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I. Introduction

Mechanics may be based on two principles: the reaction principle and
the principle of virtual power. The reaction principle (still cited in most
books in its special Newtonian version, valid merely for pairs of material
points) must be stated in the following general form: (1) Every force has
its reaction. A force is called internal or external for a given system according
to whether its reaction acts within it or without. (2) In any virtual state of
motion corresponding to a rigid displacement of the system, the total power
of the internal forces is zero. The principle of virtual power states that in
any virtual state of motion (whether admissible or not) the total power of
the internal, external, and inertia forces is zero.

Applying these two principles to translations and rotations (particular
cases of rigid motions), one obtains the theorems of linear and angular
momentum. They are free of internal forces.

In the case of a discrete system, composed of material points and/or
rigid bodies, certain internal forces are usually known, whereas others
(called reactions) are unknown. Applying the theorems of linear and angular
momentum to the entire system, we may not obtain sufficient differential
equations to determine its motion. However, if we apply the theorems to
the various parts of the given system, obtained by successive subdivision,
more and more internal forces become external, and the same process
increases the number of differential equations until a complete set is obtained
to determine the motion and the reactions. Integration of this set may be
difficult. It can be facilitated, however, by applying the principle of virtual
power to the real motion and to the most general admissible state of motion.
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In this manner one obtains, respectively, the energy theorem and Lagrange’s
equations.

Let us note in passing that to formulate Lagrange’s equations (and in
consequence analytical mechanics as a whole), one starts by choosing a set
of generalized coordinates g, together with the corresponding velocities g;,
and proceeds to define the generalized forces Q; by means of the expression
for the virtual work or power. There is no way to invert this process:
velocities and forces are inexchangeable.

In the case of a continuum the system to be considered is the mass
element, and the internal forces are by definition unknown. In place of the
q; we have the coordinates determining position and orientation of the
element plus a set of strains determining its state of deformation. In place
of the ¢, we have the linear and angular velocities of the element plus the
material strain rates, and the Q; appear replaced by the resultant force and
moment plus the stresses defined by the expression for the virtual work or
power of deformation. The theorems of linear and angular momentum are
still valid; however, they are insufficient to determine the motion. Since the
internal forces are unknown, so is the connection between strains and
stresses. Subdivision of the element is of no avail since it procuces elements
with the properties of the orignal one unless the subdivision is carried to
the point where the continuum loses its character and disintegrates into its
molecules. :

There are two ways out of this impasse. The first has been followed in
the past by continuum mechanics. Here, the observed response of given
materials is modeled by constitutive relations connecting the stresses with
the strains, the strain rates, or even the strain history. In cases where the
history comes into play, an alternative—which will be preferred in this
article—can be based on the introduction of internal parameters in the form
of strains, in the definition of the corresponding internal stresses and in the
inclusion of these entities in the constitutive relations. These approaches
have been quite successful. However, they are semiempirical, different for
each material, and not tied together by a general principle.

The other way out of the dilemma consists in the attempt to explain the
macroscopic response of a material in terms of its microscopic structure.
Purely mechanical efforts in this direction have not been very successful.
However, the example set by the kinetic theory of gases appears promising.
Here, the thermodynamic behavior of the macrosystem (the mass element
of the continuum) is explained by the mechanics of the microsystem (the
total of the particles of which the element is composed). Since the micro-
scopic motion eludes the macroscopic observer in its details, statistics must
be used to interpret it on the phenomenological level. As the particles are
in continuous motion, the temperature has to be introduced as a macroscopic
measure of the microscopic kinetic energy, and the energy flux by micro-
scopic exchange between particles within and outside the element while it
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retains its shape must be interpreted phenomenologically as a heat flow. In
short, the attempt to physically understand material response turns con-
tinuum mechanics into thermodynamics.

The reverse is true as well. As long as thermodynamics confined itself to
gases, its connection with continuum mechanics remained concealed. Once
it is applied to other materials, the molar volume has to be replaced by the
strains and the pressure by stresses, and it becomes clear that thermody-
namics and continuum mechanics become inseparable, forming one single
branch of science.

As a first consequence of this insight, the mechanical energy theorem
is to be dropped. True, it still holds for the microsystem, but on
the phenomenological level it must be replaced by the first fundamental
law of thermodynamics. The next consequence is the recognition of the
second fundamental law. Moreover, it is imperative that both laws be
applied not to the entire continuum, but to its material elements. In
other words, thermodynamics is to be conceived as a field theory in the
same manner as continuum mechanics. Once this is recognized, the time-
honored restriction to extremely slow processes becomes obsolete, and it
becomes possible to treat reversible as well as irreversible processes with
the same ease. It is clear, on the other hand, that exceedingly fast pro-
cesses, where the macro- and microvelocities become comparable, have to
be avoided, but then they are exceptions within the framework of continuum
mechanics.

In the vast majority of cases, deformation of a continuum is an irreversible
process. So is heat conduction. Here, the fundamental laws are not sufficient
to establish constitutive relations. The gap has been partially closed by
Onsager (1931) with his reciprocity relations. They establish the symmetry
of the matrix connecting velocities and forces. In this function they are
clearly restricted to linear processes and hence lack the status of a physical
law, not to mention the fact that many processes in continuum mechanics
are nonlinear.

About a generation ago one of the present writers (Ziegler, 1958) proposed
an orthogonality principle for irreversible processes, based on the dissipation
function and including Onsager’s theory as a special case. He later showed
(Ziegler, 1961) that orthogonality (which, incidentally, requires regular or
at least regularized dissipation functions) is equivalent to a number of
extremum principles. The most appealing of these (applicable also in cases
of irregular dissipation functions) postulates that the irreversible process,
subject to certain side conditions, always maximize the rate of entropy
production. During the ensuing decades these principles were discussed in
various publications and restricted to purely dissipative processes of the
elementary and the complex types. (The first restriction precludes the
presence of gyroscopic forces such as Coriolis forces or magnetic fields.
Elementary processes are defined by velocities in the form of components
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of a single vector or tensor; in the complex case more elementary processes
may occur at the same time but must be coupled.)

Continuum mechanics has proved to be the most fertile field of application
of the principles mentioned. Here, they allow one to establish constitutive
relations, deducing them from a single pair of scalar functions characterizing
the material: its free energy and its idssipation function. The process and
some of its results have been described in the first writer’s book on ther-
momechanics (Ziegler, 1977), and some questions still open in the first
edition have been elaborated in the second (Ziegler, 1983). In the meantime
it has been possible to generalize and supplement the few applications
treated in this book. Besides, more applications have been supplied by
Houlsby (1979, 1980, 1981a,b) and by Germain et al. (1983).

The writers feel that the time has come to present a systematic account
of the leading functions providing constitutive relations. Such an account
is the topic of this article. The principie of maximal rate of entropy produc-
tion is quite general and can be applied with the same ease to small and
large deformations. In spite of this, the review will be restricted, wherever
the strain tensor becomes part of the development, to its first approximation,
that is, to infinitesimal strains. The authors hope that the results may motivate
future work extending the method to finite deformations.

The next section presents a brief account of the theory. For its justification
and for more details the reader is referred to the book (Ziegler, 1983), which
will be cited for brevity as Z, followed by the number of the relevant section.
Some of the mathematical tools needed are collected in an appendix at the
end of the article. The rest of the article is devoted to a variety of materials.
It will show that the response of most of the models in use can in fact be
derived from their free energy and their dissipation function. It will also
show that (and why) a few models do not fit into the pattern.

I1. Thermomechanical Theory
A. THERMODYNAMICS

Let us consider a mass element of a continuum (Z.4.3), and let us
provisionally assume that its state can be described by the absolute tem-
perature & > 0 and a set of mechanical parameters, the components of a
strain tensor ;. Let us further assume that ¢” is a stress tensor and that
the expression

= (1/p)o’é;, (2.1)

where p is a density, the dot indicates material differentiation, and the sum-
mation convention is used, representing the specific power of deformation.
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Here and in what follows, “specific”’ will always mean *‘per unit mass.” In
an expression like (2.1) it is customary in thermodynamics to refer to the
£; as velocities and to the a”/p as the associated (specific) forces.

Macvean (1968) has studied the various strain tensors proposed in the
past. He has shown that only a few of them allow a representation (2.1) of
the specific power and thus are thermodynamically acceptable. One of them
is Green’s strain tensor, based on the so-called Lagrangean description of
the deformation; it is associated with Kirchhoff’s stress tensor, and p has
to be interpreted as the density in the reference state.

It will be simpler for our purpose to use the so-called Eulerian approach,
based on rectangular Cartesian coordinates, and to replace (2.1) by

1 =(1/p)o,dy, (2.2)

where p is the instantaneous density; o; is Euler’s stress tensor; and
d; = (v;; + v, ;)/2 is the deformation rate in the sense of Prager (1961), with
subscripts following a comma denoting partial differentiation with respect
to the corresponding coordinate so that v;; is the velocity gradient. It is
true that d; cannot generally be interpreted as the time derivative of a strain.
However, if we restrict ourselves, where necessary, to small deformations,
we may write d; = £;, where ¢; is the engineering strain and oy the
engineering stress, the dot indicates partial differentiation with respect to
time, and p may be considered constant.

The entities £; and & will be considered as independent state variables.
Functions of them are dependent state variables, also denoted as state
functions. Examples are the specific internal energy u(e;, 9), the specific
entropy s(g;, 9), and the specific free energy

Yley, ¥) = u— Js. (2.3)

If we exclude radiation, the specific heat supply per unit time is —gq;,;/p,
where g, is the vector of heat flow. The specific entropy supply per unit
time is — (‘1-'/'9),:‘/!7-

The first fundamental law

u= (1/P)(U.jdij - qi,i) (2.4)
states that the rate of increase of the specific internal energy is the sum of
the specific power of the stresses and the specific rate of heat supply. The
second fundamental law may be written

§ = g% 4 gx) (2.5)
where
s*0 = —(1/p)(q:/ 9).; and s*¥D = Q. (2.6)

It states that the specific rate of entropy increase consists of a reversible
and an irreversible contribution. The reversible contribution is the entropy
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supply from outside; the irreversible contribution, to be interpreted as an
entropy production within the element, is nonnegative.
From (2.4) through (2.6) we deduce

p(ii — 95) = o,d; —%‘a,i — pOs* (2.7)
or

ou ou qi .
Ay =p\ — -9 —|dj+pl ——- 90 &+ '19 + pds*. (2.
7y p(ae,, asu) p(aa aa) g ditpds™h (23)

In the special case of pure heating (or cooling) the rate of deformation is
zero and the element receives (or loses) heat, whereas no net flow of heat
across the element takes place. Thus, d; = 0 and g, = 0 but g;; # 0. Since
the process is reversible and 9 is different from zero, it follows from (2.8)
that

ou/ad = 9(8s/89), (2.9)

and since both sides of (2.9) are state functions and hence are independent
of the particular process, this equation must be generally valid. Thus (2.8)
reduces to

oydy = p(oy/oe;)d; + (q;/ ), + pds*?, (2.10)

where (2.3) has been used.
Equation (2.10) suggests the subdivision of the stress tensor into two parts,

gy, = (") + o', (2.11)
in such a way that

o = p(ay/dey). (2.12)

Since the o’ defined in this manner depend on a potential ¢, which,
however, is a function of the g; and ¥, we call them quasiconservative
stresses, and we note that, on account of (2.3) and (2.9), Eq. (2.12) may be
supplemented by

(9)

s = —9y/3d. (2.13)

For the remainders o in (2.11), Eq. (2.10), together with the inequality
(2.6), supplies the condmon

o\ld; — (8,/8)q = pds* 20, (2.14)

that is, the so-called Clausius-Duhem inequality. A glance at (2.2) shows
that the o’ correspond to specific forces o'’/ p, which appear in irrevers-
ible deformations; they will be denoted as dissipative stresses. Heat flow g;
across the element (in contrast to heat supply, determined by g;;) is another
irreversible process; the corresponding force is — 9,/ pd.



The Derivation of Constitutive Relations 189

The case just discussed is particularly simple. In addition to ¢; and 9,
most materials also require internal parameters for the description of their
state. Let us assume, for example, that a single internal strain tensor ¢ is
needed, and let us denote the associated force by B;/p. Independent state
variables are then ¢;, a;;, #; the state functions depend on all of them, and
the terms with d; in (2.7) through (2.10) must be supplemented by the
corresponding terms with @;. Thus, (2.12) is to be supplemented by

,B(.jq) = P(adf/aaij), (2.15)
and (2.14) must be replaced by
oPd; + By a, — (9,:/9)q = pds*V =z 0. (2.16)

However, since the a;; are internal parameters, the 8; do not appear in the
first fundamental law, and if we exclude gyroscopic components (i.e., forces
that depend on the velocities @; in such a manner that their power is always
zero, as, e.g., the Lorentz force acting in a magnetic field or the Coriolis
force in a rotating coordinate system), we have 8; = 0 or equivalently

B(q) B(d) _ (217)

The generalization for more than one internal strain tensor is obvious.

B. ORTHOGONALITY

The simplest materials dealt with in continuum mechanics are elastic.
They may be defined (Z.5.1) by the conditions e; = 0 and o'’ = 0. Thus,
the first two terms in (2.16) are zero. In the isothermal or adiabatic case,
the last term vanishes, too, and the deformation becomes reversible process.
It is entirely determined by the specific free energy ¢(e;): the specific
entropy follows from (2.13), the internal energy subsequently from (2.3),
and the only constitutive equation (2.12) connects the stresses with the
strains.

More general processes and those taking place in more general materials
are irreversible and require more constitutive relations, connecting the
dissipative forces 0 D/p, B““/p, and -4 ,/p?d with the velocities dj;

ijs lj’
and g;. So far, the only condition at our dlsposal is (2.16),
(d)du + B(d)au - (19 /ﬁ)qx =pe = 0 (2‘18)
where ¢ is the specific dissipation function,
¢ = 9s*D =0, (2.19)

which may be considered as a function of d;;, ¢;, g; and generally also of

the state ;, oy, 0.
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The constitutive equations we are looking for have been established
separately for many idealized materials, and the corresponding dissipation
functions are easily derived from them. As stated in Section 1, however,
these relations are not connected by a general law, as should be expected,
and attempts to deduce them mechanically from the microstructure of the
various materials have not been very successful. Once the microstructure
becomes important, however, it is inevitable that statics and hence thermody-
namics come into play, and the mechanical reasoning just described can in
fact be replaced by an approach that is more in the spirit of thermodynamics.

Let us note that, in the chain of reasoning leading from the fundamental
laws to the inequality (2.14), the dissipation function (2.19) appeared already
in (2.7), long before the dissipative stresses were introduced in order to
interpret ¢ as a specific power. It therefore seems reasonable to invert
(Z.14.2) the conventional approach: instead of starting from the forces and
interpeting ¢ as a special expression of the specific power and hence as a
function of secondary importance, we accept ¢ as the primary function and
propose to derive the dissipative forces from it. This is equivalent to
postulating (as already at the end of Section I1,A) that the forces have no
gyroscopic components. If it is possible to deduce the dissipative forces
from ¢ in a similar manner as the quasi-conservative forces from ¢, each
material is characterized by two scalar functions ¢ and ¢.

In the case of pure heat conduction, the velocities g; are the components
of a vector. The same is true for the dissipative forces Fi*’ = -9 ,/p0. The
dissipation function ¢(g;), assumed to be regular, may be described in
velocity space by the dissipation surfaces ¢ = const. (Fig. 1). Equation
(2.18) reduces to

Fiq = ¢o(q). (2.20)

It determines the projection of the vector Fi*’ onto g;, leaving, however,
its direction free. If this direction is to be given by ¢, it must, as has been
shown in (Z.14.3), be determined by the gradient d¢/dq; of ¢ in velocity
space and hence by

Fi¥ = v(3¢p/aq,), (2.21)
where v = ¢@[(8¢/3q:)q:] " ensures that (2.20) is satisfied.

@-const

FiG. 1. Orthogonality in velocity space.
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Geometrically, Eq. (2.21) may be interpreted as an orthogonality condition:
the dissipative force F{*’ corresponding to a velocity g; is orthogonal to
the dissipation surface ¢ = const passing through the end point of g;.

Equation (2.21) maps the velocity space onto the space of the dissipative
forces. If this mapping and its inverse are single valued, it can be shown
(Z.14.5) that the dissipation surfaces are star shaped with respect to the
origin, strongly convex, and ordered in the sense that each of them encloses
those with smaller values of ¢. It can even be demonstrated (Z.15.3) that
the orthogonality condition implies that both sides of (2.20) are nonnegative,
so that the second fundamental law is automatically satisfied and the vector
F{% has the direction of the outward normal of the dissipation surface.

All these results remain valid in the case of pure deformation without
internal parameters or heat flow. Here, the velocities d;; are the components
of a symmetric tensor and so are the dissipative forces Fi"’ = o{’/ p. Both
tensors may be represented as vectors in a six-dimensional space, together
with the dissipation surfaces ¢(d;) = const. In place of (2.20) and (2.21)
we now have

and

I

FY' = v(a¢/ady), (2.23)

where
v = ¢[(0p/0dy) dul™".

The dissipation surfaces have the same properties as in the case of heat
conduction. Certain cases where ¢ is not regular will be treated in Sections
VI and VII.

If, finally, the «; are the only velocities—that is, in cases where heat flow
and deformation are absent, whereas the internal parameters are still in the
process of approaching their equilibrium values—the dissipative forces are
FyP = B"/p, and (2.22), (2.23) hold again provided that dj; is replaced
by a;.

C. MaximMAL RATE oF ENTROPY PRODUCTION

In order to discuss a few more general results, let us denote the various
velocities considered in Section II,B by u; and the dissipative forces by
F{, where the number of velocity components is three or six according to
whether u; is a vector or a symmetric tensor.

It has been mentioned in Section II,B that, in general, the dissipation
function depends not only on the velocities, but also on the independent
state variables. If it is a function of the velocities alone, the results obtained
in velocity space have their corollaries in force space. Let ¢'(F\*) be the
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dissipation function in terms of the dissipative forces. Then, the corollary
(Z.14.3) of the orthogonality condition states that the velocity u; correspond-
ing to a dissipative force F{* is orthogonal to the dissipation surface
@' = const passing through the end point of F{*’. A particularly interesting
example is the theory of the plastic potential (Section VI,A).

If, on the other hand, the dissipation function ¢ also depends explicitly
on the independent state variables, the corollary need not hold. In soil
mechanics, fro example, the theory of the plastic potential breaks down
(Section VII).

It can be shown (Z.15.1) that the orthogonality condition is equivalent
to various extremum principles. Of particular interest is the principle of
maximal dissipation rate: Provided that the dissipative force F\*’ is pre-
scribed, the actual velocity u; maximizes the dissipation rate I') = F{?y,
subject to the side condition

o(u) = F{u, = I'V > 0. (2.24)

It is obvious on account of (2.19) that this principle may also be stated
as a principle of maximal rate of entropy production: Provided that the
dissipative force F'“ is prescribed, the actual velocity u; maximizes the
rate of entropy production s*'” subject to the side condition

s*D = (1/9)F\Pu, > 0. (2.25)

We note that these extremum principles are slightly more general than
the orthogonality condition: they are still applicable in cases where ¢
exhibits irregularities corresponding to singularities like edges or corners
in the dissipation surfaces. To treat such cases by means of orthogonality,
edges or corners have to be smoothened; that is, the singularities must be
considered as limiting cases of regular dissipation functions.

It often happens that a dissipation function is quasi-homogeneous, satisfy-
ing a functional equation of the type

(d¢/du)u; = F(e), (2.26)

where the function F{¢) is free except for the condition F(0) = 0. The
corresponding dissipation surfaces are similar and similarly located with
respect to the origin. Ziegler (1963) has proved that in this special case the
dissipative forces may be derived from a potential, which is constant on
dissipation surfaces in velocity space. It is easy to show that the inversion
is true: representation of the dissipative forces by means of a potential
requires that this potential (and hence the dissipation function) be quasi-
homogeneous. This result, together with mathematical contributions by
Moreau (1970), gave rise to a theory of ‘“pseudo-potentials” by Germain
(1973), which includes singularities like nonexistence of the gradient d¢/du;
for certain velocities (but excludes dissipation functions dependent on
velocities and explicitly also on the independent-state variables). Since
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quasi-homogeneous dissipation functions are special cases and since their
potential has no physical significance, we will not pursue this line of thought.

In (Z.14.3 and Z.15.1) the orthogonality condition and the equivalent
extremum principles have been established for velocities in the form of
vectors or symmetric tensors. The corresponding applications in Section
1I,B were heat low, deformation, and relaxation of the internal parameters,
each of these processes considered separately. In general, they occur simul-
taneously, and the question arises how the orthogonality condition or the
extremum principles are to be applied in this case. We obviously have two
options (Z.14.4).

Case (a): If the various processes are independent, each of them is
governed by its own orthogonality condition. There are three dissipation
functions, ¢'"(d;), ¢(d;), and ¢”’(g;). Each of them may also depend
on €y, ay, and 9. Using (2.21), (2.23) and inserting the proper dissipative
forces, we obtain the constitutive equations

)

e 2 09 3, 3"
(d) _ (1) d) _ (2) i (3)
T v , i v —, —-——==yp , (2.27
d ad,; Bi paa,-,- 5 " (2.27)
where
3 (N -1 3 (2) -1
e (1)( ¢ dkl) ’ ED (2)( au) .
ddy day
PNEN -1
v = N( 3 qk) : (2.28)
9k
Since the entire dissipation rate is given by
¢(dq, dij, q.‘) = (p(“(dij) + 90(2)(51:'}') + 4’(3)(‘1:‘), (2-29)

the superscripts of ¢ might be dropped in (2.27) but not in (2.28).

Case (b): If, on the other hand, the various processes are coupled, we
have no means of establishing the constitutive relations unless we postulate
that the orthogonality condition holds in the 15-dimensional space of all
velocities d;;, a;, g.. The decomposition (2.29) does not hold, and (2.27)
has to be replaced by

(d) dp (d) 1'% 19,:‘ _ d¢
= y, i = -0 N _—-— = —’ 2.30
oy Pad,’ Bi P, s g (2.30)
where
] ] ) !
V—q:( d d, +—-,‘p—dk,+—¢qk) . (2.31)
ady, day G

Cases (a) and (b) confront us with an alternative. As observed in the
conclusion of (Z), there is no continuous transition between them. In either
case, the orthogonality condition ensures {see Z.15.3) that the Clausius-
Duhem inequality (2.16) is satisfied; the second law thus appears as a
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consequence of the principle of maximal rate of entropy production. With
our present knowledge there is no way to decide between the possibilities
(a) and (b).

The generalization of (2.27) through (2.31) for more internal strains is
obvious. Incidentally, in the linear case, where ¢ is purely quadratic in the
velocities and hence homogeneous of degree 2, all of the »’s are 3, and one
does not make a mistake using (2.30) in place of (2.27). In the applications
to be discussed in the next few sections, it is not necessary yet to distinguish
between cases (a) and (b). Later applications will be treated both ways or,
where this does not seem necessary, according to case (a).

In order to obtain the entire stresses (2.11),

o; = Uf—j’) + Uf»jd), (2.32)

the dissipative stresses just discussed have to be supplemented by the
quasi-conservative stresses (2.12),

o = p(oy/sey), (2.33)
where ¢ is now a function of &, ay, and 9. Similarly, we have (2.15),
B = p(oy/aay) (2.34)
and, according to (2.17),
5.].‘” =-B, (2.35)

Relations (2.27) through (2.35) permit us to derive the constitutive
equations (or inequalities) of any material from its specific free energy i
(&4, a, ¥) and its specific dissipation function ¢ (dj, dy, g, &, @;, 9). In
many applications, particularly those where p may be considered constant,
it is convenient to replace the functions ¢ and ¢ by

V=pp  D=pe (2.36)

that is, by the free energy and the dissipation function per unit volume.

I11. Heat Conduction

Heat conduction without deformation is a purely dissipative process. Its
velocity is the heat flow vector g;; the corresponding dissipative force per
unit volume is

pFi® = -9,/ 9. (3.1)

Since the quasi-conservative force is identically zero, and the free energy
is constant and may be assumed to be naught. As regards the dissipation
function, it is convenient to set the factor 1/9 in evidence. Thus, the most
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general case is governed by the functions

¥=0, @=pe=(~1/9)y(q), (3.2)

where y(gq;) is a postiive definite function, possibly also dependent on 3.
The orthogonality condition (2.21) supplies the constitutive equation

& =—v(g)l(3yv/99)a] " (8v/84.). (33)
If ® is quasi-homogeneous, we have
(9v/8qi)g = F(y)  andhence &; = —[vy(q;)/F(y)l(3y/aq;). (3.4)

If ® is homogeneous of degree r, F(v) is equal to ry, and the constitutive
equation becomes

¥ =—(1/r)(3v/9q.). (3.5)

In the case of an isotropic matrerial, ® has the form
@ = (1/9)v(qn)), (3.6)
where y(q(,)) is positive definite and ¢;, = ¢;; is the only basic invariant

[see (A.1) in the Appendix] of the heat flow vector. On account of (A.6)
the general constitutive equation (3.3) becomes

9= -[v(gn)/ am g (3.7)
In the linear case, the general dissipation function (3.2) reduces to
b = (1/19)%;"]:"1;', (3.8)

where y; is a symmetric tensor, positive definite and possibly dependent
on 9. The dissipation function (3.8) is homogeneous of degree 2, and the
orthogonality condition supplies the well-known differential equation of
heat conduction in an anisotropic body,

'19‘,' = _'yqu. (3-9)

Here, it is particularly easy to see (Z.15.4) that the orthogonality condition
excludes gyroscopic forces, for an antimetric part of y; would represent
gyroscopic terms.

In a linear isotropic material we have

b = (v/ Vg, (3.10)

where vy is a positive scalar, possibly dependent on &. The corresponding
differential equation of heat conduction,

"9,1' =~ Y9 (311)

is equivalent to Fourier’s law (Z.15.4). Let us stress that even this simple
case, where the vectors ¢; and &, have opposite driections, relies on
orthogonality. To be sure, one is tempted to explain the collinearity of g;
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and ¥, in an isotropic body by considerations of material symmetry.
However, a gyroscopic term in the force ~ ¢,/ 9 (easily explained, e.g., in
terms of the molecular motion with respect to the rotating earth or in its
magnetic field) would be compatible with the isotropy of the material, but
it would modify (3.11).

1V. Elastic Solids
A. LiNEarR ELASTICITY

As mentioned at the beginning of Section II,B, the elastic material may
be defined by the absence of internal parameters and dissipative stresses.
In the theory of elasticity it is customary to neglect thermal effects, assuming,
for example, that the deformation are isothermal. Thus, not only the dissipa-
tive stresses but also the dissipative force (3.1) corresponding to heat flow
are zero. It follows that the dissipation function is naught and the deforma-
tion is reversible. The density may be treated as constant (Z.5.3). The
independent state variables are the strains ¢; ; the velocities are the deforma-
tion rates d; = é;, and the corresponding forces per unit volume are the
stresses ;. The most general case is governed by the functions

d =0, ¥ = pgley), (4.1)

where ¢ is positive definite. According to (2.12) the only constitutive
equation is

o; = o¥/oe;. (4.2)

If the material is isotropic, ¥ assumes the form
W(en), £2)» ) (4.3)
where &) = €4, £y = &;€ji, £y = E;EkEx; are the basic invariants (A.2) of

the strain tensor. On account of (A.6) the general constitutive equation (4.2)
becomes
NG v oV

oy = 8;+2 g;+3 £kl 4.4
v 88(1) v 86(2) Y 85(3) Kk ( )

In the linear case, the general expression (4.1) for the free energy reduces
to

¥ = %Cijklgijgkls (4.5)

where ¢y is a postivie definite tensor of order 4 obeying the symmetry
conditions

Cijkt = Giikt = Cijie = Caij- (4.6)
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Here, (4.2) yields the well-known stress-strain relations
Oy = Cyni€ii- (4.7)
In a linear isotropic material we have
W= (A/2)el)) + e, (4.8)
where A and p are Lamé’s constants, satisfying the inequalities
w >0, 34 +2u > 0. (4.9)
The stresses are now given by the generalization

o = A8, + 2uey (4.10)
of Hooke’s law.

The assumption of isothermal deformations is an idealization, useful if
they are sufficiently siow. If they are fast, as, for example, in elastic
vibrations, it is more realistic to treat them as adiabatic. It can be shown
[see, e.g., (Z.5.3)] that in this case equations (4.1) through (4.10) remain
valid with modified values of c;;, and A, provided that ¢ is interpreted as
the specific internal energy, written as a function of ¢; and s. Since, in the
adiabatic case, entropy supply is zero as well as entropy production, s
remains constant, and ¢ appears as a function of ¢; alone.

B. THERMOELASTICITY

If the deformation of an elastic body is neither isothermal nor adiabatic,
the strain tensor has to be supplemented by the additional independent state
variable 9. There also appears an additional velocity g; with the correspond-
ing force (3.1) per unit volume. Both leading functions ¥(eg;, 9) and ®(g;)
are now generally different from zero; the last one may also depend on ¢;
and 9. The stress is still quasi-conservative and given by (4.2). Equation
(2.13) may be used to obtain the entropy per unit volume,

S=-9V/59; (4.11)
(2.3) supplies the internal energy,
U=1W¥+ 98, (4.12)

and heat conduction is governed by (3.3), where y(q;) is possibly also a
function of ¢; and 3.
If the material is isotropic, ¥ has the form

\I}(E(l), €2y, €(3)» 0)1 (413)

and & is given by (3.6), where y(q,,,) may also depend on the arguments
of W. The stresses follow from (4.4), and heat conduction obeys (3.7).
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In the linear case, it is convenient to start from a reference state where
o; =0, 9 = ¥, and to measure ¢; from this state. The free energy may be
obtained by expanding ¥ with respect to the small quantities ¢;, 4 — 9,
and by truncating the expansion after the second-order terms. We thus obtain

W =Wy — So(9 — Do) + hegueen — kyey (9 — F) — %(a — 8, (4.14)
0

where the linear term in ¢; alone is omitted for a reason that will be presently
explained and where (Z.7.4) the constants ¥, S, cyu, K, ¢ are in turn the
free energy and the entropy in the reference state, the fourth-order tensor
of elasticity constants introduced in Section IV,A, the tensor governing
thermal stresses, and the specific heat capacity in the reference state. The
dissipation function is given by (3.8). The stresses (4.2) become

a'i. = Cijklgk' - K‘J(ﬂ - 190). (4‘15)

Since (4.14) contains no linear term in ¢; alone, oy is zero as required in
the reference state, and the two terms on the right of (4.15) represent the
stresses due to deformation and to temperature increase, respectively. From
(4.11) we obtain

S = SO + Ki€jj + (pC/'!?o)(‘a - 190), (416)
and heat conduction obeys (3.9).

In a linear isotropic material (4.14) has to be replaced by

A
V=W, — §(3 — F) + 56(21) + peny — (34 +2u)key (9 — )

_PC s _ 92
200(19 %0)7, (4.17)
where « is the coefficient of thermal expansion and (3.8) is to be replaced
by (3.10). The stresses (4.15) become

the entropy (4.16) assumes the form
pc
S = So+(3A +2[.L)KE(1)+;(‘0— ’190), (419)
0

and heat conduction is governed by Fourier’s law (3.11).

In the special case where the deformation is isothermal, ¥ = 9,, and
(4.15), (4.18) reduce as expected to (4.7) and (4.10), respectively. If the
deformation is adiabatic, S = S,, and elimination of 4 — 9, by means of
(4.16) or (4.19) yields

g = [cijkl + (ﬂo/pc)Kinkl]ekl (4.20)
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in place of (4.7) and
o =[A+ BAr +2u)(k*8/ pc)len 8y + 2ue; (4.21)

in place of (4.10). The stress-strain relations are thus essentially the same
as in the isothermal case, but the coefficients are modified as mentioned at
the end of Section IV,A. For most elastic solids, the correction is of the
order of a few percent (steel 2%, aluminum 5%).

To shed some more light on Eq. (4.21), let us note that, on account of
(4.17) and (4.19), the internal energy (4.12) of the linear isotropic material
is

pc

+ (9 - 93), (422
2190( o) (4.22)

A
U=U,+ 55(21) + e+ (BA + 2p )k ey

where U, is its value in the reference state. With (4.22) and (4.21) the first
fundamental law (2.4), written in the form

yields

4; = —(BA +2p) kB — (pe/ 8o) 9. (4.24)
Besides, it follows from (4.18) that

oa) = (34 +2u)[eq) — 3x(F — Bo)]. (4.25)

The specific heat capacity of the material [see, e.g., (Z.8.1)] is defined as
the ratio —g; ;/ p¥. With (4.24) it becomes

— g;;/p% = (c/ Vo) + BA + 2u)(kd/p) () D). (4.26)

If the volume of the element is constant, £,, = 0, and (4.26) supplies the
specific heat

¢, = (c/F) 0. (4.27)

If, on the other hand, the pressure is constant, we have d;, = 0, hence, on
account of (4.25), £, = 3x¥ and thus the specific heat

¢, = [(c/B) + 303X +2u)(k7/p)] 9 = c,[1+ 33\ + 2u)(k>Fo/ pc)]. (4.28)
Equation (4.21), valid in the adiabatic case, therefore becomes
oy ={A + (A +3p)(6/ ) = 11} eqydy; + 2uey. (4.29)

The factor c¢,/c, recalls acoustics, where it appears in the velocity of
propagation of small disturbances. In fact, the velocities of irrotational and
equivoluminal waves in an isotropic elastic solid [see, e.g., Kolsky (1963)]
would be

e =[(A+2u)/p]"*  and ¢ =(u/p)% (4.30)
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respectively, provided that the process was isothermal. In the more realistic
adiabatic case A has to be replaced by the bracket in (4.29). Thus, ¢, remains
unchanged and ¢, becomes

e ={[A +2u + (A +2u/3)(¢,/ ¢, = D)/} (4.31)

The inviscid liquid, to be treated in Section V,B, is obtained from the
elastic solid by setting u = 0. The only possible waves are irrotational, and
their velocity (4.31) assumes the well-known value

er=[(a/p)cp/ )] (4.32)

V. Fluids
A. GASES

The fluids to be treated in this section will be assumed to be isotropic.
They may be defined by the absence of internal parameters and the condition
that the quasi-conservative stress be isotropic. Absence of internal para-
meters and isotropy of the material suggest a free energy of the type (4.13).
The quasi-conservative stress is thus given by (4.4), and since it is to be
isotropic, ¥ is indpendent of &, and &,. It follows that £, and ¢ might
be used as independent state variables. In a gas, however, all deformations
are possibly large; hence ¢(), is not a convenient variable. It is customary
to replace it by the volume v of a mole. If m is the molecular mass, the
specific volume is v/ m, and since the specific power of the pressure p is

I=—(p/m)y, (5.1)

the quasi-conservative force associated with v is —p/m.

In the case of an inviscid gas, the dissipation function is independent of
the deformation rates and hence of the form (3.6). The specific leading
functions are therefore

(v, 9), o =(1/p%)y(quw), (5.2)

where the function y may also depend on v and 9. In analogy to (2.12)
and according to (2.13), we have

—p/m =9dy/ov, s=—3y/a0. (5.3)
The stress tensor is
oy = — pdy, (5.4)

and heat conduction is governed by (3.7).
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The ideal gas is characterized (Z.8.1) by the molar free energy
= | c.do 0Jﬁda—Rﬁlnﬁ (5.5)
mf = | ¢, P o .

where R is the gas constant and ¢,(#) the molar heat capacity (in contradis-
tinction to the heat capacities in Section IV,B, which were referred to the
unit of mass). Applying the first equation (5.3) to ¢, we obtain the well-
known equation of state

p = R3%/v. (5.6)

Heat conduction follows from the second equation (5.2) and obeys (3.7).
The second equation (5.3) supplies the entropy per mole,

mszjﬁdﬁ+Rln£, (5.7)
V2 m

and (2.3) yields the molar internal energy,
mu = J‘ c, do, (5.8)

dependent on temperature alone.
In the case of a real gas, the molar free energy given in (5.5) has to be
replaced by
v—b a

mw:vadﬁ—z?Jﬁdﬁ—Rﬁln 4 (5.9)
0} m v

where a and b are van der Waal’s constants, measuring, respectively, the
cohesion between the molecules and their proper volume. In place of (5.6)
we now obtain the equation of state of van der Waals,

p=R8/(v—b)—a/v’ (5.10)

[compare, e.g., Hatsopoulos and Keenan (1965)]. The molar entropy
becomes

mszJ&dﬁ+Rlnv_b (5.11)

9 m ’

and the internal energy

mu = J c, dd —g (5.12)

is now a function of & and v.

For viscous gases, the quasi-conservative stress (5.4) must be supple-
mented by a dissipative stress tensor, to be calculated as in the next section.
For linear viscosity the total stress is given by (5.28) or (5.30), where d;; is
the deformation rate and p follows from (5.6) or (5.10).
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In thermodynamics, inviscid gases have long played the preeminent role.
As a consequence, the significance of the equation of state is often overrated,
and this raises probems as soon as inelastic materials are to be considered.
Once the fundamental significance of the governing functions ¢ and ¢ is
recognized, these problems disappear and the equation of state becomes a
mere accessory. The inviscid gases just treated are defined by their free
energies, (5.5) and (5.9), respectively; their equations of state, (5.6) and
(5.10), follow from ¢ by means of the first relation (5.3). For viscous gases,
(5.6) or (5.10) yield merely the quasi-conservative part — p8; of the stress,
and Eqgs. (5.28) or (5.30), dependent also on ¢ and supplying the total
stress, are by no means equations of state.

B. LiQuibs

In contrast to gases, the volume changes of liquids are small. Thus, the
molar volume may be replaced as an independent variable by ¢(;,, and p
may be treated as a constant. The quasi-conservative stress is still isotropic
and hence of the form — p$;. Its specific power (2.1) is

I=(1/p)oyE; = ~(p/p)ds€; = —(p/p)éq); (5.13)

the only quasi-conservative force is thus — p/p, where p is the hydrostatic
pressure.
In an inviscid liquid, the leading functions are

Ve, B), ® = (1/9)v(q0)), (5.14)

where y may also depend on ¢;, and 9. The stress, following from (4.2)
and (A.6), is

O-U = —pﬁ,-j, p = —8\1’/88(1). (5'15)

Heat conduction, determined by ®, obeys (3.7), and the entropy might be
obtained from (4.11).

In the linear case, the free energy follows, as observed at the end of
Section IV B, from (4.17) by setting u = 0. We thus have

A
W= W - S8 — 96) + S efy = 3hkeq(d — Do) —2—”1;—(19 — 8% (5.16)
0

The dissipation function is given by (3.10). The stress (4.18) becomes
o; = —pd;, p =AB3k(¥ — D) — ewy], (5.17)

and heat conduction is governed by Fourier’s law (3.11).
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The incompressible liquid is obtained by letting £;,> 0 and A —» oo
Together with ¥, the hydrostatic pressure becomes indeterminate,

In a viscous liquid the velocity g, has to be supplemented by the deforma-
tion rate d;, where d,, = €,,. Apart from the basic invariants dy,, d,),
dsy, and g, defined by (A.2) and (A.1), one generally also needs the
mixed invariants (A.3), m,, = qd;q; and m, = qd;d;q.. The free energy
per unit volume is still given by the first expression (5.14); the dissipation
function (Z.15.4), however, becomes

D(dyy, diy, disy,s 41y, My, Mez))- (5.18)

Two cases have to be distinguished, discussed already in Section IL,C.

If deformation and heat flow are coupled, the only way of establishing
constitutive equations is to apply the orthogonality condition in the nine-
dimensional space of the velocities d; and g;. The dissipative forces are
given by (2.30) and (2.31), where the terms with a;; are to be dropped since
internal parameters are absent. The constitutive equations, obtained by
means of (2.32) and Section X,B,2, are

od P ad®
+ 8; +2——d; +3——dydy;
R V|: adq, ady 7 3d3) Ky

P
q4; + (qidjk + qjdik)qk]a (5.19)
am(z)

o ad od
( g +—dq; +__dl'jdjqu>s
99a1) amg, amy)

od oD
V= ®<—d(1) + 2 d(z) + 3 d(3)

3d,) ad, 3des)
od ad ad -1

+2 ‘Im+3_m(1)+4—m(z) . (5.20)
841 om) omy)

If, on the other hand, deformation and heat flow are independent, the
orthogonality condition has to be applied to the two processes separately.
The dissipative forces are given by (2.27) and (2.28), where the terms with
a; are again to be dropped. The dissipation function, similar to (2.29), has
the form

‘D:q)l(d(l), d(Z),d<3))+(1/0)7((I(1))- (5.21)
The stresses become

od, a®, P, )
i 6," + 6," + 2 d," + 3 d,' d ils 5.22
Ty = Th% V(adm P 0dny U Tadgy Y (5.22)
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where p is again given by the second equation (5.15) and

ad 8@ ad, !
Vv = (I) (ad ! d(l) ad =L d(z) d(3)d(3)) . (523)

For heat conduction one obtains (3.7).

It has been observed in Section II,C that there is no way to decide at
present between the two cases just presented. Let us add a few results for
the case where the two processes are independent.

If the liquid last considered is free of bulk viscosity, ® has the form

® = D\(d(y, di5)) + (1/3)y(quy), (5.24)

where the primes designate the deviatoric part of the deformation rate. On
account of (A.12) the corresponding stresses are

1
5 = —pd; + ~dj+3 dixdiy —7dn0; | |, (5.25
75 = PO V[ ad!,, adm( kT3t ’)] (5.25)
where, according to (A.13),
b b, .\
Vv = (Dl( a );) d(z) + 38d' (3)) . (5.26)

The hydrostatic stress is still given by the second equation (5.15) and heat
conduction by (3.7).

The Newtonian liquid may be obtained as the linear case of (5.19),
corresponding to quadratic functions ¥ and @, that is, to (5.16) and

& = Ndi,+2u'dy + (v/9)qa), (5.27)

where A’ and u’, possibly dependent on &,y and ¥, determine the viscosity
in a similar manner as Lamé’s constants determine the elasticity of a linear
isotropic solid. Since the dissipation function (5.27) is of the type (5.21),
deformation and heat flow are automatically independent. According to
(5.23) v =1, and (5.22) reduces to

o; =(—p+A'dy)é; +2u'd;, (5.28)

where p is given by the second equation (5.17). Heat conduction is governed
by (3.11).
If the Newtonian liquid is free of bulk viscosity, (5.27) has to be replaced
by
@ =2u'diy) +(y/%)qq), (5.29)

and (5.28) reduces to
—péy t2u'dy, (5.30)

with the second equation (5.17) and (3.11) still valid.
Incompressible liquids will be treated in the next section.
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C. INCOMPRESSIBILITY

There are two ways of dealing with incompressible materials. To discuss
them, let us assume isotropy, absence of internal parameters, and indpen-
dence of deformation and heat flow. Heat conduction can then be treated
separately by the methods of Section III.

The first approach disregards incompressibility, that is, the conditions

g =0, di, = 0, as long as possible and introduces them only in the final
results. Starting from the leading functions
\P(e(l)’ 8(2)3 f':(3)’ 19), q)(d(l)’ d(2)’ d(3)) (531)

(where ® might also depend on the arguments of ¥) and applying the
methods expounded in Section II,C, together with (A.6), one obtains

o ¥ v o
o= T s 0 T 13 e (5.32)
dey 08 0E(2) 9€ 3y
and
od ad P P
() _ _
i dral 6;+2 d; + dy di; ), 5.33
o= vl V(adm 2yt 3 ) (5.33)
where
ad od -1
v=q)< d,,+2——d +3 d ) . (5.34)
ady, Tt g, fo g e

With g(;, - 0 the derivative ¥ /d¢(;, becomes indeterminate. The first term
on the right of (5.32) may be written — p8; and represents a hydrostatic
pressure. Since it is indeterminate, subtraction of a term (3W/de(3))€(2)8;
does not affect the result. The modified equation (5.32) reads

v 1
i+ 3——(eptri — = €05), 5.35
)Ej 66(3)(8 kgkj 3 E(2) )) ( )

o = —ps; + 2

where the terms containing the derivatives of ¥ are deviators. A similar
reasoning, applied to (5.33), yields

ob od 1
(d) — d; +3—— (d- dy,; —=d 8,~)] 5.36
T V[ adg ads) ik Gl = 5 42) % ( )
and
ad P -1
v= <I>( di; +3 d ) s (5.37)
d(z) (2) d(}) (3)

where an indeterminate hydrostatic term has been dropped since the prin-
ciple of absent dissipative forces, established in (Z.14.3) in connection with
orthogonality, requires that dissipative forces whose corresponding
velocities do not appear in @ are zero. Incidentally, (5.36) might also be
obtained as the deviatoric part of (5.25) for d.;, > 0.
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The second approach recognizes the incompressibility conditions from
the beginning, starting from the leading functions

Y(ew), €6y, B), ®(dy), d3)) (5.38)

and introducing €, = 0, d;, = 0 as side conditions in the differentiations.
Thus,

ol = (8/3e;) (¥ + ¥'eq)), (5.39)
where y' is a Lagrangean multiplier. By means of (A.6) we obtain
ol =23V /den) ey + 38V /9 Eukiy + V'8 (5.40)
The hydrostatic pressure becomes
p=—30 =—[v+(9V/0e))en] (5.41)

Solving this equation for y' and inserting the result in (5.40), we obtain
(5.35). In a similar manner, the modified orthogonality condition

a'f»f) = v(3/ady (@ + y"d,y)) (5.42)
yields
o\ = v[2(3®/ad ) d; + 3(6D/ad sy dycdy; + ¥"8;), (5.43)

and the principle of absent dissipative forces, requiring "’ to be a deviator,
leads back to (5.36) and (5.37).

If the material just considered is a liquid, ¥ is independent of €., and
g@y. It follows from (5.35), (5.36), and (2.32) that

oD o
p5,,+u[2 d;+3—— (d,kd,g d(z,a,,>] (5.44)

adpy 7 Tadg,
where p is indeterminate and v is given by (5.37). Equation (5.44) represents
a special liquid of the Reiner (1945)-Rivlin (1948) type, characterized by
coefficients of d; and of the parenthesis that are coupled by the dissipation
function. More general Reiner- Rivlin liquids, with independent coefficients,
do not satisfy the orthogonality condition. As far as we know, there is no
evidence for their existence.
The often-used constitutive equation

=—pd; +2u'(d), d3))d; (5.45)

defines the so-called quasi-linear liquid (Z.9.4). If (5.45) is to be a special
case of (5.44), the coefficient of the parenthesis in (5.44) must be zero. The
orthogonality condition thus requires that & and hence u’ depend on d,,
alone.

The incompressible Newtonian liquid is characterized by a quadratic
dissipation function, that is, by

D =2u'dy,. (5.46)
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Here, (5.44) reduces to

o, = —pb; +2u'd (5.47)

i
where p is still indeterminate.

Quasi-linear and Newtonian fluids are examples of materials whose
dissipation functions depend on the second basic invariant d,,, alone. We
will encounter more materials of this type and note that here (5.36) and
(5.37) reduce to the simple equation

o =[®(d,)/d]dy. (5.48)

The process of specialization carried through in this section can be
inverted: the incompressible Newtonian liquid can be generalized starting
from the dissipation function

D =2u'd,, + (‘)’/'3)4(1) (5.49)

and adding terms of successively higher degree in d; and g;, which are
expressible in the basic invariants. This has been done elsewhere for
independent (Z.16.1) and for coupled (Z.16.3) processes.

V1. Plasticity
A. RiGID, PERFECTLY PLASTIC MATERIALS

In this and the remaining sections we will assume that deformation and
heat flow are independent. The dissipation function then consists of two
parts, dependent, respectively, on deformation and heat flow. The second
term may be dropped provided that one uses the appropriate results of
Section 11T (with y possibly dependent on deformation and temperature)
in order to obtain heat conduction.

It has been shown by Houlsby (1979, 1980, 1981a,b) that the treatment
of plastic materials such as ductile metals and even of soils may be used
on appropriate function ¥ and &.

The dissipation function of an arbitrary material can be represented
geometrically by means of dissipation surfaces ® = const in the space R
of the principal deformation rates d,, ..., or by surfaces ®' = const in the
space R’ of the principal stresses o, .... If the mapping between the two
spaces is one-one, both families of surfaces have the properties discussed
for the ¢ surfaces in connection with the orthogonality condition in Section
11,B.

In the case of an incompressible liquid, d;,, = 0. Thus, ® is only defined
in the deviatoric plane E (see Section X,B,4) of the space R. It may be

represented by curves @ = const in E. Since crf;,-‘” is a deviator, (5.44) maps
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these curves onto the deviatoric plane E’ of the space R’, and addition of
an arbitrary hydrostatic stress supplies surfaces ®' = const in the form of
cylinders with axes perpendicular to E'.

The rigid, perfectly plastic material (Z.17.2) may be defined as a special
case of the incompressible liquid, characterized by a dissipation function
(5.38) that is homogeneous of the first degree in d;; (and independent of
the state variables). Here, (5.37) yields v = 1, and (5.44) supplies the stress
deviator

oy = 2(0®/9d,))d; + 3(6®/ad3))(diydy; — %d(Z)Sij), (6.1)

whereas the isotropic part of the stress tensor remains indeterminate.

Let us consider the values of ® on an arbitrary ray s emanating from the
origin O in the plane E. Since the dissipation function is homogeneous of
the first degree, ® increases proportional to the distance from O on any
such ray. On account of (6.1) oy is the same for all points on s. It follows
that the curves @' = const in E’ coincide and define a yield surface in the
shape of a ¢ylinder with axis perpendicular to E’. Since @ has been assumed
to be independent of the state variables, the corollary (Section I1,B) of the
orthogonality condition holds. Thus, the cylinder, considered as the limiting
case of a dense layer of ® surfaces, is convex, and the vector d representing
the strain rate lies in its outward normal in the end point of the vector o
but is of indeterminate magnitude since o, on account of (6.1), is
homogeneous of degree 0 in d;. The vector d thus obeys the so-called
normality condition, and this is sometimes expressed by saying that it is
associated with the yield condition, that is, with the equation of the yield
surface. Convexity of the yield surface and the normality condition together
represent (Z.10.2) what is usually called the theory of the plastic potential.

The simplest case is the v. Mises material, defined by a dissipation function
that is independent of d;, and hence of the form

® = k(2d;)", (6.2)

where k is a scalar (possibly dependent on ). The dissipation function
(6.2) is constant, according to (A.14), on circles in E around the origin O
and proportional to their radii. The deviatoric stress (6.1) or (5.48) becomes

oy = k(b)) ?dy, (6.3)
and it follows that

Olyy = 040 = o+ =2k7 (6.4)

where (A.2) has been used. This equation evidently represents the yield
condition. In the deviatoric plane of space R’ it is to be interpreted as a
circle (Fig. 2) of radius kv2, and the entire yield surface is the corresponding
circular cylinder. Equation (6.3) (written in principal values) represents the
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Fi1G. 2. Yield loci of v. Mises and Tresca material.

normality condition, and from (6.4) we finally conclude that k is the yield
stress in simple shear.

In the case of a Tresca material the dissipation function depends on d,,
and d,,. Since its structure is complicated, it is convenient to define it
implicitly (Z.17.2). However, in the deviatoric plane it allows the simple
representation

:tzkdl (I’ _I)’
+ 2kdyy, (IT1, = III),

where the roman numerals refer to the six sectors subdividing the entire
plane of Fig. 3. On account of (A.15) the function ® is constant on regular
hexagons, one of which is outlined in Fig. 3. In order to obtain the stresses
we recall that, on account of (5.42), Eq. (6.1) is equivalent to the orthogonal-
ity condition

oy = (3/9d;) (P + y'dy)), (6.6)

FI1G. 3. Sectors corresponding to the six definitions of @ in (6.5).
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where the Lagrangean multiplier y'is to be determined so that the right-hand
side is a deviator. In the open region I of Fig. 3, (6.6) supplies

Wih

2

k, on = o = ~ik; (6.7)

op =

the interior of region I is thus mapped onto a single point I’ on the projected
axis o in Fig. 2. The other open regions in Fig. 3 yield the remaining corners
of a regular hexagon with center O'. On the line dividing regions I and —1I1
in Fig. 3 we have an additional side condition, d; + d;; = 0. Inserting it with
a Lagrangean multiplier y” in the orthogonality condition (6.6), we obtain

ol =34k+y"), oi=-32k-v"), o=-ik+y") (6.8)

in place of (6.7). Since these equations represent the straight line connecting
the points I' and —II' in Fig. 2, the yield locus is a regular hexagon with
sides parallel to the projected axes oy,.... If k is again the yield stress in
simple shear, the Tresca hexagon, usually obtained by the condition that
the maximal shearing stress be equal to k, circumscribes the v. Mises circle.
The yield surface is the prism with the hexagonal cross section of Fig. 2.

Tresca yield is an example of an irregular dissipation function. Its gradient
is not defined on the boundaries between the six sectors of Fig. 3, and this
corresponds to the corners of the hexagons on which @ is constant. However,
any difficulties can be avoided by rounding the corners, that is, by consider-
ing them as limiting cases of smooth curves. The correspondence between
the points in Fig. 3 and those of the yield locus then shows that the flow
rule associated with the Tresca yield surface is satisfied.

B. CONSTRUCTION OF THE DissipaTiON FUNCTION

The connection with analytical mechanics pointed out in Section I and
the fact (Section II,B) that orthogonality need not hold in force space show
that the dissipation function ® in velocity space deserves priority over @’
and, in the present case, over the yield locus. Experimentally, however, it
is easier to determine the yield locus than the dissipation function. It has
been established, for example, that certain ductile metals are neither exactly
v. Mises nor Tresca materials [see, e.g., Hill (1950)]. However, the analytical
formulation of a more reliable yield condition is not easy, and the construc-
tion of the corresponding dissipation function would present another prob-
lem. We will confine ourselves, therefore, to the demonstration that the
theory of the plastic potential, based on a prescribed yield condition, allows
one in principle to construct the corresponding dissipation function.

Let

F(aj) =0 [F(0) < 0] (6.9)

be the equation of a yield locus in the plane E’, convex and star shaped
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with respect to the origin, and let us forget for a moment that it might be
expressed in the basic invariants o{,, and o{;,. For a stress state at the yield
limit the normality condition

d; = v(9F/3cy)  (v20) (6.10)

describes the corresponding strain rates. Since v is arbitrary, each point on
the yield locus (6.9) is mapped onto an entire ray s emanating from the
origin in E.

Let us first assume that the yield locus is strongly convex. If we let the
stress point move along it in a prescribed sense, the outward normal rotates
nonstop in the same sense, and so does the image s in the plane E. The
value of the dissipation function in a given point of s is the scalar product
of its own radius vector d and the radius vector o' of the corresponding
point on the yield locus. Since the yield locus is convex and star shaped
with respect to the origin O’, the product ¢’ - d is nonnegative. It increases
proportional to the distance from O; the dissipation function obtained in
this way is thus homogeneous of the first degree. Since each ray s is the
image of a single vector o' (even if the yield locus has corners), the
dissipation function is single valued.

If the yield locus is merely weakly convex, it contains at least one straight
section. The stress points lying on it correspond to a single ray s in E.
However, since s is orthogonal to the straight section, the scalar product
o' - d, evaluated for a given point on s, is the same for all corresponding
vectors o'; thus, ® is still single valued. Incidentally, that the ® surfaces
are convex and star shaped with respect to O has been shown elsewhere
(Z.14.5).

C. EvLasTiCc, PERFECTLY PLASTIC MATERIALS

If the initial response of an otherwise perfectly plastic material is elastic,
we call it elastic, perfectly plastic. Its treatment requires a set of internal
parameters in the form of an internal strain tensor «;. Provided that we
identify it with what is usually called the plastic strain £}, the difference
e; — e’ = ¢\ is the elastic strain. If plastic volume changes can be
excluded as in Section VLA, a; = £’ is a deviator.

Let us assume that the elastic part of the response is linear. The governing

functions then follow from (4.8) and the second expression (5.38). They are
v = (/\/2)5%1) + u(e — 01)(2), q’(d(z), d(s)), (6.11)

where (& — a)(y is the second basic invariant (A.2) of the tensor &; — ay,
and where ® is homogeneous of the first degree in a;. The external stress
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is quasi-conservative and given by
U',-j = (8/86,,)(‘1’ + y'a(l)) = /\E(”6U + 2[.L(€,-j — a,-j . (612)

where v’ is a Lagrangian multiplier. Since &, = £{{), (6.12) supplies the
expected connection (4.10),
oy = Ae() 8y + 2pel) (6.13)

i s

between stress and elastic strain. Equation (6.12) can be decomposed
according to

oy =2p(e) — ay), ooy = BA +2u)eyy. (6.14)
The quasi-conservative part of the internal stress is
B = (8/3ay)(¥ + y'an) = —2u(e; — ay) + ¥'8,. (6.15)
From (6.15) and the first equation (6.14) it follows that
B = o}, (6.16)
and by analogy with (6.1) we get the dissipative internal stress
By = 2(3®/da ) ay + 30D/ dd ) (dudy — 3d,8,).  (6.17)
Applying (2.35) to the deviatoric parts of 8;;, we finally obtain the connection
oy =20D/365) e + 3(a®/a (I EY — 168)8,)  (6.18)

between stress and plastic strain rate.
For an elastic, perfectly plastic material of the v. Mises type, (6.2) suggests
the dissipative function

® = k(2657 (6.19)
while the free energy is still given by the first expression (6.11),
W= (A/2)el)” + pel) (6.20)
(Houlsby, 1979). Thus, (6.18) reduces to

oy = kGEd) e, (6.21)
which is analogous to (6.3). Yield surface is still the circular cylinder (6.4),
and (6.21) represents the associated flow rule.

In the case of a Tresca material the dissipation function is given by (6.5),
provided that we replace d,,..., by £{”,.... Yield surface is the prism
with the hexagonal cross section of Fig. 2, and the plastic strain rate obeys
the assoctated flow rule.
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D. LINEAR HARDENING

The simplest case of a hardening material corresponds to the governing
functions

V= (/\/2)8(21) + (e — a’)(z) + P«'a(z), <I>(o'1(2), d(s)), (6.22)

where @ is still homogeneous of the first degree in a;;. The external stress
is again quasi-conservative and given by (6.12), and the connection between
stress and elastic strain is (6.13). The decomposition (6.14) is still valid, but
in place of (6.15) we obtain

ﬂf’jq) = (8/0ay)(V + y'any) = 2ule; — ay) +2u'a; + v'8; (6.23)

for the quasi-conservative part of the internal stress. Instead of (6.16) we
now have

By = —ol+2u' ey, (6.24)

whereas the dissipative part of the internal stress is still determined by
(6.17). By means of (2.35) we finally obtain the differential equation

o= 2u'el) = 2(30/9eB) P + 3(ad/ae BN (ER D — 168)8,)  (6.25)

connecting the stress and the plastic strain.
For a hardening material of the v. Mises type, the functions (6.22) become

V= (A/2)el) + ey +u'eld), @ =k(265)V? (6.26)
(Houlsby, 1979), and (6.25) reduces to
oy —2u'e” = kGER)TV2EPD. (6.27)
It follows that
(0" =2u'eP) ) = 2k°. (6.28)
The yield locus (Fig. 4) in the plane E’ is the circle of radius kv2 with

|9

F1G. 4. Yield locus of hardening material.



214 Hans Ziegler and Christoph Wehrli

center C given by the vector 2u'e'” = 2u'(e{"’,...). Yield surface is the
cylinder with the circular cross section of Fig. 4, and (6.27) represents the
associated flow rule. During plastic flow, the cylinder moves in the direction
of £#’. This corresponds to Prager’s hardening rule (1955), which coincides
in this special case with the one of Ziegler (1959). It is remarkable that the
functions ¥ and ® (together with the condition &{f} = 0) determine not
only the yield surface and the associated flow rule but also the hardening rule.

The hardening material of the Tresca type is governed by the free energy
given in (6.26) and by the dissipation function

b = +2ke\P (L-0,..., (6.29)

in connection with Fig. 3, where d,, ..., is to be replaced by (", .... The
yield locus follows from Fig. 4 provided that the circle is replaced, as in
Fig. 2, by a regular hexagon. The plastic strain rate is determined by the
flow rule associated with the hexagonal prism, and the hardening rule
corresponding to the functions ¥ and ® used here is the one of Prager. It
is doubtful whether a pair of governing functions can be found that yields
Ziegler’s hardening rule.

Aslightly more general type of hardening has been mentioned by Germain
et al. (1983).

E. RATE-DEPENDENT YIELD

Experiments by Manjoine (1944) have shown that the response of certain
materials is nearly elastic, perfectly plastic except that the yield stress
depends on the strain rate. Materials of this type can be characterized by
the free energy (6.20) and a dissipation function like (6.19) or (6.5) with
d,, ..., replaced by £\, ..., and with a factor k that is a function of the
plastic strain rate.

A simple extension of (6.19) is the function
® = A[1+ B(£)"1(26(8)"?, (6.30)

where A, B, and n are constants. Since ® depends on é%é’)) alone, the stress

deviator is given by (5.48), where d; and af-j‘” are to be replaced, respectively,

by £/ and o;. We thus obtain the stress deviator
oy = All + B(£5)""1G€8) %€y (6.31)
and the yield condition
oln = 2471 + B(ZE)"T, (6.32)

dependent on the plastic strain rate.
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In the case of uniaxial stress we have

o) = o (6.33)
Furthermore, €7’ = % = —€(,»1/2 and hence
) =3(£17) (6:34)
Thus, (6.31) yields
o = £AV3[1+ BRY"(¢{")’"] (17 =20). (6.35)
With the notations
AV3=g,, 2/n=1/p, B@E)Y" = D7V?, (6.36)
(6.35) becomes
o = o1+ (6(7/D)P] ({7 >0) (6.37)
or
éV) = D(ay/ oy —1)° (0> o). (6.38)

This is the relation deduced by Cowper and Symonds (1957) and Bodner
and Symonds (1962) from an analysis of Manjoine’s test results.

In Fig. 5, oy/0, is plotted against £{"’/D for a few values of p. The
parameter o is the yield stress for vanishing plastic strain rate, and D is
the value of £{’ for which the yield stress becomes 20,. Comparison of

l'.I(D]

1 D

FiG. 5. Rate-dependent yield in simple tension.
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Figs. 5 and 11 shows that the material considered here might be characterized
as elastic, viscoplastic.

VII. Soils
A. NONASSOCIATED FLow

The response patterns described in the preceding section are useful models
for the actual behavior of ductile metals. One is therefore tempted to assume
that normality in force space and, in particular, the flow rule associated
with the yield condition of a plastic material, are necessary consequences
of the orthogonality condition formulated, as in Section IL,B, in velocity
space. However, this is not the case. Counterexamples like soil and concrete
have been known for a long time. Experiments by Richmond and Spitzig
(1980) have shown that certain steels and polymers subjected to high
pressure contradict associated flow.

These examples do not invalidate maximal rate of entropy production.
In fact, Houlsby (1979, 1981a,b) has demonstrated that, for certain materials,
the orthogonality condition, as formulated in Section I1,B, supplies yield
conditions and flow rules that are not associated. As shown elsewhere
(Z.14.3), where the orthogonality condition has been established in velocity
space, it implies normality in force space only under the condition that the
dissipation function depends on the velocities alone. If it also depends on
the independent state variables, normality in force space is not to be expected
and, as a consequence, yield conditions and flow rules need not be associ-
ated. As stated in Section I, there is no general duality between velocities
and forces.

The elastic, perfectly plastic material of Section VI,C is distinguished by
a dissipation function dependent on the internal strain rates alone. It hence
obeys the associated flow rule. Materials like soils, on the other hand, may
be characterized by governing functions of the type

Y =(A/Del, + ule — a)o, D(d (), da), £, (7.1)

together with the conditions that the internal strain a;; = £!/’ be a deviator
and that ® be homogeneous of the first degree in the internal strain rates.
The only difference with respect to (6.11) is the dependence of the dissipation
function on the dilatation &,,. This does not affect the reasoning leading
from (6.11) to (6.18). On account of the second equation (6.14), however,
the argument ¢, in the dissipation function (7.1) can be replaced by o).
It is therefore customary to talk of pressure-dependent yield.

Quite a number of models have been proposed to describe the response
of the materials in question. They have been collected, among others, by
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Chen and Saleeb (1982). A few of them will be presently discussed, others
in Section VILB, and it will be shown that their response follows from
leading functions of the type (7.1).

Case 1: The simplest case (Z.17.6) is the material with the free energy
(7.1) and the particular dissipation function

® = A[B - V3(A +iu)ew]an] = ALB = (00)/V3EE)?, (7.2)
where A, B are positive constants and the inequality
V3(A +3u)eq) = o/V3I= B (7.3)

is to be repeated since ® is nonnegative. From (5.48) and (7.2) we obtain
the stress deviator

o= A[B - 00)/V3)NER) 2 (7.4)
and the equation
o = AYB — 0,)/V3)’ (7.5)

of the yield surface. In the space R’ it is a circular semicone with axis g
(Fig. 13 later in chapter) and the longitudinal section of Fig. 6. The vertex
is determined by B, and A is the tangent of the semiaperture. The yield
stress in hydrostatic tension is o(;, = Bv/3; in simple shear it is k = AB/v2
(compare Section VL,A). In uniaxial stress o; we have o}, = o and oy, =
201/3. Thus, the yield stresses in simple tension or compression are

or = ABV3/(V2+ A), o7 =—-ABV3/(V2 - A), (7.6)

respectively. It follows that o} always exists and is smaller than Bv3,
whereas o] only exists if A <+2. The perfectly plastic material follows
from (7.2) by letting B > o and A - 0 so that AB > kv2.

The yield condition (7.5) is equivalent to the one proposed by Drucker
and Prager (1952) for soils and confirmed by Richmond and Spitzig (1980)

for certain steels and polymers under high pressure. Since e) =0, the

F1G. 6. Longitudinal section of Drucker-Prager yield surface.
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tensor ;7 is a deviator. The vector £'”’ in Fig. 6 is therefore parallel to
the deviatoric plane E' and not normal to the yield surface as assumed by
Drucker and Prager. In fact, the flow rule (7.4) is not associated with the
yield condition (7.5). So far, the strongest support for normality in stress
space have been Drucker’s postulates (1951). They are obviously not gen-
erally valid.

At the vertex of the semicone, (7.3) holds as an equation, and (7.4) yields
o} = 0. The corresponding vector £? is still parallel to E’, but apart from
this its direction is arbitrary.

Case 2: Certain materials, such as cohesionless soils, respond similarly
to the one just treated but cannot sustain stress states with o, > 0. One
possibility of dealing with them, proposed by Houlsby (1979), is equivalent
to using (7.2) with B = 0. The result is a yield cone with vertex at O’ and
again a nonassociated flow rule.

Case 3: Another model, used extensively, is obtained by truncating the
cone of Fig. 6, keeping only the portion where o(;, < 0 and closing it by a
circular area in the deviatoric plane. In this plane the normality condition
breaks down since it requires, together with the deviatoric character of £'7’,
that €7 = 0. However, if we start from the functions ¥ and ®, restricting
(7.2) to the domain oy, = 0 and setting A = 0 for oy, = 0, Eq. (7.4) yields
o} = 0for o, = 0, and the corresponding vector & '’ represents an arbitrary
deviatoric strain rate. Here, no problem with normality arises in the plane
E’', for the yield surface appears as a truncated semicone open at either
end and complemented by a single point at the origin.

B. Various MODELS

A few models of soils are defined by the functions ¥ and ® used in
Section VIL,A. In order to discuss additional models, we retain the
expressions (7.1) for the governing functions, the assumption that @ is
homogeneous of the first degree and the postulate that the plastic strain is
a deviator. We thus have a yield surface in stress space, a vector £'7 that
is always parallel to the deviatoric plane E’, and in general no normality
in stress space.

Case 1: Let us start with the dissipation function

® = {A[B - (0)/VI]ER T, (1.7
where A, B are positive constants and
0'(]) = B\/§ (7.8)

From (5.48) and (7.7) we obtain the stress deviator
oy = {A[B = (o)/V3) I} (68) V2 (7.9)
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anc he equation
0z = A(B — 0(h/V3) (7.10)

of the yield surface. In the space R’ (7.10) represents a paraboloid of
revolution (Fig. 7). The yield stress in hydrostatic tension is o;, = Bv3; in
simple shear it is k = vVAB/2 (compare Section VI,A).

The cohesionless case of the material just considered can be obtained
either by setting B = 0 or by restricting (7.7) to the domain o, = 0 and
setting A = 0 for oy, = 0.

Case 2: The dissipation function

® = A{[B ~ (0)/V3))* = (B = CP}*(£(5)'?, (7.11)
where C < B is another positive constant beside A and B and where
oy =CV3 (7.12)

is a generalization of (7.2). The corresponding stress deviator (5.48) is

oy = A{[B = (0)/V3)I = (B - CP}*(e(5)%el,  (7.13)

ij s

and the equation of the yield surface is
ol = AY[B - (0y/V3)F - (B- C)*}. (7.14)

In the space R’ (7.14) represents one of the two shells (Fig. 8) of a
hyperboloid of revolution with the asymptotic cone of Fig. 6. The yield
stress in hydrostatic tension is o, = Cv3; in simple shear it is k =
A(BC - C*/2)"2.

The cohesionless case is obtained by setting C = 0 or by restricting (7.11)
to o, = 0 and setting A = 0 for o;, = 0.

Case 3: Another dissipation function is

® = +2[k — (0,/V3)]E{" (I,-0n),..., (7.15)

AB

]

B

FiG. 7. Longitudinal section of yield surface in case of VII,B.
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il

V3

FiG. 8. Longitudinal section of yield surface in case of VII,B.

where

om = kV3 (7.16)
and I, —1I,..., are the sectors obtained from Fig. 3 provided that the
notations d,, . .., are replaced by £{”,.... The reasoning following (6.5)
now yields

Ui:g[k_(a(l)/ﬁ)]s U;l:U;II: _%[k“(ﬂ'(”/\/—j)]’ (717)

that is, (6.7) with k replaced by the expression between parentheses. For
oy = 0, (7.17) reduces to (6.7); yield locus is therefore the Tresca hexagon
of Fig. 2. For nonvanishing values of o,,, (7.17) supplies yield hexagons
whose linear dimensions are proportional to k — o;,/v3; yield surface is
thus the regular hexagonal pyramid considered by Drucker (1953). Its axis
is g; its intersection with the deviatoric plane E’ is the hexagon of Fig. 2;
and its vertex is the point o(;,/v3 = k on g, that is, the point with coordinates
(k/V3)(1,1,1).

Case 4: Let us finally consider the dissipation function

¢=A'(B—@>s’§ﬂ) (1), cp:-A”(B—@)é;"’ (-0, ...,

V3 V3
(7.18)
where A', A", B are positive constants and where I, —1,..., are sectors
(Fig. 9) containing the projected positive and negative axes §,”’, ..., respec-
tively. Since @ must be positive definite, we require
oq, = BV3, (7.19)

and we further assume that
A < A", (7.20)

a condition that will be motivated in connection with (7.30). On account
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F1G. 9. Sectors corresponding to the six definitions of & in (7.18).

of (A.15) ® is constant on hexagons in the deviatoric plane E, having three
axes of symmetry. Their convexity requires that a,/2 < —a,, that is,

(a,/2)+ a, <0. (7.21)

Since @ must be continuous along the boundaries between the various
sectors, for example, on OP, we have A'¢{”’ = — A”¢{"” along this boundary
or, on account of (A.15),

A'a,+ A’a, = 0. (7.22)

It follows from (7.21) and (7.22) that
24'> A", (7.23)

Applying the orthogonality condition
oy = (3/06 NP + y'EXD) (7.24)

to the open sector I and determining the multiplier ¥’ by the condition that
o is a deviator, we obtain

U;=%A’(B*U'(1)/\/§), U;l:G;lI:_%A,(B_O-(l)/\/i)- (7.25)
In sector —I, A’ must be replaced by —A”".

In the deviatoric stress plane (Fig. 10), (7.25) yields the single point I’
as the image of sector I in Fig. 9. According to (A.15), its distance from O’
and the distance of the image —1I' of sector —II from O’ are

b,="iA'B, —b,=+2A"B, (7.26)
respectively. These points and the corresponding ones on the other projected
axes define a hexagon with three axes of symmetry, convex since

b, +(by/2) >0 (7.27)
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F1G. 10.  Yield locus corresponding to Shield’s pyramid for o, = 0.

on account of (7.26) and (7.23). In order to see that the sides of the hexagon
in Fig. 10 are the images of the rays dividing the sectors in Fig. 9, we note
that (7.22) may be interpreted as the equation of the ray OP. Using it as
an additional side condition, we replace (7.24) by

ol =3/ )P+ y'ED + y'(AE\P + A"E{)] (7.28)
and obtain
o1 =3A' (B - 0)/V3) +1y'2A" - A"),
—3A(B - 0,)/V3) +3y"(2A" - A)), (7.29)
om = _%A'(B - 0'(1)/\/3) - %7"(/4' + A")
in place of (7.25). With o(;, = 0, (7.29) is the parametric representation of
a straight line in Fig. 10, and by means of (A.15) it is easy to see that it
contains points I' for y" = 0 and —II' for " = —B. Yield locus for o, =0
is the hexagon of Fig. 10, having three axes of symmetry, and the yield
surface for nonvanishing values of oy, is the pyramid intersecting E’ in

this hexagon and with vertex at o(;, = Bv/3 on the axis g.
Let the constants in (7.18) be determined by

2v3sin ¢’ 2V3sin ¢’
= —.¢,, = &, B=+V3ccote’, (7.30)
3+sing 3-sing

!
on

’ "

where ¢ is a positive constant and ¢’ an acute angle. With (7.30), the
inequalities (7.20) and (7.23) for A’ and A” are obviously satisfied, and the
yield surface becomes the pyramid proposed by Shield (1955) as the only
correct interpretation of Coulomb’s law. In fact, it is easy to see that, with
(7.30), the total stresses corresponding to (7.29) satisfy the condition

oy—op+ (o + o) sin ¢’ = 2c cos ¢, (7.31)
which represent Coulomb’s law
T=c—otan¢’ (7.32)
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on the straight line connecting the points I’ and —II' in Fig. 10. For the
other rays dividing sectors in Fig. 10 the proof is analogous.

C. CONSTRUCTION OF THE DissiPATION FUNCTION

It has been noted that the materials considered in the two preceding
sections do not satisfy the normality condition in stress space. However,
they obey a restricted normality condition.

In the space R’, the hydrostatic stress o;, is represented by a point P’
on g. Once oy, is prescribed, the end point of the vector o lies in a plane
E" passing through P’ and parallel to E’. The deviator o is the projection
of o onto this plane. The yield surface intersects the plane E” corresponding
to oy, in a curve that may be considered the yield locus for the given value
of 0. In cases 1 through 3 of Section VII,A and cases 1 and 2 of Section
VIL,B, the yield surface is a surface of revolution with axis g; the yield
locus in any plane E” is therefore a circle about P’. On account of Egs.
(7.4), (7.9), and (7.13), written in principal values, the vector €7’ has the
direction of &' in all these cases and hence obeys the normality condition
with respect to the yield locus in the plane E". Comparison of Figs. 2 and
3 and of Figs. 10 and 9 shows that the same is true in the remaining cases
3 and 4 of Section VII,B.

The models just mentioned are not the only ones proposed in literature.
Other materials {see, e.g., Chen and Saleeb (1982)] pose the problem already
discussed in Section VI,B: to find the dissipation function corresponding
to a given yield condition. The solution is similar to the one given there.

Let

F(oj,04,)=0 [F(o; =0)<0] (7.33)

be the equation of the yield surface, with cross sections that are convex
and star shaped with respect to their points P’. Postulating that the plastic
strain rate is a deviator and that it obeys the restricted normality condition
in any plane E”, we have

éﬁj”) = v(dF/do}) (r=0). (7.34)

From here on the reasoning following (6.10), with E replaced by E” and
d by €7, shows that and how a single-valued function ®(&{%), ég’)), o0)),
homogeneous of the first degree in the plastic strain rates, can be constructed.

D. CourLED ELASTIC AND PLASTIC DEFORMATIONS

In all of the models discussed so far in Sections VI and VII, it is possible
to decompose the total strain into plastic and elastic contributions, i’ = a;



224 Hans Ziegler and Christoph Wehrli

and eif’ = g; — a;, respectively. In those cases where, as in (6.11), the free
energy can be expressed in terms of the elastic strains and the dissipation
function in terms of the plastic strain rates, it is obvious that the elastic and
the plastic deformations are independent. In the case of the hardening
material of Section VI,D the free energy (6.22) also contains the plastic
strains. However, the connection between stress and elastic strain is still
given by the generalized Hooke’s law (6.13), and (6.25) connects the stress
with the plastic strain and its time rate. In the soils treated so far, the
dissipation function contains also the (elastic) dilatation. However, Eq.
(6.13) is still valid and allows one to replace €, by o(;, in the dissipation
function so that the orthogonality condition supplies relations like (7.4),
(7.9), and (7.13) connecting the stress with the plastic strain rate. It follows
that in all these examples elastic and plastic deformations can be obtained
separately.

Houlsby (1979, 1981b) has pointed out that, in certain geological
materials, the plastic deformation alters the elastic properties, so that the
two types of deformations are coupled. As an example, he mentions the
case where the shear modulus is a function of the elastic strain.

The simplest model of this type is defined by the modification

=(A/2)eqy + (n + vagp))(e — a)g (7.35)

of the free energy (7.1), where v is a constant, and by the dissipation
function (6.19). The external stress is quasi-conservative and given by

oy = Aey8; + 2(p + vay)(e; — ay) (7.36)
in place of (6.12). The generalization of Hooke’s law now reads
gy = /\eﬁf;&j +2(p + Vsﬁgf)s(,f); (7.37)
besides, (7.36) yields
o =2(p + vap)(e; — ay). (7.38)
The quasi-conservative part of the internal stress is
BE-,-‘” = =2p + vap)(e; — ay) +2v(e — a)ga, + '8 (7.39)
in place of (6.15). From (7.39) and (7.38) it follows that
B = —al+2vegell, (7.40)
and from (6.19) we obtain
BYY = k(i) ey (7.41)
Equation (2.35) now yields the relation

o= 2vs§§,)sfj") + k()™ 1/28511,) (7.42)



The Derivation of Constitutive Relations 225

and finally the yield locus
(0" —2vel§le' ™)y, = 2Kk%. (7.43)

The two constitutive equations (7.37) and (7.42) may be considered as
generalizations of (6.13) and (6.21) or (6.27), respectively. Each of them
contains a term that establishes coupling between the elastic and plastic
deformations.

Expression (7.35) seems to be equivalent to the free energy of Houlsby
(1981b). In a former paper (1979) he used a slightly different expression

=(r/2+ #/3)851) + (p + Va(z))(l'? —a))- (7.44)

In another publication Houlsby (1980) also derived the so-called “modified
Cam-Clay” model of Schofield and Wroth (1968) from appropriate func-
tions ¥ and &.

VIII. Viscoplasticity
A. CrREEP OF METALS

Let us return to the material defined by the governing functions (6.11),
dropping, however, the condition that @ be homogeneous of the first degree.
Here, the internal strain tensor a;; becomes what is usually called the viscous
strain &, and the difference !’ = ¢, — ¢!’ is again the elastic strain.

The externl stress is quasi- conservatlve and given by (6.12). Stress and
elastic strain are connected by (6.13) or (6.14), and the quasi-conservative
part of the internal stress is supplied by (6.15). Equation (6.16) is still valid,
combined with (2.35) it yields o = B(‘“’ Since the dissipative internal
stress obeys relations that are analogous to (5.36), (5.37), we have

ol = v[2(P/dap,) ay + 30D/ dd ) (ddy; — %d@)aij)], (8.1)
where
v = ¢(2(6®/8d(2,)d(2, + 3(8@/6&’(3))&’(3))7‘. (82)

The simplest special case is the one where the dissipation function depends
on ag,, = &5 alone. In the deviatoric plane E of the system £{", ..., the
function @ is then constant on circles about the origin. Equations (8.1) and
(8.2) reduce to

oy =206/, v =0[2(30/06(3) 5] (8.3)
or, equivalently, to the smgle relation (5.48),

= (D/E)EY. (8.4)
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Let us specialize further, assuming that
® = 2u'(£1)", (8.5)

where u'is a coefficient (possibly dependent on ). This dissipation function
is homogeneous of degree 2n. With n = 1 it is analogous to the dissipation
function (5.46) of the incompressible Newtonian liquid; with n = 3, a case
we will exclude in what follows, it reduces to (6.19), that is, to the dissipation
function of a plastic material of the v. Mises type. With (8.5) the deviatoric
stress (8.4) becomes

ol =2p/(3)" €Y, (8.6)
and by comparison with (5.45) we see that the viscous response is the one
of a quasi-linear liquid. From (8.6) we obtain

ol = 4u (65! (8.7)
and hence the inversion of (8.6),

gy = (oln/a4p™) " o/ 2p). (8.8)

On account of (8.5) and (8.7), @’ in the space R’ is constant on circular
cylinders with axis g, and (8.8), written in principal values, establishes
orthogonality in R’. With

(1-n)/C2n—-1)=m-1 and QQu)V/' "=k (8.9)
(8.8) assumes the form
(”) = k(o))" loﬂj. (8.10)

This is Odqvist’s equation (1934, see also 1966) for secondary creep of
incompressible materials, a generalization of the so-called Norton’s law
(1929).

Another special case is obtained if one replaces (8.5) by

d=AEPH (L,-D,. .., (8.11)

where A is a positive scalar (possibly dependent on ¢) and where the roman
numerals I, —1, ..., refer to the six sectors of Fig. 3, provided that d, ...,
are replaced by s(") ....The function ® is constant on the regular hexagons
mentioned in connection with (6.5). In the open sectors I and —I the
deviatoric stress becomes

oi =3AEN) TN, oh = oln= —SAGE) EY. (8.12)

The images of I and —1I are thus the projected axes oy, —oy, respectively,
in Fig. 2, and similar statements hold for the other sectors. The line dividing
the sectors I and —II in Fig. 3 is mapped onto the open sector between the
projected axes oy and —ory, in Fig. 2, and in this sector, as well as the one
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between the projected axes —a; and oy, (8.12) has the inversions
17 = —éi’ = (3/24)2" (e ") " ey, £l =0, (8.13)

In the remaining sectors in Figs. 3 and 2 similar expressions are valid.

B. ELAsTIC, VISCOPLASTIC MATERIALS

The free energy and the dissipation function given by (6.11) may also be
used to define elastic, viscoplastic materials. As shown in the preceding
section, stress and elastic strain are connected by (6.13) or (6.14) and the
stress deviator follows from (8.1) and (8.2).

Let us first use the special form (8.5) of the dissipation function (Z.17.1).
It has been noted that it corresponds for n = 1 to a modified Newtonian
liquid and for n =} to an elastic, perfectly plastic material of the v. Mises
type. Elastic, viscoplastic materials may be characterized by an exponent
n that is slightly larger than 3. To show this, let us note that, in principal
axes, (8.6) assumes the form

o= 2w ()" e, .. .. (8.14)
In the case of uniaxial stress o, we have o} = (2/3)0; and §&) = (3/2)&{"”
in analogy to (6.33) and (6.34). Thus, (8.14) yields

o =2p' Q)" (617" e (8.15)

Figure 11, which, for negative values of £{"). is to be reflected at the origin,
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Fi1G. 11. Response of viscoplastic materials in simple tension.
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shows o/2u’ as a function of £{* for a few values of n, including the

Newtonian and the perfectly plastic cases. For 3 < n <1 the curves leave

the origin with a vertical tangent. For n — 3 they approach the vertical axis

and the horizontal o/2u’ = v3/2, that is, the perfectly plastic response.
Another choice of the dissipation function is

& =2ass) + k(2615)"7, (8.16)
where a and k are scalars. The corresponding stress deviator (8.4) is
ol =[2a+ k(3516 (8.17)

This is the constitutive equation proposed by Hohenemser and Prager (1932)
for viscoplastic materials of the Bingham type (1922).

Let us finally note that the dissipation function (6.30) exhibits a certain
similarity to (8.5). This similarity appears also in Figs. 5 and 11. The principal
difference is that the curves of Fig. 5 start from the point o/ o, = 1, whereas
those of Fig. 11 start at the origin. Materials with rate-dependent yield thus
have a definite yield stress for vanishing strain rate, whereas the stress of
the material considered in this section tends to zero with ") > 0. It is
questionable whether this difference is practically observable.

Germain et al. (1983) mention a few more general viscoplastic materials
and an application to damage of ductile materials.

Returning to Fig. 11 we observe that, for n > 1, the curves (as the one
displayed for n = 5) leave the origin with a horizontal tangent. With increas-
ing n they approach the horizontal axis and the vertical £{*’ = v2/3. Thus,
the dissipation function (8.5) may also be used for materials that tend to
the locking material described by Prager (1957).

IX. Viscoelasticity
A. LINEAR VISCOELASTICITY

The response in pure tension of the materials treated in Sections IV
through VIII can be modeled by simple combinations of springs, dashpots,
and other simple elements as described, for example, by Lee (1962). On
the other hand, such models, suggested by the results of tension tests, may
be used to establish the general response of more complicated materials.

The description of viscoelastic materials can be based on the Maxwell
grid (Fig. 12), where certain elements might be dropped but none of the
Maxwell elements is to be replaced by a single dashpot if impact response
is to be ensured (Z.18.1). (The optional single spring allows modeling of
solids as well as fluids.) To simulate the actual response in simple tension,
it is usually necessary to introduce quite a number of internal parameters
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F1G. 12. The Maxwell grid.

a, a'® ... a' besides the external extension e. The generalization for

arbitrary deformations requires a set of internal strain tensors af’ (r =
1,2,..., n) beside the external strain &,.

The linear case corresponds to quadratic functions ¥ and &. If we confine
ourselves to the isotropic case, readmitting thermal processes, the governing
functions (Z.18.2) are generalizations of (4.17) and (5.27). The free energy
may be defined by

n+1 (r)
q’:pq{/:“l’o"So(ﬁ“ﬁo)”‘" Z [ (f_a(r))(zl)+/1/(r)(8_a(r))(z)]
r—1

2
s i (ry ) pe 2
— (9 =) T GA7+2u"k' (e —a')) s (9 = 90)?,
r=1 2190
(9.1)
where p is constant and a{"" = 0, and the dissipation function by
é r)r - (r r)yr «(r 'y
D =pp=13 (A ]01((1))2"'2M~( )aizi)"'g‘]m- (9.2)
r=1

The entropy might be obtained from (9.1) by means of (2.13) and the
internal energy subsequently from Eq. (2.3), modified by addition of the
arguments a |’ besides &; and 9. Since (9.2) does not contain ¢, the external

stress is quasi-conservative and given by

agi n+1i

ijs

7 Z [)\m(f _a(r))(l)(sij+2/~L(')(8ij—a(ijr))]
asg r=1
n+1
(3= 90)8; T BA +2u k", (9.3)
r=1
The internal stresses are
. v . . , r
5;1 ) =—= - )(6 —a! ))(1)6ij _2“( )(Sij _ a('j))
aa"j

9.4
+(3A(”+2[.L(r))l((r)(19—190)5 ( )

ijs



230 Hans Ziegler and Christoph Wehrli

1 P (r)r (r)6 +2 (r)/ (r)

(dry _
B'J 28 (") ’J >

(9.5)
where the fact has been used that v =3 since ® is quadratic in a(’).
Application of the orthogonality condition to ¢; yields

- 9,/9 =3(3D/3g,) = (v/9)g, (9.6)

and hence Fourier’s law (3.11). Equation (2.17), applied to the various
internal stresses (9.4) and (9.5), supplies the differential equations

/\(r)/agq)a +2:U'(r), (r) _ [A(r)(e __a(r))( by = (3/\(r)+2“(r))
X k(8 — 9618, + 2u (g — ). (9.7)

The problem that remains is the elimination of the internal parameters
from (9.3) and the n equations (9.7). To solve it, it is convenient to
decompose these relations into their deviatoric and isotropic parts, obtaining

S (r) ()
" r ' r)e
011_22 22 (Eij— i ’

r=1

n+1

o =3 gl K7(e — )y, = 3c7(9 = 99)] (ay™" =0) (9.8)

and

’u(r)rdgjr)/ — I~L<r)(5;j_ fjr)r)’

K7a = KTe —a')q, =39 = 9], (r=12,...,n) (99)
where

K" =x"+2,0  and KO = 042,00 (9.10)

are bulk moduli. If we differentiate the first equation (9.8) n times, expressing
a7 after each step in terms of &} — &/ by means of the first equation
(9.9), we obtain the time derlvatlves 0,,, 0,,, cee, ("” as linear functions
of the €}, £},..., £”" and the various ¢}; — a}/’ Ehmmatmg the n terms
3 (')’ from the resulting n + 1 equatlons [the first equation (9.8) and
lts n derlvatlves], we are left with a single tensorial differential equation of

the type
O_:j_'_p(l)/o’_lr_j_'_ . +p(n)l (n)r _ q(O)/ 4 q(l)r PR R q(n)rs(yp)/ (91])

between the strain and stress deviators. If we further differentiate the second
equation (9.8) n times, expressing a!;) after each step in terms of (& —
(')) n = 3k7(¥ — 9,) by means of the second equation (9.9), we obtain
the g, 61y, - . ., ot} as linear functions of &, — 3k "9, &, — 39, ...,
el — 37" (r =1,2,...,n+1) and of (¢ —a”)y, —3x"(9 - 9)
(r 1,2,...,n). Ellmmatlon of the last n expressions from the n+1
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equations we dispose of leaves a single scalar differential equation of the type

) . RO ) Ry e m
am+pVoa + -+ p el = ¢V, + g Ve, + +q"ell)

+ r<°)(19 —9) + rOG 4+ 4 gl
(9.12)

Except for the thermal terms, (9.11) and (9.12) are the differential equations
commonly used in texts on viscoelasticity [e.g., Flliigge (1975)]. It is clear
that the coefficients are not free but determined by the functions ¥ and ®,
thatis, by A, ™, A" u' and k. A simple example and a generaliza-
tion for nonlinear response are given elsewhere (Z.18.2).

The case where the material is free of bulk viscosity is obtained by
introducing the internal strains a(" as deviators. The second equation (9.9)
must then be dropped since the ]eft hand side becomes indeterminate. The
second equation (9.8) reduces to

n+1
on=3 % K(r)[g(l) - 3K(r)('9 — 99)], (9.13)
r=1

a degenerate form of (9.12), connecting the isotropic parts of ¢; and o;;
with the temperature increase. The remaining equations (9.8) and (9.9)
become

n+1
oy=2Y uej-al), pay =p ey -af’), (9.14)
r=1
and the process expounded following (9.10) supplies a differential equation
of the type (9.11) for the deviatoric parts of ¢; and oy.

If thermal effects can be neglected, the terms with & — &, in (9.1) and
with g, in (9.2) are to be dropped. Thus, the terms containing ¥ — J,
disappear from (9.8) and (9.9) as well as (9.13), and the coefficients r,

ro ., ™ in (9.12) become zero.

In an incompressible material ¢,, and the «
become infinite. Thus, (9.13) reduces to

("' are zero, whereas the K"

o = —3p, (9.15)

where p is an indeterminate hydrostatic pressure, and Egs. (9.14) can be
written

n+1

oy=-pd;+2 ¥ pey —ai),  p7d) =u"(e;—al). (9.16)
r=1

Elimination of the internal parameters now yields the differential equation
(9.11), where the primes after ¢; and its derivatives may be dropped.
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B. RivLIN-ERICKSEN LIQUIDS

A class of isotropic materials proposed and discussed by Rivlin and
Ericksen (1955) is defined by the condition that the stress depends alone
on the gradients of the displacement, velocity, acceleration, and higher
accelerations up to a certain order, so that thermal effects, in particular,
are absent. In the special case where the material is an incompressible
liquid, Truesdell and Noll (1965) present the constitutive equations in the
form

= —pd; + Fy(AL), AR, ..., A%, (9.17)
where Al (r=1,2,..., n) are the Rivlin-Ericksen tensors

A =2d;, ATV =AY+ Ao+ A v, (9.18)
where v;; is the velocity gradient and F; a deviatoric function.

If we confine ourselves to small displacements and displacement
gradients, the tensors A} reduce to 2¢{’ (r = 1,2, ..., n), and the constitu-

tive equation (9.17) reduces to (9.15) and
O':} = Ej(élj’ é.ij’ ] Egjn) - (919)

In view of Section IX,A it appears remarkable that the time derivatives of
the strains are present in (9.19) up to the order n, whereas the stress
derivatives are absent. In any event the question arises whether the Rivlin-
Ericksen liquid can be obtained by the approach that has been quite
successful in the preceding sections.

Let us note that, in the approximation leading to (9.19), the density is to
be treated (Z.5.3) as constant. If we neglect thermal effects but retain the
notion of internal parameters, we have to start from a free energy of the form

V(ey, alf’) (r=1,2,...,n). (9.20)

On account of the orthogonality condition and of (2.17), the dissipation
function depends on the time derivatives of exactly those internal parameters
that appear as arguments of ¥. Besides, it may depend on &, a” and

possibly even on &, so that

d(é,; £ afj”) (r=1,2,...,n). (9.21)

ijs yy ijs

The quasi-conservative stresses obtained from (9.20) by means of (2.33)
and (2.34) are functions of the arguments of ¥. The dissipative stresses
depend on the arguments of @, no matter whether we calculate them by
means of (2.27), (2.28) or (2.30), (2.31). According to {2.32) the external
stress deviator assumes the form

(qu, p:]), pq, )) (922)
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and (2.35) yields n differential equations of the type
25 (Epgr o)y €pgr o) = B (g, by (s=1,2,...,n). (9.23)

In order to arrive at (9.19) from (9.22) and (9.23) it must be possible to
eliminate the internal parameters and their time derivatives. To do this, let
us differentiate (9.22) and (9.23) n times with respect to time, obtaining

2 : . (n+1) (r) (r) (n+1)(r)
altogether (n + 1)” equations for €,y £,4, ..., Epg | Qpys Cpgy vy Upg
and oy, o}, ..., o', that is, for (n + 1)(n + 3) unknowns. Eliminating

the n(n + 2) internal parameters including their derivatives, we are left with
a single equation containing 2n + 3 unknowns, namely, ¢,, and o} with
n + 1 and n derivatives, respectively. In other words, we obtain a differential
equation of the type

G

’ - (n)ys . (n+1)y __
(T gy Trg v ooy Opy s Epgs Epgs -+ Epg ) = 0. (9.24)

That the order of the operator G is one higher in ¢,, than in o,, is due
to the fact that, in the interest of generality and in contrast to Section IX,A,
¢; has been included as an argument of the dissipation function (9.21).

The result (9.24) can be obtained without use of the orthogonality condi-
tion. In fact, (9.22) and (9.23) and hence (9.24) follow from the mere
assumption that the dissipative stresses depend on the (internal and possibly
external) strain rates and strains. In the exotic case of dissipative stresses
containing higher-order time derivatives of @}’ and e, an increased number
of differentiations would lead to an equation of the type (9.24) with an
operator of higher order.

On the other hand, it is in general impossible to reduce (9.24) to (9.19).
Even in the linear version (9.11) of (9.24) this is not possible. Already in
the case n = 1, treated in (Z.18.2), the coefficient p'"" of ¢; does not vanish.
It follows that the approach based on internal parameters and the constitu-
tive equations proposed by Rivlin and Ericksen are incompatible whether
the orthogonality condition be used or not.

X. Conclusion

The materials treated starting with Section II1 confirm what was stated
in the introduction (Section I): an amazing number of constitutive relations
of practical significance can be deduced from appropriately chosen
expressions for the free energy and the dissipation function.

Of particular interest is the fact that orthogonality in velocity space, which
is essentially responsible for the results, does not necessarily imply orthogo-
nality in force space since there is in general, as noted in Section [, no
duality between the two spaces. As a consequence, orthogonality in velocity
space is apt to explain the actual behavior of soils (Section VII), where the
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theory of the plastic potential and its justification by Drucker (1951) break
down.

On the other hand, we have encountered a few cases where the orthogonal-
ity condition restricts the form of the constitutive equations generally used.
They are (Section V,C) the Reiner-Rivlin liquid, where the scalar functions
multiplying d; and dydi; — (d5)/3) in (5.44) are not free but determined
by the dissipation function, and the quasilinear liquid, where the viscosity
function ' in (5.45) must be independent of d;,.

Another exception is the Rivlin-Ericksen liquid (Section IX,B). Here,
the approach based on internal parameters supplies the constitutive equation
(9.24) instead of (9.19) no matter whether maximal rate of entropy produc-
tion is used or not.

Appendix

1. Let v; be a vector and t; be a symmetric tensor of order 2 in an
orthogonal Cartesian coordinate system. The only basic invariant of v; may
be defined by

vy = Vi, (A1)
the basic invariants of t; by
Ly = ti, lioy = ty, Ly = Liliel, 4 (A2)
and the mixed invariants by
My = vitv;, M3y = Vit Ux. (A.3)
The invariants of the deviator
are
2 3
ty =0, 1y = Ly — 3100, ts) =ty — toyta) + (2/8) t.
(A.5)
Differentiating the invariants, one obtains
av(l)/av,» = 21),',
8’(1)/8tu = 6,'}', at(z)/atu = 2tU’ 81(3)/81‘,1 - 3tiktkj’ (A 6)
amm/au,- = 2t,~jvj, am(z)/av, = ZtUtjkvk,
am(l)/atij = v, am(2)/atij = (vitjk + vjtik)uk-

2. In an isotropic material a function ® of g; and d; depends only on
the invariants of g; and d; (and possibly on certain independent state
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variables). Thus, ® has the form
(D(‘I(l), dg), diy, diay, may, mey). (A7)
On account of (A.6) we then have

ad ad P
= ( g+ —dg;+ am ¢ dd]qu>s

a9q; 39 1) oMy,
b  ad od
—=—§,+2—d, +3—— d,d A8
ad; odyy U ady ! dm T (A8)
ad P
+ q; +—(qd + q.d, ,
ammq,q, amm(q i + q,duc) gk
and hence
P (ad) N od - od m )
aq'q. aqm%) amg, amay (A.9)
od od ad od ad adb ’
—dy,=——d, +2——d +3 d + m +2 mey.
ad, ij ad) 1) 2dg, (2) m, ) me, @
3. Let ® be of the form
D(d(y, d(3). (A.10)
According to (A.6) we have '
@ ’
6(13 [ 8 (ad(z) 6'] + 28d(2) dlj + 3(9d(2) dlkdkj>
adu ad(2) 8d(1) ad(2) d(3) (A]l)
ad (adm ad!s, ad (s, )] ’
+ 8 +2 d; +3 dyd
ddim\odyy ' “odyy, | T ada Y
or, on account of (A.5) and (A.4),
b1 oD ob 1
—=2 d:+3 didi, —=di,)8; ). .
ad;  “adly 7 adm( K3t @ ’) (A.12)

FIG. 13. Vectorial representation t of a symmetric tensor 1.
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i

F1G. 14, Deviatoric plane E L g.

It follows that

9P EL b
2d, d; = 2(9 (,2)d(2) + 38 f,x)d(})' (A.13)
4. A symmetric tensor t; with principal values 1, ..., can be represented
as a vector t = (1;,...) in an orthogonal Cartesian coordinate system ¢,
... (Fig. 13). The istropic part t,,8;/3 of t, appears as the projection f;,/v/3
of t onto the axis g including equal angles with the positive axes t;, ....
The deviatoric part t}; is represented by the projection t' of t onto the plane
E 1 g passing through the origin O. Its magntiude is

b= (124 )2 = (1) (A14)

The unit vector e, (Fig. 14) in the projection of the axis ¢, onto the deviatoric
plane E is equally inclined with respect to the axes t;; and t,;;. Hence,
e, = (2,—1,-1)/v6, and it follows that the projections a,, ..., of t' onto
the projected axes t;, ..., are

a1=t-e,=x/§t{,.... (A.15)
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