

axial strain rate, s~!



150
kPa

S

11.3 Finite element analyses

Fig. 11.17 Computed contours of stress and specific volume in triaxial

381

specimen of Weald clay at axial strain ¢, = 0.05 during drained compression
with axial strain rate 8.33 x 10~%/s; drainage from all boundries (after Carter,

1982).

’

P q

o

<

1.62

1.61

130 -

140

150
kPa
100
75
50
25

1 .60 —& | _ O kPa .

Fig. 11.18 Computed test paths for elements A, B, and C insideé triaxial
specimen of Weald clay during drained compression with axial strain rate .
8.33 x 10™¢/s; drainage from all boundaries: (a) p’:q effective stress plane;
(b) r:p’ compression plane; (c) generalised deviator stress g and shear

strain ¢ ; (d) specific volume v and shear strain e,
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A consequence of the different stress:strain curves in Fig. 11.15 is that
the apparent strength, calculated as the maximum value of deviator stress
applied to the external boundaries of the sample, depends on the rate at
which the sample is sheared. This is not a result of any viscous phenomena
in the soil but simply an effect of increasing pore pressure disequilibrium
as the rate of testing is increased. The apparent variation of strength with
strain rate is shown in Fig. 11.16 with some experimental data reported.
by Gibson and Henkel (1954). The undrained and fully drained strengths
provide bounds; of course, the more drainage that is provided, the shorter
the average drainage path length and the faster a test can be performed
without significantly affecting the observed strength.

The non-uniformity in the triaxial sample for a test conducted at an
axial strain rate of 8.33 x 10765~ !, with drainage from the whole surface
of the sample, is illustrated in FIQS 11.17 and 11.18. Figure 11.17 shows '
contours of mean effective stress p’, a generalised deviator stress g (see
Section 1.4.1, noting that, in general, local stress conditions are not axially

~ symmetric), pore pressure u, and specific volume v at an imposed axial

strain g, = 0.05. The paths followed during this test by the three elements
A,B, and C in Fig. 11.14 are shown in Figs. 11.18a,b,c,d. The effective
stress path followed at element C is close to that expected in a drained
test (with 8q/8p’ = 3), whereas the effective stress path followed at element
A looks much mote like an undrained effettive stress path. The stress:strain
response measured externally is an average response; Carter suggests that
the stress:strain curve for element B is close to this average.

11.3.2  Centrifuge model of embankment on soft clay

Finite element analyses are often used to predict the performance
of prototype structures. Although field instrumentation can provide data.
with which these predictions can be compared, there are often many
uncertainties about the precise soil conditions and boundary conditions
at any particular site, and the quality of predictions can be masked by
unknown natural variations. Model testing in the laboratory provides one
route by which data which are relevant to field prototype loadings can
be obtained under more carefully controlled conditions. In conventional
model tests on the laboratory floor, the stresses at corresponding points
in the model and prototype are scaled in the same ratio as the dimensions
of the model and prototype. If the model is made with a length scale
1/100, then the stresses in the model are 1/100 tirfies those in the prototype.
If the behaviour of the soil were independent of stress level, then this
would be of no consequence: strains in model and prototype would be
the same and hence deformations would be scaled by the same factor,
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1/100. However, it has been a recurrent theme in this book that the
behaviour of most soils is extremely sensitive to stress level, and the success
of elastic—plastic soil models is an indication that both stress history and
stress increments must be correctly reproduced if the correct stress:strain
response is to be obtained.

In centrifugal modelling (e.g. see Schofield, 1980), a small model
constructed at, say, a length scale of 1/100 is rotated about a vertical axis
(Fig. 11.19) in such a way that it experiences centripetal accelerations
equivalent to 100 gravities (g) thus producing an increase in self weight
by a factor of 100. Stresses and stress increments at corresponding points
in the model and the prototype are now the same, and strains observed
in the model should be directly relevant to the full-scale structure.
Centrifuge model tests thus provide a convenient source of data at
prototype stress levels and under controlled boundary conditions against
which numerical predictions can be tested. |

Almeida (1984) and Almeida, Britto, and Parry (1986) describe a series

“of centrifuge tests on models of embankments on soft clay. They also
present a finite element analysis of one of the corresponding prototype

Fig. 11.19 Diagram of centrifuge model test.

Fig. 11.20 Section through centrifuge model of embankment on soft clay,
poured in five lifts (after Almeida, 1984). -
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embankments. The soft clay was prepared by one-dimensional com-
pression from a slurry in a strong box, first on the laboratory floor
and then on the centrifuge at an acceleration of 100 g. The embankments
were formed in layers by depositing sand from a series of hoppers while
the centrifuge was running. A section through the embankment and soft
clay for one test is shown in Fig. 11.20; a photograph of a model with the
perspex side of the strong box removed, taken after a test in which failure
of the soft clay had occurred, is shown in Fig. 11.21. The length of the
model was 675mm and its width 200 mm, corresponding to a prototype
test bed 67.5 m by 20 m at full scale. Both model and prototype dimensions
are indicated on Fig. 11.20. - - -
To model typical prototype soft clay foundations in which a stiff crust
overlies softer material, the soft clay was made in such a way that when
it was ready for mounting on the centrifuge, it consisted of a layer of
Cambridge gault clay about 40mm thick over a layer of kaolin about
115mm thick, corresponding at an acceleration of 100g to a total
prototype clay thickness of 15.5 m. When the sample was mounted on the
centrifuge, a layer of sand 9 mm thick was placed on its surface to provide
a small effective stress at the surface of the clay. The water table was
maintained at the surface of this sand layer throughout the centrifuge
model tests. The history of vertical effective stresses for the clay is shown

Fig. 11.21 Centrifuge model test of stage-constructed embankment on soft
clay after failure (after Almeida, 1984).
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in Fig. 11.22a. First (4 in the figure), the slurry was one-dimensionally
compressed in stages to a vertical effective stress o/, = 54 kPa over a period
of about 10 days. Then (B), with drainage prevented from the base of the
clay, a surface pressure of 150kPa was applied to its surface for about 2
hours, during which partial consolidation of the gault clay occurred and
the profile of vertical effective stress.could be deduced from measured pore
pressures. Finally (C), with the strong box mounted on the centrifuge and
an acceleration of 1004 applied for about 9 hours, the vertical effective
stresses varied linearly with depth from 8 kPa at the base of the surface
sand layer to 98 kPa at the base of the clay. The variation of overconsolid-
ation ratio n with depth for the clay in this final condition before the
construction of the embankment is shown in Fig. 11.22b.

The timing of the construction of the successive layers of the sand
embankment on the soft clay is shown in Fig. 11.23. After each layer has
been placed, the clay is allowed to consolidate and strengthen before the
next layer is added. Flow of pore water occurs in both pr"ototype and
centrifuge model as a result of gradients of excess pore pressure. Pressures
are correctly reproduced in the model tested at 100g, but the linear
dimensions are reduced by 1/100 and so the pore pressure gradients and
flow rates are increased by a factor of 100. Flow-path lengths are also
reduced by a factor 1/100 by comparison of model and prototype, and
the nett result is that consolidation, which is controlled by rates of diffusion
of pore pressures, occurs 100 x 100 = 10* times faster on the centrifuge
at 100 g compared with the prototype tested at 1 g. The time scale for the

Fig. 11.22 (a) Vertical effective stresses and (b) overconsolidation ratio for clay
in centrifuge model: (A) initial consolidation at 1g; (B) partial consolidation at
1g with top drainage only; (C) consolidation at 100g (after Almeida, 1984).
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loading shown in Fig. 11.23 shows both model and prototype times, and
one of the key benefits of centrifuge model testing is immediately apparent:
the construction of the embankment on the centrifuge has taken about 5
hours, which corresponds to a period of about 7 years at full scale. The
time saving is immense. ‘

The visible face of the clay was prepared for observation of major
discontinuities by sprinkling a grid of dark clay powder on the sample
before it was mounted on the centrifuge; the grid can be seen, partially
distorted by deformations of the model, in Fig. 11.21. The face of the clay
was also prepared for observation of displacements by placing a grid of

. reflecting markers, also seen in Fig. 11.2]1. Measurements of the changing

positions of these markers on photographs taken of the model while the
centrifuge was running provide extensive information about the displace-
ment field, and hence the strain field, within the clay foundation.

The finite element analysis was performed using the CRISP finite
element program described by Britto and Gunn (1987). The finite element
mesh is_shown in Fig. 11.24; comparison with Fig. 11.20 reveals the
correspondence between the elements in the embankment and the
successive stages of construction. The fifth and final layer was modelled
simply as a series of nodal surcharge loads. The clay foundation was
divided into 85 linear strain triangular elements; the sand layer on top of
the clay was divided into 12 linear strain’ quadrilateral elements; and the

Fig. 11.23 Loading history for centrifuge model (after Almeida, 1984).
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Table 11.3
Kaolin Gault clay
i 0.25 0.219
K 005 0.035
r 3.4 296
M 0.9 1.0
¢, deg - 230 - 254
G 75p° 2.25MPa
k,.m/s 14-37x10"% 0937x10~°
Cs 0.262 0.261

embankment was d1v1ded into 33 elements, a mixture of lmear strain
triangles and linear strain quadrilaterals as shown.

Soil properties were required for four material types. For want of any
more satisfactory numerical soil model, the sand embankment and the
surface sand layer were modelled as isotropic elastic materials with
Young's modulus E’ = 3 MPa and 2 M Pa, respectively, and Poisson’s ratio
v'=0.3 (implying shear moduli G’ = 1.15MPa and 0.77 MPa). The gault
clay and kaolin were both modelled with the Cam clay model described
in Chapter 5, with two sets of soil parameters Wthh are tabulated in

Table 11.3.

Values for kaolin of the slopes i and x of the normal compresswn and
unloading-reloading lines were obtained from accumulated experience at
Cambridge with oedometer and triaxial tests. The slope M of the critical

. state line in the effective stress plane and the parameter I' describing the

position of the critical state line in the compressmn plane were obtained
from undrained triaxial tests with pore pressure measurement.

Values of i and « for gault clay were obtained from one-dimensional 7
compression tests in oedometer and simple shear apparatus. The value
of I was d_educed, using the Cam clay model, from the position in the
compression plane of the normal compression line found in the oedometer

Fig. 11.24 Finite element mesh for analysis of modet embankment on soft clay
(after Almeida, 1984).
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tests (compare Section 9.4.5). The value of M 'was estimated from an
interpretation of strength data obtained in simple shear tests. In the
absence of data from triaxial tests on gault clay, a constant value of shear
modulus G'=225MPa was assumed. However, data from undrained
triaxial tests on kaolin were used to support a relationship '

G'=15p . - (11.33)
and shear moduli for the kaolin were allowed to change as the mean
effective stress changed. (This choice of elastic properties can result in
curious values of Poisson’s ratio for some stress histories.)

To be able to model the dissipation of excess pore pressures during the

Fig. 11.25 Profiles of (a) igitial specific volume,y(b) permeability, and (c)
vertical and horizontal stress and size of initial yield locus for clay beneath
embankment (after Almeida, 1984). N
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test, values were required for the permeabilities of the gault clay and the
kaolin. For both soils it was assumed that the horizontal permeability k,
was 1.5 times the vertical permeability k,. Values of k, were calculated
from rates of consolidation in oedometer tests on kaolin and gault clay
and, for the kaolin only, from measurements of flow through a triaxial
test specimen. For both soils, the permeability was allowed to vary with
specific volume v according to the expression

v—
k,=k,e i , 11.34
v .XP( C > , ( )

k

where k,, and v; are initial reference values and C, a permeability
coefficient. The values of C, given in Table 11.3 were deduced from
variations of permeability through oedometer tests. The reference, initial
values of specific volume, and permeability assumed for this analysis are
shown in Figs. 11.25a, b- The initial values of specific volume in Fig. 11.25a
‘were calculated from the in situ mean effective stresses and the known
history of overconsolidation. The in situ mean effective -stresses were
calculated from the in situ vertical effective stresses o, (C in Fig. 11.22)
and the in situ horizontal effective stresses o,; which were in turn calculated
from the vertical effective stresses using an expression linking the coefficient
of earth pressure at rest with the overconsolidation ratio of the soil,
K= Kpge" ' (11.35)(10.23bis)
with Ky, =0.69 and a =0.401 for both the kaolin and the gault clay.
The initial size of the elliptical locus at any depth is specified by the
intercept p, on the p’ axis (Fig. 11.3) and is caiculated from the maximum
effective stresses experienced at each depth. The initial values of a,;,04;,
and p/, are shown in Fig. 11.25¢c. =
- The centrifuge model test-and the finite element analysis both provide
data which can be used to compare numerical predictions and experi-
mental observations. Here comparison is made in terms of the observations
that might be made in a loading test of a real prototype trial embankment.
The measured and predicted vertical displacements at the surface of the
clay are shown in Fig. 11.26 for the start and end of load increment 3
(see Figs.11.20 and 11.23). The general shape and magnitude of the
deformation profile are quite well matched, though the observed settle-
ments are considerably less than the predicted settlements at the right-
hand edge of the model, which in the analysis is assumed to be a centreline
and therefore, from symmetry, a smooth boundary. Perhaps the model
container was in fact significantly rough on this surface and provided
restraint against vertical movement of the soil. It also appears in Fig. 11.20
that the first laver of the embankment loads the clay foundation well away

vi?
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from the edge of the model container. It may be thiat the settlement profile
produced by this first load increment is dominating the observed profile

at later stages of the test.

The variation of settlement with time at one point near the surface of
- the clay beneath the embankment is shown in Fig. 11.27; agreement
between the predicted and observed rates of settlement is extremely good.
However, when the predicted and observed variations of vertical displace-
ment with depth are compared (Fig. 11.28), it is clear that the deformations

Fig 11.26 Computed and measured vertical displacements at clay surface at
start and end of lift 3 (after Almeida, 1984).
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Fig. 11.27 Computed and measured development of settlement at clay surface

with time (after Almeida, 1984).
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in the physical model are concentrated much more near the surface than

those in the numerical calculation.

Horizontal displacements through the clay at the start and end of load
increment 3 are compared in Fig. 11.29 for an imaginary inclinometer
located near the toe of the embankment. Again, the deformation observed
is concentrated much more towards the surface of the clay than expected

from the numerical analysis.

Excess pore pressures measured and predicted at two piezometers (P2
and P8 in Fig. 11.20) are compared in Fig. 11.30. The agreements both of
magnitude and of change with time are good. The effective stress paths

ng; 11.28 Profile of computed and measured scttlcmcﬁts with depth at start
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 Fig. 11.29 Computed and measured equivalent inclinometer profile, at start

and end of lift 3 (after Almeida, 1984).
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Fig. 11.30 Computed and measured development of pore pressure with time
at piezometers (a) P2 and (b) P8 beneath embankment (after Almeida, 1984).
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Fig. 11.31 Computed effective stress paths for elements of soil at positions of

piezometers (a) P2 and (b) P8 (after Almeida, 1984).
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followed at these two piezometers, according to the finite element analysis,
are shown in Fig. 11.31 in terms of mean effective stress p’ and a generalised
deviator stress g [Section 1.4.1, expression (1.35)]. (Of course, there is no
possibility of verifying from measurements made in the centrifuge model
test that these are in fact the actual effective stress paths followed.) These
paths show that the soil around P2 near the assumed centre of the embank-
ment is loaded with little increase in deviator stress but large increase in
total mean stress with each successive load increment. Dissipation of excess
pore pressures then permits substantial expansion of the yield surface to
occur, and the resulting average effective stress path corresponds closely
to compression with almost constant stress ratio n = ¢/p’. Much of the
_pore pressure-at piezometer P8 results from drop of mean effective stress
associated with plastic constant volume shearing with the application of
eachi load increment. The expansion of the yield surface that occurs with
dissipation of this pore pressure is much less substantial than at P2. The
clay around P8 is being subjected to much more severe loading: lifts 2
and 3 bring the soil here to a state of contained failure, and lift 4/5 brings
the soil to a state of failure which can no longer be contained.

No piezometers were installed in the soil to the left of the model where
the clay was not subjected to any surface loading. However, the finite
element analyses show that pore pressures are generated in this region
with little change in total mean stress, so the effective mean stress is
predicted to fall to a low value. A consequence of using (11.33) to estimate
values of shear modulus is that in this region outside the embankment
the shear stiffness of the kaolin is predicted to fall to a low value whereas
the overlying gault clay is assumed to retain a constant shear modulus
G’ =2250kPa. For the kaolin to have a shear modulus as high as this,
the mean effective stress from (11:33) would have to be at least 30 kPa. It
seems that the low shear stiffness of the kaolin to the side of the embank-
ment probably accounts for the predicted much larger deformations in
the lower parts of the clay (Figs. 11.28 and 11.29). It is also quite likely
that the elastic behaviour of the sand assumed in the embankment and
over the surface of the clay may tend to restrict horizontal movements
near the clay surface. The tendency of elastic material to cling together
is discussed in Section 12.3. ‘

11.3.3  Experimental embankment on soft clay at Cubzac-les-Ponts
Centrifuge model tests can be performed relatively rapidly for the
study of mechanisms of failure and for the study of time-dependent .
deformations. In a model at a length scale N (tested at an acceleration of
N gravities), diffusion of pore water in the consolidation of soils is
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controlled by a time scale N?; so at a length scale 100, 4.3 minutes in the
centrifuge represent 30 days in the prototype. However. for modelling
real prototypes — as opposed to classes of prototype structures — the small
scale of a centrifugal model can make it difficult to represent accurately,

within the confines of a small model, the natural variations of the vertical

soil profile. At full scale, numerical predictions can be compared with the
observations of carefully instrumented field trials, which can be conceived
as an initial stage of construction to be subsequently incorporated in the
complete project, or purely as a research trial. Although field trials produce
data at much greater expense and at a much slower rate than centrifuge
model tests, they do produce data from soil loaded to appropriate stress
levels in its in situ state, and problems of sampling and disturbance are
eliminated though knowledge of boundary conditions is less certain.
Natural variations from site to site in a given locality always remain, but
field trials provide the next step beyond model tests in the validation of
numerical models of soil behaviour and methods of numerical analysis.

In 1972 the French Laboratoires des Ponts et Chaussées began a series
of full-scale field tests to study the behaviour of embankments on soft
clay. They deliberately chose to perform these tests on a site of their own
to avoid the problems that inevitably arise when an instrumented field
study is part of a real geotechnical construction for which external, non-
scientific constraints may prevent the sequence of loading from being that
which is desirable from the point of view of a research study and may
make access to instrumentation during or after construction difficult or
impossible. A site was chosen at Cubzac-les-Ponts about 30 km north of
Bordeaux on the north bank of the Dordogne (Fig. 11.32). A section
through the valley of the Dordogne at Cubzac-les-Ponts is shown in
Fig. 11.33. The geotechnical pfoﬁlc at the site consists first of a thin layer
of topsoil about 0.3 m thick, below which there is a layer of silty clay less
than 2m thick forming a surface desiccation crust, overconsolidated by
seasonal variation of the water table between the ground surface and a
depth of about 1.5m. Then there is a layer of soft clay about 8 m thick
of variable organic content. Water contents and index properties for the
clay layer are shown in Fig. 11.34. These soft soils are underlain by a layer
of sands and gravels some 5m thick, and then calcareous rocks. It is the
response of the soft clay to surface loading that was of primary interest
in the field loading tests at Cubzac-les-Ponts. _

Four test embankments have been constructed at Cubzac-les-Ponts.
The locations of these are shown on a plan of the test site (Fig. 11.35).
Embankment A was built to failure in 1974, and the failure height (4.5m)
of this embankment was used to guide the choice of heights of the
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subsequent embankments to give differing margins of safety against
complete failure. Embankment B was built in 1975 to a height of 2.3 m
with a factor of safety against immediate failure of 1.5 and was used to
study the time-dependent consolidation of the soil under and adjacent to
the embankment. Embankment C was built in 1978 to a height of 3m
with a factor of safety of 1.2 to study the continuing behaviour of the soil
under conditions closer to rupture. Embankment D was built in 1981 to
a height of 1 m with a factor of safety of 3.0 to study the behaviour of the
soil under low added load.

- The observation and analysis of embankment B are briefly described
in this section. The detailed dimensions of this embankment are shown
in Fig. 11.36a. The timing of its construction to its final height of 2.3 m
over a period of about 7 days is shown in' Fig. 11.36b. The embankment

Fig. 11.32 Location map of France.
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Fig. 11.33 Section through valley of the Dordogne at Cubzac-les-Ponts (after
Magnan, Mieussens, and Queyroi, 1983).
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was constructed from coarse sand and gravel, with in sxtu unit weight
21 kN/m? and angle of repose 35°. Details of the field tests and analyses
have been abstracted from Shahanguian (1981), Mouratidis and Magnan
(1983), Magnan, Mieussens and Queyroi (1983) and Leroueil, Magnan,
and Tavenas (1985).

The embankment and surrounding soil were heavily instrumented with
61 piezometers, 36 settlement gauges, 3 inclinometers, 3 horizontal strain
gauges, 18 total pressure cells, and 114 surface markers. The instrumentation
was placed predominantly in one transverse section of the embankment
as indicated in Fig. 11.36a. The details of the instrumentation and a
summary of the readings made over a period of about 2000 days after the
construction of the embankment are given by Magnan et al. (1983).

Numerical analyses of the behaviour of this embankment over a period
of about 6000 days from its construction are described by Mouratidis and
Magnan (1983). They used a finite element analysis with the mesh of eight
noded quadrilateral elements shown in Fig. 11.37. The mesh models just
half the symmetrical embankment. Both vertical boundaries are assumed
to be smooth, with vertical movement able to occur freely. The bottom
boundary is assumed to be perfectly rough, so nodes on this boundary
are fixed in space, and the presence of the gravel layer beneath the clay
is allowed for by assuming that no excess pore pressures can deve]op at
this level. :

The numerical analysis was intended to be compared thh the
measurements obtained from the instrumented transverse section of the
embankment, which was reckoned to be sufficiently remote from the ends
to be deforming under conditions of plane strain. In the analysis of the
plane centrifuge model test described in Section 11.3.2, the plane strain
condition-was included as a constraint on a general three-dimensional
analysis. The analysis of the test embankment at Cubzac-les-Ponts was a
two-dimensional analysis in which the stress acting on the transverse
planes, in the direction of the length of the embankment, played no role
and in which only stress changes in the plane of deformation were
considered. Because of this, the elastic—plastic model that was used for

Fig. 11.34 Cubzac-les-Ponts: profiles of (a) water content w and index
properties wy, wg: (b) organic content: (c) slopes of normal compression and
unloading lines (4, x); (d) in situ vertical effective stress ¢; and preconsolidation
pressure a,; (€) in situ specific volume r; and unit weight y; (f) vertical
permeability k, (e), horizontal permeability deduced from oedometer tests on
horizontal samples with axial drainage k,, (+), oedometer tests on vertical
samples with radial drainage k,, (x), and {rom in situ tests k,; (~ inward flow,

< outward flow) (after Magnan, Mieussens, and Queyroi, 1983}
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the soil could be defined in terms of the plane strain effective stress
quantities s',¢ and the corresponding work-conjugate strain increment

quantities 0¢,, d¢,, which were introduced in Section L.5.
The anisotropic elastic—plastic model for the soft clay was constructed

within the general framework of volumetric hardening elastic—plastic soil
models discussed in Chapter 4 but differs from the Cam clay model used

in the previous examples in three respects:

Fig 11.35 Layout of test fills at Cubzac-les-Ponts. .
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1

Fig. 11.36 Cubzac-les-Ponts: (a) section and plan of test fill B; (b) \}ariation of
height of embankment B with time (after Magnan, Mieussens, and Queyroi,

1983).
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Table 11.4 Parameters assumed in finite element analysis of test
embankment B at Cubzac-les-Ponts

‘

7 Ohe En E, G ko ka

Layer o (kKN/m?) (kPa) «x 4 (kPa) (kPa) (kPa) (m/s) (m/s)
Embankment 3.0 21 — 005 — 15000 15000 5250 11.6x107% 11.6x10°¢
0-lm 20 17 - 78 0017 012 1325 2650 930 tx10°° 3x10”?
1-2m 36 16 68 0022 0.53 2385 4770 1670 1 x10~° Ix10°®
2-4m 4.22 14 36 0.085 0.75 570 1140 400 1 x10°° Ix10°°
4-6m 324 1§ 41 0.048 0.53 955 1910 670 1x10"*  3x10°°
6-8m 3.3 15 51 0039 052 1500 3000 1050 1x!1!0-° 3Ix10°°
8-9m 3.2 15.5 65 0048 052 1475 2950 1030 1x10"°  3x10"°

Note: For all Iayérs. v = vop = 0.4,

1. The elastic properties are assumed to be ¢ross-anisotropic.

2. The yield locus is similar to those observed for natural clays and
is not symmetrical about the mean effective stress p’ axis.

3. The plastic potential is not the same as the yield locus, so the
soil does not follow the postulate of normality or associated flow.

The necessary parameters for this model were obtained from the associated -
extensive programme of laboratory testing. The parameters chosen for

~ the soil of the embankment and for the six layers into which the foundation

soil was divided (Fig. 11.37) are tabulated in Table 11.4.

The sand of which the test embankment was constructed was modelled
as an approximately isotropic elastic material with a b!gh 1sotrop1c
permeability k, =k, = 11.6 x 10~ %m/s (1 m/day). .

The elastic response of the soft clay was assumed to be cross-anisotropic.
Although, in principle, five 1ndependent parameters are required to specify
such response (see Section 2.3), the nature of the anisotropy was specified
in"advance with the ratio of horizontal to vertical Young’s moduli

Fig. 11.37 Finite element mesh for analysis‘ of embankment B at Cubzac-les-
Ponts (after Mouratidis.and Magnan, 1983).
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E,/E,=0.5, Poisson’s ratios v,, =v,, =04, and shear modulus for
shearing in a vertical plane G, = 0.35E,. The selection of five parameters
was thus reduced to a problem of selection of one parameter, the vertical
stiffness E,, and this was deduced from the slope of the recompression
line at the in situ effective vertical stress in conventional one-dimensional
compression tests conducted in an oedometer. S

For the general cross-anisotropic soil, Hooke’s law (2.22) shows that the
horizontal strain increment J¢,, is given by -

(1 =vy) o0, v, 60,

og, = b v . 11.36
v -  (11.36)
For one-dimensional compression, d¢, =0, and hence
b% _ (5) - - S (1137)
56; Evl 1 - th -
The vertical strain increment Je, is given by
’ vor \ oc’ :
e, = —2| =2 |60}, + — S (11.39)
N (5) ", | o

and hence, with (11.37), the vertical stiffness is given by

2 ’
E,=[1— 2v3, (5)]?."_ . O (11.39)
1 —viuw \E,/ 16¢, a ‘

If it is assumed that unloading—reloadi.ng' lines in oedometer tests are
straight with slope x in a semi-logarithmic v:lno/, compression plane
(compare Section 10.3.2), »

v=p, —Kkinog, | : (11.40)
then it follows that ‘

da, 09, (11.41)
o, K
and hence, from (11.39), ,
- 2 2 -
E,= <""v>[1 —&-ﬂ] (11.42)
K l haand th EV )
or, with assumed values of E\/E,, v, and vy,
0.733v0"
E,=—2% (11.43)
K

All the cross-anisotropic elastic stiffnesses are related back to the slope k
of the unloading-reloading lines. The variation of x with depth as
determined from oedometer tests is shown in Fig. 11.34c, together with
the distribution assumed in the numerical analysis (dotted line).
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Triaxial tests to probe the shape of the initial yield locus for the clay
at Cubzac-les-Ponts are described by Shahanguian (1981); his data are
collected in a plot of the p':q effective stress plane (Fig. 11.38), non-
dimensionalised by dividing by the preconsolidation pressure o/ at the
appropriate depth. The shape is similar to that seen for other natural
clays in Section 3.3. These are data from triaxial tests; but for the purpose
of the plane strain analysis, the stress variables s’ and ¢ are sufficient to
describe the principal effective stresses, and the data of Shahanguian in
Fig. 11.38 were used to guide the choice of an elliptical yield locus in the
s':t effective stress plane (Fig. 11.39). This yield locus has a shape defined
by the ratio u of its minor and major axes and by the angle 8 between
the major axis and the mean stress s' axis. The angle 6 was taken as
6 =tan"!1=18.4° so that the major axis of the ellipse corresponded to
the stress path for one-dimensional normal compression t/s" = (1 — Ky,.)/
(1 4+ Koqc) with Ko, = 0.5 deduced from Shahanguian’s data (solid curves
in Fig. 11.38). The ratio u was chosen so that the mean stress at the point
where the ellipse cuts the mean stress s' axis was given by s’ =0.60,,
(Fxo 11.39); this requires p =0. 534

A non-associated flow rule was chosen such that the direction of the
plastic strain increment vector (6¢P:6¢P) was given by the bisector of the
normal to the yield locus at the point of yielding and the radial line to
this yield point from ‘the origin of the s':t plane (Fig. 11.40). This implies

Fig. 11.38 Data from triaxial tests of yielding of clay at Cubzac-les-Ponts
plotted in non-dimensional effective stress plane p'/d,:q/0,. (data from
Shahanguian, 1981). - . L _
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a shape of plastic potential in the 5"t plane as shown by the dashed curves
in Fig. 11.39. 7

‘With the shape of the yield locus in the s":t effective stress plane having
the fixed elliptical form shown in Fig. 11.39, all that is required to complete
the specification of the initial yield locus at any depth is the value of the
preconsolidation pressure ', which, as implied in Fig. 11.38, controls the
size of the initial yield locus for the clay at that depth. The spread of
measured values of preconsolidation pressure  obtained from one-
dimensional loading in an oedometer is shown in Fig. 11.34d, together
with the values assumed for each layer in the analysis (dashed line).

Change in size of the yield loci (with the shape remaining unchanged)
was linked with plastic volumetric strains and hence, as described in
Chapter 4, with the normal compression of the clay. This is controlled by
the slope 4 of the normal compression line in the t:lns or v:lng)

Fig. 11.39  Yield loci (yl) and plasti¢ potentials (pf)) as$umed for clay at

Cubzac-les-Ponts, plotted in st effective stress plane.
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compression planes. Values of A measured in oedometer tests are shown
in Fig. 11.34c, together with the values assumed for each layer in the
analysis (solid line).

Specification of the initial state of the soil required mmal values of
specific volume and of effective stresses. Values of initial specific volume
were obtained from direct measurement (Fig. 11.34e) (assumed values
shown by dashed line). Values of effective vertical stresses o, were
“calculated from knowledge of the in situ saturated unit weight y of the
soil (Fig. 11.34¢) (assumed values shown by dashed line) and of the depth
to the water table, which was assumed to be at a constant depth of 1 m
for the purposes of the analysis. Values of effective horizontal stresses o},
were calculated assuming a value of coefficient of earth pressure at rest
K, =o0},/0,,= 0.5, irrespective of depth and of apparent overconsolidation
ratio ¢, /o,;, which had a maximum value of at least 3 in the desiccated
clay near the ground surface (Fig. 11.34d).

Since it was intended to study the time-dependent deformatlons ‘that
occurred after the embankment was constructed, it was necessary to
include values of vertical and ‘horizontal permeabilities in the analysis.
Vertical permeabilities were deduced from conventional oedometer tests
on samples loaded in their original vertical direction with the flow of
water, as excess pore pressures in the soil dissipated, also occurring in
this vertical direction (Fig. 11.41a); values of vertical permeability k, are
shown in Fig. 11.34f. Horizontal permeabilities were deduced from two
‘'sorts of tests: (i) conventional oedometer tests on samples loaded in their
original horizontal direction with flow of water also occurring in this
horizontal - direction (Fig. 11.41b), leadivng' to values of horizontal
- permeability ky, shown in Fig. 11.34f, and (i) oedometer tests on samples

- loaded in their original vertical direction but with radial flow of water --

to a central sand drain (Fig. 11.41c), leading to values of horizontal
permeability k,, shown in Fig. 11.34f. In general, permeabilities measured

Flé. 1141 Oedometer tests on (a) vertical sample with axial drainage, (b)
horizontal sample with axial drainage, and (c) vemcal sample with radial
drainage.

(@ (b) (c)
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with radial flow in vertical samples (Fig. 11.41c) are lower than those
measured with horizontal flow in horizontal samples (Fig. 11.41b).

Some in situ constant head flow tests were also performed, using a
self-boring permeameter. The values of horizontal permeability k,; deduced
from these tests are also shown in Fig. 11.34f and are, in general, higher
than the laboratory values. In fact, for the purposes of analysis, a uniform

“ vertical permeability k,=1x10""m/s and a uniform horizontal

permeability k, =3 x 10’9m/s were assumed, as shown by the short
arrows in Fig. 11.34f, .
The embankment load was apphed in the analysxs by increasing the

~ unit weight of the soil in the two embankment elements (Fig. 11.37) with

time as shown in Fig. 11.36b. The numerical analysis proceeded with 25

~time steps, chosen at intervals to follow the rapidly decreasing rate at

which consolidation events develop: 6 steps of 1 day, 4 of 10 days, 10 of
100 days, and 5 of 1000 days. \

Comparisons of observations of test embankment B at Cubzac-les-Ponts
with numerical predictions made using the elastic—plastic soil model are
shown in Figs. 11.42-11.45. The changing profile of the surface of the soil
under the embankment is shown in Fig. 11.42. After about 2000 days, the
measured and computed values on the centreline are similar; however, the

) Fig. 11.42 Computed (—) and measured (—) settlements at surface of soil
beneath embankment B at Cubzac-les-Ponts (after Magnan, Mieussens, and
Queyroi, 1983; Mouratidis and Magnan, 1983). :

settlement, m
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measured settlement initially occurs faster than is computed and is always
more concentrated under the centre of the embankment.

When the settlements that develop with time in different layers of the
soft clay beneath the embankment are compared (Fig. 11.43), it becomes
clear that below a depth of 4 m the measurements and computations agree
quite closely in terms of the rates and the magnitudes of settlements. In the
upper layers, the measured settlement occurs much more rapidly than is
computed, and in the top 2m the measured long-term settlement is much
greater than that computed.

Computed variations of horizontal movement with depth and time are
compared with measurements made with an inclinometer installed beneath
the toe of the embankment in Fig. 11.44. Although the magnitudes of
horizontal movement are of the same order after about 2000 days, the

Fig. 11.43 Computed (--) and measured (—) settlements in soil layers beneath
embankment B at Cubzac-les-Ponts (a) layers 0—1m, 1-2m, 2-4m; (b) layers
4-6m, 6-9m (after Magnan, Mieussens, and Queyroi, 1983; Mouratidis and
Magnan, 1983).
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initial observed horizontal movement occurs much less rapidly than
computed. - ,

The measured and computed variations of excess pore pressure with
depth beneath the centre of the embankment are shown in Fig. 11.45 for
various times after construction of the embankment. The numerical
analysis shows that an irregular distribution of pore pressures has
developed during the rapid- initial embankment loading. This results
largely from the particular type of finite elements used to model the soft

Fig. 11.44 Computed (--) and measured (—) inclinometer profiles for toe of
embankment B at Cubzac-les-Ponts (after Magnan, Mieussens, and Queyr6i,” ~
1983; Mouratidis and Magnan, 1983).

’00 50-- 100 150 mm

q ' '
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Fig. 11.45 ) Computed (—-) and méasurcd (—) pore pressures beneath centre of
embankment B at Cubzac:les-Ponts (after Magnan, Mieussens, and Queyroi,
1983; Mouratidis and Magnan, 1983).

depth, m
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clay and from the rather coarse mesh used for the analysis (Fig. 11.37).
However, these initial anomalies are rapidly damped out, and the first
harmonic of pore pressure variations with depth quickly dominates the
consolidation of the soil. Comparison with the measured distribution of
pore pressure shows that dissipation occurs much more rapidly than is
computed in the top 4m of the soft clay and rather less rapidly towards
the base of the clay layer.

. Stress paths are shown in Fig. 11.46b for three soil elements: X at the
top of the soft clay, Y in the middle of the soft clay, and Z at the bottom
of the soft clay as shown in Fig. 11.46a. Elements X and Z are both on
freely draining boundaries, and the pore pressure remains constant; so
the changes in total stress are identical to the changes in effective stress.
At both these locations, there is little change in effective stress after the
load has been in place for about 40 days. At X, the assumed shape of
‘yield loci {Fig. 11.39) alloWs rather high values of t/s’ to be mobilised as

Fig. 11.46 '(a) Locqtion of elements X, Y, and Z, (b) computed effective stress >
paths for elements X, ¥, .and Z and total stress path for element Y, beneath
embankment B at Cubzac-les-Ponts (after Mouratidis and Magnan, 1983).
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the embankment is constructed, and during this period the yield locus
expands. After construction has ended, however, the effective stress path
retreats inside the hardened yield locus, and the subsequent response is
entirely elastic.

" The response at Y is completely different. Here substantial excess pore
pressures develop, and the total stress path is very different from the
effective stress path. Substantial excess pore pressures remain for some
600 days, and the effective stress path suggests that during this period the
soil at Y has hardly undergone any volumetric deformation. (To talk
about undrained response during this period is probably not helpful: just
because the pore pressure happens to remain approximately constant at
some element, it cannot be inferred that no drainage is occurring through
that element.) Significant changes in effective stress and total stress are
continuing to occur at Y between 2000 and 6000 days after the placmg

of the load, and most of the hardening of the yield locus for the soil at Y
occurs during this period.

Note that these effective stress paths have been shown in an effective
~ stress plane s":t calculated from values of principal effective stresses o) :0%,
even though, at these soil elements off the centreline of the embankment,
changes in magnitude of these principal stresses are accompanied by
changes in their direction. These rotations of principal stresses cannot be
displayed in an s’:t diagram. '

The discrepancies between the computed and observed values of
settlement, horizontal movement, and pore pressure in the upper region
of the soft clay can probably be ascribed to the values of permeability
assumed in the analysis. The actual clay is far from homogeneous, and it
is likely, in particular, that the in situ -horizontal permeability is much
greater than the value assumed, especially in this upper region (Fig. 11.34f).
The overall observed response (Figs. 11.43-45) implies that although
dissipation of excess pore pressures occurs with horizontal flow of water
from under the embankment, the soil here compresses with little initial
lateral deformation. It is restrained by the undeforming soil outside the
embankment. '

114 Conclusion /
This chapter began with discussion of the essentially qualitative
use of the Cam clay model to illustrate the character of soil response that
is to be expected around geotechnical structures and to emphasise the
importance of dividing the response into elastic and plastic components.
Latter sections have shown the application of elastic—plastic soil models,
including Cam clay, to the calculation of pore pressures and deformations
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developing in real geotechnical problems, using finite element programs.
The quality of these calculations depends on the specification and selection
of soil parameters for the models. :

It can be concluded that there is no difficulty in including the extra
realism that elastic-plastic models (with or without coincident yield loci
and plastic potentials) provide as compared with simpler, but less realistic,
purely elastic analyses which may seriously mlsrepresent the manner in
which the soil responds.

El1lL.1.

Exercises
(a) A sample of soil is compressed one-dimensionally to a vertical
effective stress of 100 kPa and then compressed further to a vertical

+ stress of 200 kPa. During this one-dimensional normal compres-
- sion, the earth pressure coefficient at rest K. = o} /0", = 0.6. Plot

the stress path for this compression in the p’:q plane.
" (b) The water content of this saturated soil at a vertical stress
100kPa is 0.45; at the end of the compression with a vertical

stress 200kPa, it is 0.40. The specific gravity of the soil particles

is 2.7. Calculate the value of the compression parameter 4 for the

Cam clay model. 4
(c) The soil is then unloaded one-dimensionally to a vertxcal

effective stress of 100kPa, at which stage the value of K, = 1.0

- and the water content is 0.41. Plot this new point in p’:q, p':v,

and Inp’:v planes and calculate the value of the unloading-
reloading parameter x for the Cam clay model. ‘
(d) The yield locus for the soil at the end of the compression

is locally elliptical with the equation p’/p, = M?/(M? + ?), where
.n=gq/p, M =10, and p,=190.3kPa. Confirm that the stress

state at the end of one-dimensional compression lies on this yield
locus and sketch the yield locus in the p’:q plane.

(¢) This yield locus is associated with the unloading-reloading
line that has been plotted in the p’:v and Inp’:v planes. At the
critical state, n = M in the expression for the yi¢ld. surface. Plot
the critical state line in the p":q, p":v, and In p’:v planes and deduce
the values of the angle of shearing resistance ¢’ in triaxial
compression and of the intercept " in the expression for the crmcal
state line: v=T — Alnp'.

(f) The soil, unloaded to a vertical effective stress of 100 kPa,

is now subjected to a conventional triaxial compression test with

constant cell pressure. Sketch the total and effective stress paths
that would be followed in drained and undrained tests and
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estimate the values of axial stress at which the vield locus and
the critical state line are reached.

A plane strain finite element analysis is to be performed of a long
sand embankment overlying normally compressed clay. The clay
is to be modelled as Cam clay with yield locus ¢°> = M?p'(p,, — p),
where g2 =1{(0}, — 5,)* + (0} — 0,)* + (¢, — 0})*}. The clay is
normally compressed to a vertical effective stress ¢’, = 200k Pa,

~ with K,,. = 0.65, at which state v = 2.3.

What is the intermediate principal effective stress at failure in
undrained plane strain?

~ With soil parameters M = 0.9, 4 = 0.25, x = 0.05, calculate the.

" undrained strength in plane strain for this clay and compare this

E11.3.

depth, m

[
o

W
[ =)

with the undrained strength in triaxial compression.

The finite element analysis approximates constant volume
undrained behaviour by assuming no drainage and taking a bulk
modulus for the pore fluid K, = 100 MPa. At a certain element
beneath the embankment, the stress path is such that the vertical
stress ¢, remains the major principal stress, and the change in
minor total principal stress Ao, = 0.7 Ac.. Show that the change
in excess pore pressure when this element reaches the critical state
is Au=~172kPa. Has the finite compressibility of the pore fluid
significantly affected the undraified shear strength of this element
of clay? . :

A set of samples of Boston blue clay was taken from the site
of a test embankment and subjected to conventional one-

dimensional compression in an oedometer. The resulting data of -

Fig. 11.E1 In situ stresses'and preconsolidation pressures for Boston blue clay
(e values of g, estimated from oedometer tests) (after D’Appolonia, Lambe,
and Poulos, 1971).
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preconsolidation pressure ¢/ and the estimated in situ effective
overburden pressure o/, are plotted against depth in Fig. 11.EL.
- Estimate the profile with depth of undrained strength in triaxial
compression, assuming that the Boston blue clay can be modelled
by Cam clay with the following parameters: M = 1.06, 1 = 0.147,
k =0.06, N=2.808, and G’ = 1250kPa. Values of K,=0,,/0,,
should be estimated from expression (10.24) using values of over-
consolidation ratio inferred from Fig. 11.El.

A road embankment is to be constructed on a site where the

-ground conditions’ consist of a deep stratum of clay. The -

performance of the underlying ground is to be monitored during
construction of the embankment by taking -readings from
piezometers, settlement plates, and inclinometers. ; '

One piezometer is installed on the centreline of the embankment
at a depth of 10m below the horizontal ground surface. The -

‘ embankment'is to be 80 m wide at its base, 15 m high, and made

of granular fill of bulk unit weight 19 kN/m?* with side slopes at
35° to the horizontal. The fill is to be placed sufficiently rapidly
that negligible consolidation occurs in the clay during construc-
tion of the embankment. '

From laboratory tests it is estimated that the clay has the
following soil parameters: y = 19 kN/m3; 1=0.147, & =‘0.06, and -
¢’ =30° in plane strain. It is estimated that at a depth of 10m
the preconsolidation pressure is o, = 162 kPa and K, = 0.72. The
ground water table is 1 m below the surface.

“Estimate the rcsponse of the piezometer based on the followmg
assumptions:

i." Plane strain conditions apply.
ii. The clay is to be modelled by a Cam clay-hke model having an
 elliptical yield curve in the (s":t) effective stress plane.
iii. After yield occurs, the distribution of total vertical stress in the
ground can still-be obtamed by elastic theory ’

By selecting two or three sultable stages of construction, plot the
expected excess pore pressure in metres head of water against fill

- height.

An oil storage tank 20m in diameter and 12.5m high is to be
founded on the level surface of a thick stratum of soft clay.
Laboratory tests show that the clay at a depth of 5m, where the
in situ vertical effective stress is o}, = 50 kPa, has an overconsolid-
ation ratio of 2, for which the correspondmg value of the coefficient
of earth pressure at rest K, = 1. The clay has a value of Kone =0.55
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11 Applications of models

when in a normally compressed state and has a behaviour which
can be modelled by Cam clay with a value of M = 1.

~ The tank is to be proof-loaded by rapidly filling it with water,
and the performance of the ground is to be monitored by placing
a piezometer at a point P, 5Sm below the centre of the base of
the tank. What head h of water in the tank would be just sufficient
to cause yield in the soil element at P? Estimate the excess pore

. pressure u that would be recorded by the piezometer. Sketch the

expected relationship between u and h during the whole operation

of proof-loading the tank. Assume that after yleld occurs, the
_distribution of total vcmcal stress increments is still given by

elastic theory.

-A large expanse of soft clay has had 4 m of clay eroded from the

surface. The water table has at all times been at the ground surface,
and the saturated unit weight of the clay is y=18kN/m>. The
earth pressure coefficient at rest, K, varies linearly with over-

. ‘consolidation ratio n from 0.6 at n=1 through 1.0 at n=2.5.

A long embankment of width 10 m is being constructed rapidly
on this clay with fill of unit weight 16 kN/m3. At what height of
embankment will yield first occur in the clay at a depth of 5m
below the clay surface on the centreline of the embankment?

Use the Cam clay model, with a circular generalisation in the
octahedral plane and with parameters A=0. 161, k=0.062,
N =2.828 for p'=1kPa, and M = (0.888. ,

A soft clay deposit has a level surface and a water table 0.5m
below ground level. A sample taken from a depth of 3 m is found
to have an overconsolidation ratio n = 1.75. If overconsolidation
is due only to past movements of ground water, deduce the value
of overconsolidation ratio at a depth of 6m Take y=15 kN/m
and y,, = 9.81 kN/m3.

The yield envelope for the clay is given by the Cam clay model,
and the earth pressure coefficient K, varies with overconsolidation
ratio according to the expression Ko =06 n'/2, The critical state
parameter M = 1.0.

An oil storage tank 18 m in diameter and 15m high founded
on this deposit is to be filled rapidly with oil of specific gravity
0.8. What depth of oil in the tank will cause a soil element at
depth 6 m on the centreline to yield, and what excess pore pressure
will then be recorded by a piezometer at this point?

A long embankment, which can be considered as a strip load of
width 25m, is to be constructed rapidly on a deep deposit of
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lightly overconsolidated clay. It is known that- the clay shows
yield loci of the form t/s’ = mIn(s,/s’), with critical states t = ms’,
where m=0.4 is a soil constant. Describe qualitatively the
relationship between the height of the embankment and the
changes in pore pressure that would be registered by a piezometer
placed in the clay on the centreline of the embankment.

At a depth of 10m on the centreline, before construction, the
past maximum and present effective stresses are estimated to be

past maximum o, = 120kPa ¢} =75kPa
present o,;= 9kPa  o¢,;=70kPa

and the present pore pressure is u; = 80 kPa. Estimate the pore

pressure that would be recorded by a piezometer at this depth

when the embankment has reached a height of 7m. The unit
~weight of the embankment fill material is 16 kN/m?3. It can be
" assumed that once the clay yields, the undrained effective stress
path is given approximately by 6t ="—mJs’/2.
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- Beyond thesimple models

12.1  Introduction: purpose of models

Models of the mechanical behaviour of soils have served two
purposes in this book: they have been used primarily to illustrate facets
of the observed behaviour of soils which might at first sight be considered
extraordinary but which, with even a simple model of soil behaviour, can
in fact be anticipated; however, Section 11.3 has shown how such models
can be used in finite element analyses of geotechnical problems of practical
importance. There are different requirements for models used for purely
illustrative purposes and for models used for predicting the response of
geotechnical structures. The illustrative model is expected to give a
_ simplified but overall picture of soil behaviour, but the predictive model
must be able to match rather closely the behaviour of the elements of real
soil which are being deformed in a particular prototype. Some of the
simplifying assumptions of the illustrative model are inappropriate for the

predictive model if the predictions are to be useful. Many implicit or.

explicit assumptions have been made in this book in presenting the
simple models; the effects of relaxing some of these assumptions are
discussed bnefly in this chapter.

12.2 Effects of time \

_ Loading of a soil with no drainage, or with restricted drainage,
in general leads to the generation of excess pore pressures as a result of
prevented volume change in the soil. With time, these excess pore pressures
tend to dissipate to equilibrium values. As pore pressures change, the
effective stresses also change and the soil deforms. These deformations
could be described as time-dependent deformations, but they are entirely
explicable in terms of the changes in effective stress which the soil is
experiencing. The time dependence of these deformations arises from the
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finite permeability of thé soil, not from any extra constitutive, rheological
properties of the soil skeleton. As has been seen in Section 11.3, the simple
models introduced in this book are capable of reproducmg this pattern
of time-dependent behaviour. . '

However, some observations cannot be ascribed to changes in effective
stress resulting from diffusion of pore water. Samples of many'clays, when
loaded one-dimensionally in an oedometer, show deformations continuing
with time even when no measurable gradients of excess pore pressure
remain. This sort of behaviour is usually called creep or secondary
‘consolidation, and a coefficient of secondary consolidation ¢, can be
introduced to describe the further change of specific volume v with
logarithm of time (Fig. 12.1) once pore ﬁressurcs are .assumed to have
dissipated and so-called primary consolidation ‘is complete:

) . | | o N
v=u, —,»c,ln(t—> L , N . ~(12.1)
\¢t1 . . . .

where t, is a reference time and v, a reference value of spec1ﬁc volume
Expression (12. 1) can be rewritten as’

_ % S (12.2)

ot t
indicating that the volumetric strain rate decreases as time increases.
Experimental observations appear to show that for a given clay the
value of ¢, is low when creep is occurring at stresses lower than the
- preconsolidation pressure and that it increases as the preconsolidation
“pressure is exceeded (Figs. 12.2a,b). If a general variable compliance c is
defined (Fig. 12.2a) as the current slope of the In o’ v relationship, whatever

A Fig. 12.1 Coeﬂ'xc:cnt of secondéry consohdauon C, 1llustrated in one- -
dimensional compression of Mastemyr clay; load increment from 392 to
785kPa (after Norwegian Geotechnical Institute, 1969).
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Fig. 122 (a) One-dimensional compression of b;tawa lacustrine clay;
(b) variation of compliance c and coefficient of secondary consolidation ¢,;
(c) variation of ratio c,/c (after Graham. Crooks, and Bell, 1983).
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the value of o/,

ov —c¢ '
F= (12.3)
éc, o,

then the variation of this with stress level is found to have a similar form
to the variation of the creep coefficient ¢, (Fig. 12.2b). The ratio c,/c is
found to be roughly constant for a particular soil (Fig. 12.2c), Mesri
and Godlewski (1977) suggest c,/c~0.04 with a hiatus around the
preconsolidation pressure o/, *

This creep or secondary compression is deformation resulting from
readjustment of particle contacts at essentially constant effective stresses.
The compliance ¢ of the soil is an indication of how easily the structure
of the soil can be made to collapse as the effective stresses are increased.
When the soil is in a normally compressed condition, the structure is, in
a sense, less stable and more ready to collapse than when the soil is in
an overconsolidated condition. It is’ perhaps not surprising that creep
deformatioris are also more significant when the soil is sitting in this
‘unstable’ normally compressed condition. Near the preconsolidation yield
pressure, the structure is incipiently unstable, and the creep deformations
represent a mixture of the elastic pre-yield and the plastic post-yield
regimes. (Besides, in a sample being tested in an oedometer, the effective
stress state is never uniform through the thickness of the sample: normally
consolidated and overconsolidated states will certainly coexist.)

The term creep is usually used to describe deformations continuing with
time at constant effective stresses. If a soil shows creep, then such creep -
deformations are occurring all the time, even though they can only be
observed as creep when the stresses are held constant. In tests performed
at different rates, at any particular effective stress state dlﬁ'erent amounts

" of creep deformation will have developed because of the different times
.that have elapsed, and different stress:strain relatlonshlps are observed.
‘Typical results for one-dimensional compression tests and undrained
triaxial compression tests performed at various rates of increase of load
are shown in Fig. 12.3.

If the rate of loading is changed in the middle of a test, then it is typically
found (e.g. Richardson and Whitman, 1963) that the state of the soil
quickly jumps to the stress:strain curve appropriate to the new rate: the
stress : strain curve that it would have followed if it had been loaded from
the beginning at the new rate (Fig. 12.4). If an oedometer test performed
with a fast rate of loading (AB in Fig. 12.5) is stopped, creep occurs (BC);
and, as the rate of creep deformation gradually falls with time, the state
of the soil moves to progressively lower Ino’,:v curves appropriate to the
falling rates of deformation. When the loading is restarted (CDE), the
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Fig. 12.3 (a) Oedometer tests on Batiscan clay with constant rate of strain:
axial strain rates are (1) 1.43 x 10™%/s, (2) 2.13 x 107%/s, (3) 1.07 x 10~ 7/s (after
Leroueil, Kabbaj, Tavenas. and Bouchard, 1985); (b) undrained triaxial
compression tests on Drammen clay at various rates of strain: axial strain rates
at peak are (1) 9.7 x 1073/5.(2) 1.6 x 107%/s,(3) 3.9 x 107 "/s. (4) 6.4 x 1073/,
(3) 1.1 x 107 8/s, (6) 3.9 x 10~%s (after Berre and Bjerrum, 1973).
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sample is found to have become apparently overconsolidated because the
creep has taken the state of the soil to a position C below the equilibrium
stress: deformation curve for the particular rate of loading. An apparent
preconsolidation pressure would be assigned to point D even though the
soil had never previously experienced effective stresses higher than those
at B and C. v

This is a process which occurs in nature, identified by Leonards and
Ramiah (1960) and discussed in some detail by Bjerrum (1967). If a typical

Fig. 12.4 (a) Oedometer tests on Batiscan clay with step changes in axial
strain rate: axial'strain rates are (1) 1.05.x 10~ 7/s, (2) 2.7 x 10~9/s, (3) 1.34 x
- 107%/s (after Leroueil, Kabbaj, Tavenas, and Bouchard, 1985); (b) undrained
triaxial compression test on Belfast clay with step changes in axial strain rate:
axial strain rates are (1) 1.4 x 10~ 7s, (2) 1.4 x 10~ 6/5 (3) 1.4 x 1073%/s (after
Graham, Crooks, and Bell, l983) :
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deposit of Norwegian marine clay is 3000 years old, then, in any laboratory
or field loading applied over a time scale which is short by comparison
with 3000 years, the clay appears to be overconsolidated. It is implicit in
this qualitative model that as the vertical stresses are increased above the
current values, the rate at which further creep deformations occur also
- increases and the benefit of increased stiffness may only be temporary.

The preconsolidation pressure observed in one-dimensional com-
pression tests in an oedometer is, as emphasised in Section 3.3, related
to just one point on the yield surface for the soil. If the value of the
preconsolidation pressure depends on the rate at which the soil is being
deformed, then it can be-expected that the size of the whole yield surface
also depends on the rate at which the soil is being deformed on the test
paths which are used to probe for the occurrence of yielding. Experimental
confirmation of this is provided by the data in Fig. 12.6 for the yielding
of natural clay from St. Alban, Québec (Tavenas et al., 1978). These data
are from tests having different durations of load increment; as the rate at
which the soil is loaded decreases, the size of the yield locus decreases.
Data of this type are few, but it seems not unreasonable to propose that
the shape of the yield locus is independent of rate of loading, and only
its size changes.

If soils were purely viscous materials (such as pitch, for example), then
the surface of the earth would be flat. However, a natural way to extend
‘the elastic—plastic models described in Chapter 4 to accommodate rate

Fig. 12.6 Effect of duration of load increment on position of yield lecus in
triaxial tests on St. Alban clay. Load increment duration: x;, 1000 min;-e,
10,000 min; +, 60,000 to 100,000 min (data from Tavenas Leroueil,
LaRochelle, and Roy, 1978).
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sensitivity and creep effects is to assume that there is a yield locus that
limits elastically attainable states of stress in static, infinitely slow tests,
but also to assume that at hlgher finite strain rates the size of the yield
locus, indicated by the reference mean effective stress p,, of Section 4.3, is
increased by an amount depending on the strain rate. It is usually more
convenient to make the inverse hypothesis that the rate at which plastic
deformations occur (and these can now be called viscoplastic deformations)

depends on the extent by which the present effective stress state lies

outside the current static yield locus. The framework for such elastic—
viscoplastic models was set up by Perzyna (1963) and Olszak and Perzyna
(1966) and has been combmed with a Cam clay model by Adachl and
Oka (1982). ‘

~ Three effective stress conditions are shown in‘Fig, 12.7. Point A lies
inside the current static yield locus (syl). A’ change of effective stress to
point B (Fig. 12.7a) does not pass:beyond the static yield locus and is
associated only with elastic time-independent deformations. Changes of
effective stresses to points C and D, which lie outside the current static
yield locus, lead to the onset of time-dependent viscoplastic deformations.
At C (Fig. 12.7b) the stress ratio g/p’ is low, and the mechanism of plastic

deformation may involve plastic volumetric compression: that is, the static

yield locus expands as the soil hardens and the rate of deformation

decreases with time until, theoretically at infinite time, the current static

yield locus has éxpanded to pass through C and plastic deformation ceases.

At D (Fig. 12.7¢) the stress ratio g/p’ is high, and the mechanism of plastic

deformation may involve plastic volumetric expansion: that is, the static

yield locus contracts as the soil softens and the deformation of the soil

accelerates to failure. In this simple elastic—viscoplastic model the

possibility of creep occurring for stress states lying inside the yield locus™
“or vertical effective stresses below the preconsolidation pressure has been

ignored, but other variants are possible. ' .

.Fig. 12.7 Elastic—viscoplastic description of soil behaviour: (a) elastic stress
change; (b) viscoplastic stress change with expansion of yield locus;
(c) viscoplastic stress change with contraction of yield locus.
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It is straightforward to set up equations relating strain rates to effective
stresses and past histories. There are some effects, such as development
of cementaticn between particles, which should perhaps be related to the
length of time that has elapsed since a soil element was subjected to certain
effective stresses and which lead to ageing or time-hardening phenomena -
which cannot be readily linked to-rate of deformation. Time, however,
knows no origin; so the point of onset of time hardening, particularly for_
soil elements in which the effective stresses are not constant, may be
difficult to define. ’ :
It is worthwhile emphasising again that it is important, in looking at

_ features of soil response, to distinguish between time effects due to creep
or ageing and time effects due to dissipation of pore-water pressures.
- (Leroueil and Tavenas, 1981, have shown that the same field observations

can sometimes be attributed to either of these effects.) On the whole, the

dependence of soil behaviour on rate of testing — the viscous side of soil

behaviour - has been left out of consideration in this book. There may,

however, be many field situations in which rate effects must be
_incorporated as ah important factor.

12.3 - Inelastic elastic response —

It has been assumed that yield surfaces exist which bound the
regions of effective stress space which can be reached by a soil without
incurring irrecoverable deformations. Withina yield surface, it has been
assumed, deformations are entirely recoverable and elastic. Elastic
response implies a one-to-one relationship between stress and strain. These
assumptions are of course common to elastic-plastic models which might
be used for any material. and, in this book, the idea of a yield surface was

Fig. 128 Annealed copper wire: (a) unloading and reloading in uniaxial
tension {after Taylor and Quinney, 1931); (b) variation of tangent modulus with
strain during reloading,
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introduced with reference to tests on annealed copper wire and tubes. If
the data for annealed copper are studied in detail (Fig. 12.8a), then it
becomes apparent that there is not a sudden sharp drop in the tangent
stiffness near the previous maximum load, or yield point, but rather a
rapid reduction. The load:deflexion relationships do not actually have a
discontinuous slope at this yield point. Nevertheless, the change in stiffness
occurs over a sufficiently small range of loads or deformations for the
assumption of a well-defined yield locus to be a good and credible
hypothesis, with the simple note that nature can be expected to round off
corners of material response. Until a yield point is neared, the response
corresponds precisely to what one would expect of an ideal linear elastic
material: the load:deflexion relationships are linear and identical on
-unloading and reloading, and a one-to-one relationship between stress
and strain does exist in this region inside the yield surface. The ideal and
actual changes of tangent stiffness (calculated from the local slope of the
' stress:strain or load:deformation relationship) around the yield point are
shown in Fig. 12.8b. Ideally the stifiness shows a step change AA4’ at the
yield point; actually the stiffness changes continuously from B to B'. The’
annealed copper (like soil) hardens after yielding, and the tangent stiffness
continues to fall gently after yield (4" or B’ to C). '
By contrast, the yielding of soils is usually a much more gradual process,
particularly if thé soil is not one that has bcén provided with a significant -

Fig. 12.9i Spestone kaolin: (a) unloading and reloading in undrained triaxial
compression (after Roscoe and Burland, 1968); (b) variation of tangent -
‘modulus with strain during reloading. '

150

100

q, kPa

50

T , ' (b)



424 12 Beyond the simple models

Fig. 12.10 Dependence of average secant modulus on size of unloading-
reloading cycle. :

77

€

. Fig. 12.11 Measurement of local axial strain and overall axial strain between
end platens.
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Fig. 12.12 Undrained triaxial compression of reconstituted North Sea clay
(overconsolidation ratios 2, 4, 8): (a) variation of tangent modulus with strain;

{b) contours of triaxial shear strain ¢ (c) strain data interpreted as indication of .
changing current position of inner yield locus (data from Jardine, Symes, and

" Burland, 1984).
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degree of chemical cementation bonding between the particles. Unloading-
reloading cycles in undrained triaxial compression and isotropic
compression were shown in Section 3.3; a typical cycle is illustrated in
~ Fig. 12.9a. Not only is the change of stiffness much more gradual than
for the annealed copper, but also the stress:strain response on unloading
and reloading is hysteretic. This has a number of implications. There is
no longer a one-to-one relationship between stress and strain in this
supposedly elastic region; energy is dissipated on a closed stress cycle,
which also implies inelastic response; and though an average secant
modulus can be defined from the average slope of the unload—reload loop,
the value of this average secant modulus depends on the amplitude of the
unload-reload cycle (Fig. 12.10). The departure from the ideal relationship
between tangent shear stiffness G, and strain is shown in Fig. 12.9b. The
strain range over which the response is truly elastic and non-dissipative
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(AB) (Figs. 12.9a,b) may be very small by comparison with the strain
required to bring the stiffness down to a clearly plastic, yielding level
(around C), and the stiffness in the truly elastic region may be considerably
higher than the average secant stiffness over the strain from A to D.

. These are conclusions drawn also by Jardine, Symes, and Burland (1984),
aided by accurate measurements of strain made locally on samples of stiff
soils in the triaxial apparatus, over a gauge length rather than across the
loading platens (Fig. 12.11); end effects, they argue, can easily obscure the
observation of the initially extremely stiff response of the soil. Some of
the variations of tangent stiffness with strain deduced from data obtained
by Jardine et al. for a reconstituted clay obtained from the North Sea are
shown in Fig. 12.12a. For the low plasticity soils they have studied, the
region of truly elastic response rarely extends beyond a shear strain of

about 0.01 per cent.
These high stiffnesses have been measured at the start of undrained

Fig. 12.13 (a) Stress path and (bi strain path for undrained compression of

one-dimensionally overconsolidated soil. |
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Fig. 12.14 (a) Inner yield locus (iyl) bounding region I of high stiffness, outer
yield locus (oy!l) bounding region II of intermediate stiffness, in effective
stress plan€; (b) deviator stress g and triaxial shear strain ¢, for stress path
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triaxial compression applied to samples of soil taken from the ground or
samples of reconstituted soil which have been loaded and unloaded
one-dimensionally in the laboratory. Either way, the undrained triaxial
compression represents a change of loading direction instrain space or
effective stress space (Fig. 12.13), and experimental evidence from triaxial,
plane strain, and true triaxial tests (and more recent evidence from tests
in which controlled rotation of principal axes of stress and strain can be
imposed) suggests the more general proposition that high stiffnesses (and,
by implication, truly elastic response) are only seen immediately after
a major change in direction of an effective stress path or strain path.
Appreciation of anticipated stress changes in relation to past hlstory (as
discussed in Chapter 10) is thus extremely important.

There are various ways in which the observed form of response can be
incorporated into numerical models of soil behaviour. In so-called -
bounding surface models, for example, the stiffness is made dependent

~_ on the distance of the current effective stress state from the yield surface,

and it decreases as the yield surface is neared, perhaps follomno the
experimentally observed relatidnship of Fig. 12.12a. An alternative snmple
stratagem is to suppose that a small inner, or true, yield surface exists
which is carried around by the current stress state and which bounds a
small region of truly elastically attainable effective stress states. For
example, after one-dimensional compression and unloading (OAB in
- Fig. 12.14a), this inner yield locus (iyl) in the p’:q plane might have been -
pushed to the position shown in Fig. 12.14a. A change of stress to a state
» C lying in zone I within this inner yield locus would be’ associated with
high stiffness (Fig. 12.14b); a change of stress to a state E lying in zone )
II, between the inner yield locus (crossed at D) and the outer yield
locus_(oyl), would be assoc1ated with a lower stiffness; and a change of -
stressto a state G lying in zone III beyond the outer yleld locus (crossed
at F) would be associated with major plastic deformations. A change of
direction of stress path at any stage requires the effective stress state to
start by traversing the inner yield locus with consequent high stiffness and
low strains. A model which combines this principle with the Cam clay
model of Chapter 5 is described by Al-Tabbaa and Wood (1989).
Jardine, Symes, and Burland (1984) show (Fig. 12.12b) data of effective
stress paths and strains during triaxial compression of samples which have -~
been unloaded one-dimensionally to various overconsolidation ratios.
If it is assumed that truly elastic response extends only up to a shear
strain of 0.01 per cent, then the stiffness data of Fig. 12.12a and the
contours of strain shown in Fig. 12.12b can be reinterpreted as indicating -
the changing position of the inner yield locus as the soil is unloaded
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(Fig. 12.12¢). In fact, even a shear strain of 0.01 per'cent may be a consider-
able overestimate of the elastic strain region for many soils.

The effect of using such a translating or kinematic inner yield locus in
finite element calculations of response of geotechnical structures is
illustrated dramatically in analyses of the excavation in London clay for
the underground car park at New Palace Yard beside the House of
Commons, Westminster (reported by Sim’psbn, ‘O’Riordan, and Croft,
1979). A simplified plan and section of the excavation are shown in
Fig. 12.15. The surrounding soil was supported by a diaphragm wall
- propped at successively lower depths as excavation proceeded. With
- adjacent important buildings very close to_the exacavation, it was
important to estimate expected movements of the surrounding ground, in
particular the tilt that might be expected at the base of the clock tower
Big Ben.

Fig. 12.15 (a) Ptan and (b) section through excavation in London clay for car
park at New Palace Yard, House of Commons, Westminster (after Simpson,
"O'Riordan, and Croft, 1979).
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Early analyses by Ward and Burland (1973) and 'by St. John (1975)
treated the soil as linearly elastic (but made some allowance for variation
of modulus with depth). St. John compares results of calculations made
assuming the deformation around the excavation to be either plane (with
no deformation parallel to the wall) or axisymmetric (with all deformations
in radial planes); only results of axisymmetric analyses are shown here.
For the elastic material, the dominant effect of the excavation is the
reduction in overburden pressure on the soil at the base of the excavation
which consequently experiences vertical upward movement. The diaphragm
wall is supported in this soil, and it too moves up carrying the soil behind
the wall with it (Fig.12.16). The constant volume condition of rapid
undrained deformation then requires that this heave near the wall be
balanced by a small settlement extending back to a large distance from
the wall. Though the wall bulges somewhat towards the excavation, this
does not affect the general shape of the profile of vertical movement behind
the wall, and it is expected that Big Ben.will tilt away from the excavation
(Fig. 12.16). The calculated proﬁlc of vertical movement (according to the
linear elastic axisymmetric analysis performed by Simpson et al .) is shown
in Fig. 12.17a (curve B).

-The elastic material clings together, and effects can be felt over great
distances. In a material with a stiffness which decreases as the strain
increases, the strains become disproportionately greater as the shear stress
increases, and deformations become much more concentrated. (An extreme
example of this is provided by the completely contained patterns of

Fig. 1216 Tiit of Big Ben clock tower resulting from lifting of diaphragm wall
with heave of excavation.
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displacements associated with failure mechanisms in a perfectly plastic
soil, as in Fig. 11.7)) :

The profile of vertical movement calculatcd by Simpson et al., using a
model incorporating an inner-yield surface bounding a region of stress
space associated with high stiffness, is also shown in Fig. 12.17a (curve
C). In this model the tangent stlﬁ'ness is assumed to fall by a factor of 10
when a small strain threshold is reached (Fig. 12.17b). Now the settlement
further back from the wall is much smaller, and though there is some
tendency to upward movement near the wall, the dominant effect is the
conversion, at constant volume, of the bulge of the wall towards the
excavation into a settlement trough behind the wall: Big Ben is expected
to tilt towards the excavation. The observed profile of settlement is also

- Fig. 1217 (a) Observed and computed profiles of vertical movement adjacent
to excavation for New Palace Yard car park: (4) measured, east wall;
(B) compuied, elastic soil; (C) computed, inner kinematic yield locus.
(b) Schematic diagram of variation of modulus with strain in soil model used
for curve C (after Simpson, QO’Riordan, and Croft, 1979)
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shown in Fig. 12.17a (curve A), and it corresponds quite nicely with the
calculation using the inner kinematic yield surface. Big Ben did indeed
tilt slightly towards the excavation, by about half a second (1 part in 7000)
(Burland and Hancock, 1977). . ‘ '

In this case the movements involved are small, and the nett result of
the-various opposing effects is sensitive to the details of the model and
to the values of the parameters chosen. However, the introduction of some
irrecoverability into a region of stress space that might conventionally
have been considered elastic has produced a marked change in the pattern
of deformation calculated around the excavation.

Whether or not it is necessary to model the ‘elastic’ behaviour of a
soil inelastically depends on the past history and future stress paths
expected for that particular soil. If it is reckoned. that the behaviour of a
geotechnical structure will be dominated by elements of soil for which the
stress changes are likely to involve major excursions beyond the current
yield surface (according to the simple elastic—plastic model), then the
resulting plastic deformations will dwarf the pre-yield deformations
(Section 11.2), and a linear elastic description provided by a single average
secant modulus will be quite adequate. This is usually the case for loading
of soft soils: recent deposits and lightly overconsolidated soils. However,
for stiff clays such as the London clay at' New Palace Yard, the stress
changes imposed by a geotechnical structure frequently lie entirely within
the yiéld surface that one might have supposed to have been 'set up by

Fig. 12.18 Variation of apparent secant modulus with level of loading (after
Jardine, Potts, Fourie, and Burland, 1986).

4000
U= N . .
:: 3000 . -footing
T .- _strutted
v o
§ .
=le triaxial -
AR 2000¢  reference
- |
sl flexible .
g - ile -
£| 1000} ?
(-]
pressuremeter
0

0 03 04 06 08 10
load factor



432 12 Beyond the simple models

the past (geological) history of loading of the soil, and a more realistic
description of the pre-yield behaviour is essential.

The kinematic hardening approach to soil modelling that has been
~.outlined here makes it very clear that plastic strains start to be generated
as soon as the effective stress state reaches the boundary of the ‘inner’
(true) yield locus (Fig. 12.14). However, if the changes in loading which
are applied to the soil are essentially monotonic, then it may be numerically
simpler to treat, the soil response as non-linear ‘elastic’, with an elastic
stiffness falling continuously with strain, as seen experimentally in
Fig. 12.12a. Jardine, Potts, Fourie, and Burland (1986) performed finite
element analyses for several common geotechnical situations to try-to
indicate how an equivalent single average stiffness should be chosen so
that the settlement of a footing or pile or the movement of a wall, for
example, mlght be calculated from a conventional linear elastnc analysis — if
an engineer insists on using such an analysis.

Results are presented in Fig. 12.18 as values of average secant modulus
non-dimensionalised with undrained strength, plotted against load level
‘non-dimensionalised with failure load. These make it very clear that the
apparent average stiffness depends on both the type and the level of
loading. The observed variation in stiffness in a triaxial test (shown in

" model: (a) eﬁ'ectlve stress path; (b) stress:strain response; (c) pore pressure:strain
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Fig. 12.18 as a reference curve and forming the input to the numerical
analysis) may be of no direct help in choosing the single stiffness for a
design calculation. Of course, the pattern of strains around the structure
in a non-linear elastic soil is quite different from that in a linear elastic
soil; so the curves in Fig. 12.18 relate only to particular points on the
structures analysed.

Broadly, the simple elastic—plastic models of Chapters 4 and 5 are
deficient where imposed effective stress paths lie entirely within the yield
surface. Cyclic loading, even of soft soils, imposes such paths, and the
simple models are again out of their depth. Consider undrained cycles of
triaxial compression applied to normally compressed Cam clay (Fig. 12.19)
+ with the deviator stress varying between zero and gq,,. The first application
of this stress (4B) causes yielding and plastic deformation (Fig. 12.19b),
but its removal (BC) lies entirely within the expanded yield locus (yl2)
(Fig. 12.19a) and consequently produces purely elastic deformations
(Fig. 12.19b). All subsequent applications and removals of the deviator
stress merely retrace the path CBC in the stress plane (Fig. 12.19a) and

"Fig. 12.20 Tyﬁical response observed in cyclic loading of clay: (a) effective
stress path; (b) stress:strain response; (c) pore pressure strain responsc (after
Sangrey Pollard, and Egan, 1978). :
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‘in the stress:strain relationship (Fig. 12.19b); the pore pressure changes

that are observed (CBC in Fig. 12.19¢) result only from the changes in
total mean stress on the conventional (constant cell pressure) loadmg and
unloading.

Experimentally (e.g. see Wood, 1982), however, continuing build up of
pore pressure and deformation is usually observed (Fig. 12.20), with failure
possibly being reached at a deviator stress well below the strength that
could have been expected in static loading (Fig. 12.20a). Experimentally,
it seems that data of the behaviour of soils under cyclic loading can be
fitted into a coherent picture provided that changes in effective stresses

. -{and changes in pore pressure) are properly taken into account. However, -

it is evident that if modelling of effects of cyclic or dynamic loading is

important, then due attention must be paid to the description of the

actually inelastic elastic deformations in the simple elastic—plastic model.

-12.4 Evolution of yield loci

In the simple elastic—plastic models of soxl response discussed in
Chapter 4, it was assumed that yield loci always have the same shape in
the p:q effective stress plane and that they expand uniformly when the
soil ylelds this expansmn being linked to the development of irrecoverable
~ plastic volumetric strains. A typical expenmentally observed yield locus
+ for a natural soil might have the shape shown in Fig. 12.21a. A sample
of this soil, starting from the isotropic effective stress state A4, at the
intersection of the current yield locus (yl) with the p’ axis, would show
very different responses in drained testing with constant mean effective
stress p’, according to.whether the deviator stress was increased (AB,.
compression) or decreased (AC, extension). The apparent shear stiffness
would be high in compression(Fig. 12.21b) because the effective stress
path AB heads towards the interior of the yield locus - the elastic
region — whereas the stiffness would be low in extension because the

Fig. 12.21 Different stiffnesses expected in triaxial compression (4B) and
triaxial extension (4C) of soil with history of one-dimensional compression:
(a) effective stress paths; (b) stress:strain responses.
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effective stress path AC is associated with yielding and irrecoverable
deformation of the soil. The response of the soil in this isotropic stress
state is thus anisotropic, and this anisotropy would be linked with the
anisotropic past history of one-dimensional deformation of the soil in the
ground, which has left the soil particles with certain preferred orientations
and has resulted in the yield locus shown in Fig. 12.21a.

A sample of reconstituted soil which has only known isotropic stresses
and deformations in its history would be expected to show yield loci which
cross the p’ axis at right angles,(Fig. 12.22a) like the yield loci assumed
in the Cam clay model, and the initial stiffness will be identical for small
changes in deviator stress going into the compression or extension regions
(AB and AC. respectively, in Figs. 12.222a,b). :

There is no restriction on the effective stress changes that can be imposed
on the soil. If the soil with the Cam clay yield locus of Fig. 12.22a were
subjected to the stress path OABC in Fig. 12.23a, where BC represents a
large increase in mean effective stress at constant stress ratio a/r’ (e.g.
the stress ratio corresponding approximately to one-dimensional com-
pression), then according to the assumptions that have been made here,
no matter how long the section BC of the stress path, the current yield

Fig. 1222 Identical stiffnesses expected in triaxial compression (4B) and
triaxial extension (4 C) of soil with history of isotropic compression: (a) effective
stress paths; (b) stress:strain responses. - '
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Fig. 1223 Expected evolution of shape of yield locus with (a) major one-
dimensional compression after initial isotropic compression and (b) major
isotropic compression after inital one-dimensional compression.’
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locus at C would still have the same elliptical shape centred on the p’
axis. In reality, however, the yield locus at C would show some recognition
of the almost entirely anisotropic stress history that the soil has
experienced: it might,resemble, rather, the yield locus for the natural soil,
shown dotted in Fig. 12.23a. In other words, the hardening of the soil,
the expansion of the elastic region, would have occurred preferentially in
the direction of previous loading. :

- The procedure usually adopted far preparation of isotropically
compressed samples of reconstituted soil for laboratory testing involves
an initial one-dimensional compression in a mould to produce a sample
- which can be handled and placed in the triaxial apparatus for subsequent
isotropic compression. It is hoped that the reverse transformation from
anisotropic to isotropic yield locus will occur (Fig. 12.23b), provided the
stresses reached during isotropic compression (BC) are sufficiently greater
than those reached during the initial one-dimensional compression (O A).
The different stress—dilatancy.relationships (and if normality is supposed
to apply, the different yield loci) deduced experimentally by Lewin {1973)
for samples of clay with various compression histories were described in
- Section 8.6. He found that with a mean effective stress at C, about five
times the mean effective stress at 4, the initial amsotropy was virtually
(but not completely) eliminated.

The other half of the assumption concerning the changmg size of yield
loci was that it was linked solely to the development of plastic volumetric
strain. The yielding and plastic behaviour of soils was introduced in
Chapters 3 and 4 following a discussion of some aspects of the yielding
and plastic behaviour of annealed copper. Annealed copper, like other
metals, does not change in volume as it yields and deforms plastically;
the hardening of annealed copper is linked solely to the development of
plastic shear strain. The way in which the mechanical behaviour of soils
changes with the occurrence of irrecoverable deformations is linked with
the changing arrangement of the soil particles, which is described in a
limited way by the plastic volumetric strain and a little more by the plastic
shear strain. One might postulate that part of the plastic hardening of
soils is linked, like annealed copper, with the development of plastic shear
strain. The size of the current yield locus in the p’:q effective stress plane
is characterised by a reference pressure p.. In the Cam clay model and in
the general volumetric hardening framework developed in Chapter 4,
expansion of yield loci is linked only with plastic volumetric strain:

3p, = f(0¢?) (12.4)(cf. 4.21)

However, the general analytical description of the plastic stress:strain -
relationship in Section 4.5 allowed hardening to be controlled also by
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" shear strain:
op, = f(6eh, 0e}) ' (12.5)(cf. 4.39)
In the Cam clay model, p;}epresents the current yield stress in isotropic
compression. An expression such as (12.5), admittedly only a general
statement, looks as though it would place too great a coupling between
development of plastic shear strain and hardening in isotropic
compression. Consider the yielding of a sand. Irrecoverable volumetric
deformation under isotropic or near isotropic stresses is largely an
indication of particle crushing: that is, a change in the volumetric packing
. of the particles without change in their relative configuration (without
major shifting and sliding). On the other hand, the yielding of sand (studied
by Tatsuoka, 1972, and by Poorooshasb, Holubeg, and Sherbourne, 1967,
and discussed in Section 3.4), is very much concerned with the shearing
of the sand: that is, major particle rearrangements without obvious particle
crushing. Recall that the yield loci discussed in Section 3.4 showed no
particular sign of closing on the p’ axis. Yielding under near isotropic
stresses was not studied by Tatsuoka or by Poorooshasb et al., but it
seems unlikely that the irrecoverable shearing of the soil, which clearly
strengthens the soil in shear, will produce major changes to the isotropic
pressures needed to initiate particle crushing.
This suggests that two separate mechanisms of yielding might be

Fig. 12.24 (a) Two sets of yield loci'séparating predominantly shearing
response (S) and predominantly volumetric response (V); (b) shear hardening
relationship for set S; (c) volumetric hardening relationship for set V. )
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considered: one primarily concerned with the shearing of the soil and the
other primarily concerned with the change in volume of the soil. Two
separate families of yield loci can then be introduced (Fig. 12.24). One
family (S) has a shape similar to the yield loci found experimentally
(Section 3.4) and is defined by a reference deviator stress g, (at some

particular value of mean effective stress p’) which changes only with

irrecoverable shear strain ¢} according to some hardening relationship
(Fig. 12. 24b)' ’

= f(0¢) . . (12.6)

Another famxly (V) cuts the p’ axis and is deft ned by a reference pressure
p., which changes only with irrecoverable volumetric strain ? (Flg 12.24¢):

op, = f(5£f,? ‘ (12.7)

These yield loci merely determine whether or not plastic deformations
occur; the mechanism of plastic deformation is controlled by plastic
potentials. Yielding on either family of curves is probably accompanied
by both volumetric and shear strains even though hardening is linked
with only one or the other component (just as yielding in Cam clay is
accompanied by volumetric and shear strains even though the change in
size of the yield loci is linked only with the volumetric component). This
division of yielding into two families reflects the fact that shear strains
are the result of the disturbance of the structure of the granular soil, and
near isotropic compression does not produce any great disturbance to the
structure. This arrangement of two sets of yield loci allows some evolution
of the shape of the elastic region (the yield envelope) as the soil is loaded
(Fig. 12.25), introducing some influence of the stress history. = ‘

A ‘double hardening’ model of this type has been used by Vermeer
(1980) in a finite element analysis to estimate the boundary stresses on a
deep, rigid, rough cylindrical die when a ferrite powder is compacted

Fig. 12.25 Evolution of shape of elastic region with two sets of yield loci: (a),
(b), and (c) show successive stages of expansion of members of the two sets of
loct for a non-monotonic stress path.
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one-dimensionally (Fig. 12.26). The reasonable agreement of at least some
aspects of this analysis with experimental observations illustrates that
there are many granular materials other than soils to which numerical
models developed for soils can be successfully applied. This application
is a good one for this type of double hardening model because the stress
paths in such a compaction problem involve significant increases in mean
effective stress; much of the powder undergoes compression at rather low
values of stress ratio g/p’. .

A translatmg, kinematic, inner yield locus was 1ntroduced in Section 12.3
as a means of representmg the high stiffnesses which are observed in soils

Fig. 12.26 (a) Section through cyhndrlcal die filled with pov.der (b) measured
and computed load:displacement relationships; (c) measured and computed
normal stresses on walls of die (after Vermeer, 1980).
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when effective stress paths change direction. The outer yield locus was
retained, but it does ﬁot,represent a boundary marking the onset of
irrecoverable deformations since these start as soon as-the inner yield
-locus is crossed; instead, it is a boundary between zones with different
tangent stiffnesses. An attempt to investigate the shape of the current yield
locus with stress paths such as BCDEFG in Fig. 12.14 would immediately
run into a problem of choosing the magnitude of strain required for
irrecoverable plastic behaviour to have been deemed to have occurred.
Detection of the inner (true) yield locus requires a strain threshold less
than the strain from B to D. Detection of the outer yield locus can be
based on much less sensitive strain measurements. '

Fig. 1227 (a) Chain of parallel spring and slider elements;
(b) load:displacement response of typical slider; (c) load:displacement response
of chain of parallel spring and slider elements.
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Strictly, of course, the inner yield locus is the yield locus; and as it is
pushed around in stress space, the boundary of the elastic region certainly
evolves with stress history, in position more than in size. An extension of
this two-yield locus model to a model in which several yield loci are nested
one inside the next can provide a convenient way of storing information
about the history of the soil. A one-dimensional analogy may help to
understand the pattern of response which such a model can reproduce.

Imagine a series of springs with parallel sliders connected as in
Fig. 12.27a and subjected to an axial force P (compare Iwan, 1967). Each

_~ of the springs is assumed to have the same stiffness k, but the sliders have

the rigid—perfectly plastic response shown in Fig. 12.27b with sliding loads
Y, where Y, =y, Y; =2y,and Y, =3y. Initially, as the load P is increased
from zero, only spring 1 deforms and the load:deflexion response has
stiffness k (Fig. 12.27c). When P = y; however, slider 2 slides and spring
2 deforms; the tangent stiffness is now k/2 (Fig. 12.27c). When P = 2y,
slider 3 slides and spring 3 comes into action; the stiffness drops to k/3. '-
When P =3y, slider 4 slides, and the stiffness drops to k/4. If the load is
reduced again from P = 3y, all the sliders lock up, and only spring 1 is
able to deform, with stiffness k, until the load has changed by 2y and
slider 2 is able to slide in the opposite direction — and so on as the load
is further reduced. The unloading response (Fig. 12.27¢) is thus identical
to the initial loading response but at twice the scale. If, when the load
has reached — 3y, the direction of loading 1§ reversed again, a similar
reloading response is observed (Fig. 12.27c), fejoining the original loading
~response at P =2y. Whenever the direction of loading is changed, all the
sliders lock up and only spring 1 is able to deform; two small cycles are
shown within the larger cycle of Fig. 12.27c, and the tangent stifiness
clearly depends on the direction of loading. - - —-" - - - S
In the equivalent soil model, the sliders, whose sliding loads represent
one-dimensional yield points, are replaced by yield surfaces of progressive-
ly larger sizes. The steadily increasing numbers of springs operating in
series are replaced by steadily reducing tangent stiffnesses associated with
the regions of effective stress space between the yield surfaces (fields of
hardening moduli; compare Mroz, 1967); so the larger the yield surfaces
that are moving, the lower the corresponding stiffness. A group of nested
yield loci is shown in the p’:q plane in Fig. 12.28a, together with an initial
stress point A. As the effective stress is changed from A to B (Fig. 12.28b),
the successive yield loci are picked up and carried with the stress state,
and the stiffness drops as successive yield loci are reached. Subsequent
change of stresses to C (Fig. 12.28c) carries yield loci 1, 2, and 3 with the
stress state but in such a way as to leave some record of the history of
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loading. Subsequent continuation to triaxial extension CD activates yield
loci 1,2, and 3 and is associated with a low stiffness (Fig. 12.28d). A retreat
into triaxial compression towards B has initially to track across yield |,
locus 1 at hlgh stiffness (Fig. 12.28d). The anisotropic stress fustory is
reflected in the current anisotropic stress: stram response.

Fig. 12.28 Set of nested yield loci translating under stress path ABC, for
which (a) shows position of yield loci for stress state A, (b) shows position of
yield loci for stress state B after stress path 4B, and (c) shows position of yield
loci for stress state C after stress path ABC; (d) stress:strain response in
subsequent triaxial compression CB and extension CD.

q

(c) ' (d)

Fig. 12.29 (a) Set of nested yield loci subjected to isotropic compression AC;

(b) stress:strain response in subsequent triaxial compressnon CB and extension
CD.
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By contrast, a loading straight from A4 to C carries all the yield loci
symmetrically along the p’ axis (Fig. 12.29a), and the stiffness in both
compression and extension is the same (Fig. 12.29b). The model thus shows
isotropic effects for isotropic loading and anisotropic effects for anisotropic
loading, and the location of the boundary of the region of effective stress
-space associated with any particular change in tangent stiffness evolves
with the stress history. Some data obtained by Nadarajah (1973) in
undrained triaxial compression and extension tests on samples of spestone
kaolin are shown in Fig. 12.30 as a reminder of some of the experimental
phenomena that such a model can reproduce. Figure 12.30 shows the

Fig. 12.30 (a) Stress paths and (b) stress:strain response for undrained triaxial
compression and extension tests on isotropically normally compressed spestone

o kaolin (A) and one-dimensionally overconsolidated spestone kaolin (B) (after
Nadarajah, 1973). ' :

200} -
-~
100" //
-~
. //
-
i 0 // L 1 // N § 1 L A
< 100 200} 300 400 500
" P, kPa
—-100f )
—200F
(a) }
~15 <10 =5 S 10 15
. : eq,%
L _100
- f—200

(b)



444 12 Beyond the simple models _

effective stress paths and stress:strain relationships for samples which have
been isotropically compressed prior to undrained loading (curves A); the
initial stiffness is the same in compression and extension. The figure also
shows the effective stress paths and stress:strain relationships for samples
which have been one-dimensionally compressed and then unloaded to an
isotropicstress state before undrained loading was applied (curves B); the
initial stiffness in compression is very much greater than the initial stiffness
in extension. : ]

This idea of nested translating yield loci has been discussed in a rather

' qualitative way: the yield loci shown in Figs. 12.28 and 12.29 have the -

- Cam clay shape but have been shown only translating and not hardening
though one might expect a Cam clay-like material to show some change
in size of the yield loci as the soil is deformed. A more realistic model,

such as those described by Mréz, Norris, and Zienkiewicz (1979) or

~Al-Tabbaa and Wood (1989), would have to balance translation and
expansion of the yield loci according to some rule as a stress path is
traversed; some assumption is also required about the mechanisms of
plastic deformation appropriate for any particular stress state, in other
words a plastic potential or flow rule for the soil is needed.

125 Concluding remarks: applicable models - :
Many, many numerical models for soil behaviour — constitutive
relations — are described in the literature, and comprehensive surveys of
available models can be found in the papers edited by Murayama (1985).
In this chapter, we have given only the slightest hint of some of the

possibilities, showing how they might be thought of as developments from

the simple models discussed at greater length in other chapters and trying
to take some of the mystery out of constitutive relations. The principles
and hypotheses underlying constitutive models are often conceptually

rather simple even though their development and presentation in terms of ‘

complete sets of equations may appear daunting.

Any geotechnical design calculation requires a conscious or unconscious
choice of a model of soil behaviour. Settlement calculations typically
assume that the soil is linear and elastic, and bearing capacity calculations
typically assume that the soil is rigid and perfectly plastic. However, these
basic models do not get very far; geotechnical constructions under working
loads will certainly have proceeded well beyond a linear elastic range and
yet are unlikely to have attained conditions of perfect plasticity. The
analyses of the New Palace Yard excavation described in Section 12.3
indicate the poverty of an elastic analysis for indicating the pattern of
deformations that might occur.
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In choosing a model, an engineer must decide which effects are likely
to be important enough to be included in the model. This decision must be
based on information concerning the history of the soil and the future
stress changes that the soil is likely to experience. But the choice of model
also depends on other factors. The more effects there are to be built into
the model, the more elaborate that model becomes, and the more soil
parameters are required to specify the model. The more parameters that
are required, the more complex the laboratory testing that is needed to
determine their values becomes. Natural soils are heterogeneous, so some
of their properties are likely to vary from place to place. Because extraction
and testing of soil samples and in situ testing of soils cost money, a balance
may have to be found between the certain cost of testing large numbers -
of samples to evaluate a large number of parameters for a heterogeneous
soil and the possible benefit of using a complex rather than a simple model.
The novelty of the project — location of structures and type of loadings -
and the quality of the feasible site investigation may or may not justify
the complex1ty of the model. , .

This book has been concerned with models in general and models in
particular. The general model is the framework of critical state soil
mechanics which links the compression and shearing of soils and which
makes it clear that to understand soil behaviour, paths should always be
studied both in the p’:q effective stress plane and in the p’:v compression
plane; the vital effect of consolidation history or volumetric packing on
subsequent response then becomes clear. »

The particular model we have discussed is Cam clay, but it should have
become clear that many models can be produced which, like Cam clay,
(i) automatically generate a set of critical states at which plastic shearing

- can continue without-change in effective stresses or volume and (ii) can
be used to demonstrate that rather simple models founded in the
theoretical framework of elasticity and plasticity can reproduce many of
the important features of observed response of real soils, such as the
existence of critical states, volume changes on sheanng, and dependence
of strength and stress:strain response on history.

Models such as Cam clay can be used successfully to match and predxct
soil behaviour in a wide range of laboratory (and in situ) tests and can
be used in finite element computations to estimate the behaviour of’
prototype geotechnical structures. Particular success has been obtained
with the Cam clay model in matching behavxour of prototypes which load
softer deposits of soil. .

Models such as Cam clay are ﬁrmly rooted in cntlcal state s01l mechanics
and have the following particular properties:




446

i

il
iil.

iv.

\A

12 Beyond the simple models

They are described in terms of effective stresses and can include
coupled effects of shearing and pore pressure zeneratxon or
dissipation.

They are based on simple physical notions of the way that the
soil yields and deforms plastically.

They automatically incorporate in a single model the compression
and shearing of the soil. ‘ :

They are defined by a small number of parameters which can be
determined from simple tests (Cam clay requires the slopes 4 and
x of normal compression lines and unloading-reloading lines and

 the location I of the critical state line in the compression plane;

the slope M of the critical state line in the effective stress plane;
the shear modulus G’ or Poisson’s ratio v'; and the permeability k).
They can make predictions for all stress and strain paths. ’

Simple models can give a good general impression (Fig. 12.31a);
elaborate models can give a more detailed local picture (Fig. 12.31b).

Fig. 12.31 (a) Galloway landscape: George Henry (1889) (reproduced by
permission of Glasgow Art Gallery and Museum); (b) The bluidie tryste: Joseph
Noel Paton (1855) (reproduced by permission of Glasgow Art Gallery and
Museum).
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Hierarchies of models of increasing complexity might be produced to
illustrate the various roles that different models can play (compare Vermeer
and de Borst, 1984). The Cam clay model is a student’s model, and its
purpose is to describe and explain patterns of soil behaviour, enabling
the student to proceed further in understanding soil than is possible with
the simple, traditional, ideally elastic and perfectly plastic models (which
have been called children’s models to emphasise that soil mechanics today
has advanced and matured). Developments beyond the student’s models
provide engineer’s models applicable perhaps to particular classes of
problems and introducing such extra features as are thought necessary for
each problem. In the distance-are the scientist’s or philosopher’s models
which match comprehensively and precisely all aspects of soil response.
Perhaps such models will, like the philosopher’s stone, always remain
elusive. . - : :
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A-line, 288
activity, 283
anisotropy
cross, 19, 47, 399
elastic, 46, 399
stress :strain response, 435, 442 ,'
yield loci for natural clays,. 70, 75, 401
associated flow (see normality)

back pressure, 24
bulk modulus, 38, 42, 89 -
undrained, 45 )

Cam clay, 112, 445
analysis of circular loading, 355, 376
critical states, 141, 173 '
finite element analyses, 378, 387
one-dimensional normal compression,
. 315
original, 112, 236, 247
peak strengths, 188, 196, 201
strength and initial effective stress, 182,
292, 303
stress-dilatancy, 229, 238, 246
undrained strengths in different tests,
342
centrifuge modelling, 382, 393
Chattahoochee River sand, 167, 208
coeflicient of consolidation, 30, 369
coefficient of earth pressure (see earth
pressure coeflicient)
compression plane, 28, 151, 170, 196
cone penetration test, 341 (see also fall-
cone) '
copper wire, 55, 92, 423
creep, 415

-~

critical state, 4, 139
under circular load, 362
and Mohr-Coulomb failure, 178
critical state line, 141
and liquidity index, 285
and pore pressures at failure, 186
and qualitative response, 158"
sands, 172
and strength, 179, 191
Weald clay, 156
critical void ratio, 163, 164
Cubzac-les-Ponts
anisotropic elastic~plastic model, 398
- experimental embankment, 393
yield locus for clay, 401
cyclic loading, 242, 433

destructuration, 69, 249, 265, 365
-deviator stress, 18, - - -
‘generalised, 21, 343
dilatancy (dilation), 25, 163, 214, 226
angle of, 230
distortional strain, generalised, 21
drained tests, 24
Cam clay predictions, 118, 146, 148

earth pressure coefficient
at rest (K,), 291, 314 389, 403
passive, 325
effective stress (controlling stress:strain
“response), 14, 41
effective stress plane, 27, 69, 151, 196
elasticity
anisotropic, 46, 399
isotropic, 37, 429
~ non-linear, 432
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embankment Ioadihg, 331, 382, 393

equivalent consolidation pressure, 147, 191, .

206 /
one-dimensional, 198

fall-cone, 257, 280

finite element analysis, 363, 376
centrifuge model embankment, 386
Cubzac-les-Ponts embankment, 397
triaxial specimen, 377 ] )

flow rule, 227, 244, 401 (see also plastic

potential)
frictional block, 99

. grading curves, 7, 170 -

hardening

kinematic, 428, 439

plastic, 89, 107, 116, 128
Hooke’s law, 37, 55, 400
Hvorslev strength parameters, 196
hysteresis, 67, 294, 425

isotropy, transverse (see anisotropy, cross)
kinematic hardening, 428, 439

leaching, 288, 297
liquidity index, 263
and consolidation history, 275
and sensitivity, 296
_and undrained strength, 266, 282
and vertical effective stress, 272, 290
liquid limit, 277 .
Casagrande, 262, 279
and critical state line, 285 . .
fall-cone, 261, 280
and plasticity, 287

' mean‘eﬂ'ectivc stress, 20, 21, 343

Mises yield criterion, 59, 81, 345
modelling, 1, 444
numerical, 376
centrifuge, 382, 393 . :
Mohr circle, 175, 179, 235, 271, 282
Mohr-Coulomb failure, 175, 190, 205, 325,
343

normal compression line, 86, 116, 272, 290,
319 .

normality, 103, 115, 214, 399

Norwegian marine clays, 288, 296, 364, 369

oedometer, 28, 66, 87, 301, 403
one-dimensional compression, 66, 86
and liquidity index, 291
- oedometer, 29
stress path, 314
undrained strength, 307
one-dimensional unloading, 294, 320
overconsolidation ratio, 183, 321, 328
isotropic, 182, 186, 323
overconsolidated soil -
Cam clay predictions, 122, 134
critical state strength, 182
liquidity index, 274
peak strength, 189, 196
pore pressure at failure, 186
qualitative response, 158
overconsolidation, from water table
fluctuation, 327, 356

particle crushing, 170, 213
particle sizes, 6 -
passive failure, 325
permeability, 6, 370, 389, 403
plane strain
angle of shearing resistance, 319
numerical analysis, 397 . -
stress and strain variables, 31
and stress—dilatancy, 229, 241, 246
tests, 31, 339, 348 o
plane strain stress paths, 330
beneath embankment, 331, 393, 407
beside excavation, 333
long slope, 335
one-dimensional deformation, 330
plastic limit, 262, 280 o
plastic potential, 102, 128, 226
Cam clay, 115
and critical state, 141, 290
Cubzac-les-Ponts, 399, 401
plastic strain increment vectors, 102, 226
Cam clay, 115
copper tubes, 64
Cubzac-les-Ponts clay, 401"
Winnipeg clay, 104
plastic stress: strain relationship (general),
106
plasticity index, 263
and compressibility, 264, 282
and friction angle, 271
and liquid limit, 287
and strength, 303
Poisson’s ratio, 38, 41, 89, 114
anisotropic, 47, 400
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and one-dimensional deformation, 316,
320
undrained, 45
pore pressure (excess), 13, 218
under circular load, 355
under embankment, 391, 406
pore pressure parameters, 33, 186
Cam clay, 130
elastic soil, 44
and long-term settlement, 373
porosity, 10
preconsolidation pressure, 67, 9, 356
and time effects, 415, 419, 420
and undrained strength, 303
and yield loci, 75
pressuremeter, 339, 347

relative density, 207

representation of p’,q,v information, 144
constant p’ section, 145, 204
constant v section, 147,202

residual strength, 219, 270, 327

ring shear test, 222

rockfill, 170

Rowe’s stress—dilatancy relation, 239, 246,

251

Sacramento River sand, 211
sands
Chattahoochee River, 167, 208
critical states, 162 X )
dilatancy, 232, 236, 242, 244
peak strength, 207
plastic potentials, 105
Sacramento River, 211
yielding, 76, 437
saturation, degree of, 10
secondary consolidation, 415
sensitivity, 269, 276, 288, 296
settlement
calculations, 3, 366
under circular load, 366
under embankment, 389, 404
- immediate, 366
long term, 372 »
shear box, 30, 163, 196, 222, 230
shear modulus, 38, 42, 114
undrained soil, 45
variation with mean effective stress, 89,
388
shear strain
generalised, 21
plastic, 98

461

triaxial, 21
simple shear apparatus, 31, 164, 234, 244,
340, 347
slope stability, 216, 335
softening ‘
Cam clay, 124, 128
and control of tests, 191
destructuration of natural clay, 365
and increase of water content of natural
. clay, 221, 224
specific volume, 10
granular, 12, 222
stability calculations, 3; 162, 213, 251
effective stress, 215
total stress, 215
state boundary surface, 204
state parameter (state variable for sand),
209 ‘
steel (plastic deformation), 3, 362
strength, 175 -
peak, 188 -
undrained (see undrained strength) ‘ o
stress—dilatancy diagram, 228
stress path, 52
beneath circular load, 328, 360
display, 312
beneath embankment, 331, 393, 407
beside excavation, 333
long slope, 335
method, 311 .
one-dimensional compression, 314
~ one-dimensional unloading, 320
plane strain, 330

g ety e

tensile fracture, 203
time-dependent deformations, 403, 414
Tresca yield criterion, 59, 81, 337
triaxial apparatus, 17
triaxial compression

Cam clay predictions, 118

. conventional, 22
elasticity, 40

~ finite element analysis, 377

inhomogeneities, 377
local strain measurement, 426
mode of deformation, 339
Mohr-Coulomb failure, 178
stress—dilatancy, 239
triaxial extension, 23, 178, 240, 339
triaxial shear strain, 21

uﬁdercdhsolidation, 276 )
undrained strength, 179, 258
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undrained strength (cont.)
in different tests, 337
and initial effective stress (or overburden
pressure), 183, 301, 324, 346
undrained tests, 26, 42, 98, 186, 337
Cam clay predictions, 126, 146, 148, 342
effective stress path, 127, 148
unloading-reloading line, 86, 114, 293, 323,
400
unsaturated soil, 16, 35, 335

vane
field, 303, 341, 349
laboratory, 280, 284 -
viscoplasticity, 421
“void ratio, 10
critical, 163, 164 - e
granular, 12
volumetric strain, 12, 21
elastic, 85, 113
plastic, 89, 116

water content, 10, 150, 259. 263

Weald clay
critical state line, 149, 286
peak strengths, 200
pore pressures at failure, 187
triaxial tests, 124, 136, 378
Winnipeg clay ]
anisotropic elasticity, 51
flow rule (plastic potential), 104, 249
vield loci, 73, 89

vield criteria
von Mises, 59, 81, 345
Tresca, 59, 81, 337. - S e
vield loci, evolution, 434
vielding, 56
beneath circular load, 355
clays, 65
metal tubes, 57
sands, 76
Young's modulus, 37, 41

Q-point, 287




